TANG et al: EQUILIBRIUM OF HETEROGENEOUS CONGESTION CONTROL 825

a complete characterization of the equilibrium of a single-pré consumption vector and a price
tocol network and also leads to a relatively simple descriptiarector  are called acompetitive equilibrium(or Walrasian
of the dynamic behavior. equilibrium) if maximizes @ utility and demand equals
When heterogeneous algorithms that use different pricisgpply for all goods.
signals share the same network, i.e.,are different for different  In general, in the equilibrium theory, consumers are assumed
sources, the situation is much more complicated. For instancty be price takers. This aspect is similar to our model where
when TCP Reno and TCP Vegas or FAST share the same rssturces do not take into account how their decisions affect the
work, neither loss probability nor queueing delay can serve gk prices or each other. Both problems are concerned with
the Lagrange multiplier at the link, and £12) can no longer be characterizindpxed points of a continuous mapping, and hence,
interpreted as solving the standard network utility maximizatichere are considerable similarities in terms of the characteriza-
problem. Basic questions, such asthe existence and uniquenetisng and the mathematical tools to derive them. The main math-
equilibrium, its local and global stability, need to be reexaminedmatical tools used in this paper are the Nash theorem in game
We focus, in this paper, on the existence and uniquenesstugory [2], [23], which is an application of Kakut&aigeneral-
equilibrium. We prove that equilibrium still exists, under mildzedbxed-point theorem, and results from differential topology,
conditions, despite the lack of an underlying convex optimizaspecially the Poincaielopf Index Theorem [20]. They are
tion problem (see Section Il1). In contrast to the single-protocaked to prove existence and study uniqueness of network equi-
case, even when the routing matrix has full row rank, theldrium, respectively.
can be uncountably many equilibria (example 1 in Section V) However, there are also several important differences. First,
and the set of bottleneck links can be nonunique (exampléah2 effective prices to different sources (consumers) are gener-
in Section V). However, we prove that almost all networkally different in our model, whereas the prices in the economic
have bPnitely many equilibria and they are necessarily locallynodel are independent of consumers. Differential pricing is
unique (see Section IV). The number of equilibria is alwayshat makes networks with heterogeneous protocols much more
odd, though can be more than one (see Section 1V). Moreowdifpcult. Second, in the economic model, there is a concept of
these equilibria cannot all be locally stable unless the equililmitial endowment that denes both the demand-supply relation
rium is globally unique (see Section IV). Finally, we provideind a consum& consumption possibility through the wealth
two sufcient conditions for global uniqueness of networkonstraint. In our model, the wealth constraint is replaced by
equilibrium (see Sections V and VI). Threst condition states the link capacity constraint. Third, in the economic model,
that if the price mapping functions, which map link prices toconsumers maximize their utilities, whereas in our model,
effective prices observed by the sources, do not differ too musburces maximize their utilities minus bandwidth costs. Finally,
(theQlegree of heterogenetdis sutciently small), then global in our model, every source consumes exactly the same amount
uniqueness is guaranteed. The second condition generalizEsandwidth at each link in its path ( , for all ),
the full-rank condition on routing matrix for global unique-whereas, in the economic model, consumers can consume
ness from single-protocol networks to multiprotocol networkslifferent goods at different amounts. This guarantees that the
Throughout this paper, we provide numerical examples to illudemand for every good is exactly balanced by its supply in a
trate equilibrium properties or how a theorem can be applied.pare exchange economy, yet in networks, the set of bottleneck
[31], we demonstrate experimentally the phenomenon of miikks where demand for and supply of bandwidth is balanced
tiple equilibria using TCP Reno and TCP Vegas/FAST in ns&an be nonunique and a strict subset of all links. The property
simulator and Dummynet testbed. More properties of hetero- is the key structure that allows us to obtain interesting
geneous congestion control, including optimality, fairness, anelsults on global uniqueness in fairly general settings. In con-
methods to achieve them, have recently been obtained in [32tast, global uniqueness in general equilibrium analysis usually
requires very strong conditions, and most literature focuses on

C. Related Work local uniqueness [1], [3], [5].
Our formulation is close to the general equilibrium theory in
economics from which we borrow ideas and techniques [18]. [I. MODEL

See [1], [3H7], [17], [24], [25], and [33] for a fairly complete _
treatment of related works in economics literature. A typicdl- Notation
model of the pure exchange economy consistsadmmodities A network consists of a set of links, indexed by

and consumers. Each consumehas an initial endowment , with Pnite capacities . We often abuse no-
vector and its goal is to choose tation and use to denote both the number of links and the
a consumption vector to maximize its  set of links. Each link has a price as its
utility subject to its wealth constraint, i.e., congestion measure. There aredifferent protocols indexed

subject to by superscript, and  sources using protocol indexed by

, Where and . The total number

where are unit prices for the goods and  Of sources is .
denotes matrix transpose. For each good ,demand  The routing matrix ~ fortype sourcesis dened by
and supply are balanced if if source uses link , and 0 otherwise. The overall

routing matrix is denoted by
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Even though different classes of sources react to different
prices, e.g., Reno to packet loss probability and Vegas/FAST
to queueing delay, the prices are related. We model this rela-
tionship through a price mapping function that maps a common
price (e.g., queue length) at a link to different prices (e.g., loss
probability and queueing delay) observed by different sources.
Formally, every link [ has aprice . A type j source reacts to the
Qffective priceOm’ () inits path, where m” is a price mapping
function, which can depend on both the link and the protocol
type. The exact form of m’ depends on the AQM algorithm
used at the link; see [31] for links with RED.2 Let m?( ) =
(m’( ), =1,....,L)andm( ) = (m( ),j =1,...,J).
The aggregate prices for source (j,1) is debned as

T=N" Tl (). 3)

Let 7 = (7,i=1,..,

7

Ni)yand = (7,5 =1,...,J)
be vectors of aggregate prices. Then 7 = ()" m’( ) and

_ T

= "m(). )

Let 27 be a vector with the rate x] of source (j, ) as its ith
entry, and x be the vector of x/

Source (j, 7) has a utility function U} (z}) that is strictly concave
increasing in its rate . Let U = (U],i = 1, ..,NIj =
1,...,J).

In general, if z are dePned, then z denotes the (column)
vector z = (z V ). Other notations will be introduced later
when they are encountered. We call (¢,m, ,U) a network

B. Network Equilibrium

A network is in equilibrium, or the link prices and source
rates z are in equilibrium, when each source (7, ) maximizes its
net benebt (utility minus bandwidth cost), and the demand for
and supply of bandwidth at each bottleneck link are balanced.
Formally, a network equilibrium is dePned as follows.

Given any prices , we assume, in this paper, that the source
rates x7 are uniquely determined by

()= @) (1)

A/ . A /-1
where (Uf) is the derivative of U}, and (ULJ) is its in-
verse which exists since ULJ is strictly concave. Here, [z] =
m x{z, }.Thisimplies that the source rates 2 uniquely solve

m X Ul(z) =z 1.

As we will see, under the assumptions in this paper,

() (1) >

20ne can also take the price  used by one of the protocols, e.g., queueing
delay, as the common price . In this case, the corresponding price mapping
function is the identity function m

for all the prices that we consider,
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and hence, we can ignore the projection [] and assume

without loss of generality that

o N1
A1) =) () @
As usual, we use 27 ( /) = (a] ( f) Q=
functions composed of z7. Since =
notation and write z7 ( ), z7( ), z( ).3

Debne the aggregate source rates y( ) = (y( ), =
1,...,L) at links [ as

y'()= (),

In equilibrium, the aggregate rate at each link is no more than
the link capacity, and they are equal if the link price is strictly
positive. Formally, we call an equilibrium price a network
equilibrium or just an equilibriumif it satisPes [from (3)EX5)]

Ply()—c) =

where P = di g( )isadiagonal matrix. The goal of this paper
is to study the existence and uniqueness properties of network
equilibrium specibed by (3)B6). Let E be the equilibrium set

| P(y( ) —c)= ,y() c} @)

For future use, we now debne an active constraint set and the
Jacobian for links that are actively constrained. Fix an equilib-
rium price * € E. Let the active constraintset = L( *) L
(with respect to  *) be the set of links / at which * > . Con-
sider the reduced system that consists only of links in L, and
denote all variables in the reducegi system by ¢, °, 9, etc. Then,
since y () = ¢ forevery ! € L, we have (") = ¢. Let the
Jacobian for the reduced system be J(*) = 93(") d". Then

IO =GN e e

J

. —1
ord o2U!
o7 —disg (a(ﬂ)z) ®)

2

ol _ o’
o el

and all the partial derivatives are evaluated at the generic point .

) and

to denote the vector-valued
Tm( ), we often abuse

(). (&)

y() e 2 (6)

E={ ¢

where

(10)

C. Current Theory.] = 1

In this subsection, we brie8y review the current theory for the
case where there is only one protocol, i.e., J = 1, and explain
why it cannot be directly applied to the case of heterogeneous
protocols.

When all sources react to the same price, then the equilib-
rium described by (3)EX6) is the unique solution of the following

3Hence, we can effectively modify user utility functions and infRuence rate
allocations through the choice of price mapping functions m . In particular,
linear link-independent 1 scale user utility functions linearly; see Theorem
13.
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Fig. 2. Example 2: two active constraint sets.

2) Example 2: Multiple Active Constraint Sets Each With
Unique Equilibrium: Consider the symmetric network in Fig. 2
with three Bows. There are two protocols in the network with
the following routing matrices:

E

1 11,
1
Flows (1, 1) and (1, 2) have identical utility function U! and
source rate ', and Bow (2, 1) has a utility function U? and
source rate 2.

Links 1 and 3 both have capacity c; and price mapping func-
tions mi( ) = and m2( ) for protocols 1 and 2, respectively.
Link 2 has capacity ¢» and price mapping functions mi( )
and m3( ).

In [31], we prove that when assumption Al holds, the net-
work shown in Fig. 2 has at least the following two equilibria

2= (1,1,

provided:
1) C1 Co 261; ) ) )
2) forj = 1,2, (U?)'(2?) — 77, possibly oo, if and only if
) —

3) forl =1,2,m?( )— 2as — !, and satisfy

2mi((UY) (2 — 1)) (U?)'(2e1 —e2) m3((UY) (e2—cn)).

By manipulating buffer sizes and RED parameters, i.e.,
carefully designing the price mapping functions m’, we have
demonstrated experimentally in [31] the phenomenon of mul-
tiple equilibria for this example using TCP Reno, which reacts
to loss probability, and TCP Vegas/FAST, which react to delay.>

B. Regular Networks

Examples 1 and 2 show that global uniqueness is generally
not guaranteed in a multiprotocol network. We now show, how-
ever, that local uniqueness is basically a generic property of the
equilibrium set. We present our main results on the structure of
the equilibrium set here, providing conditions for the equilib-
rium points to be locally unique, Pnite, and odd in number, and
globally unique. We prove these results in Section IV-C.

Consider an equilibrium price * € E. Recall the active con-
straint set I dePned by *. The equilibrium price "* for the links
in L is a solution of

() =e. (16)
By the inverse function theorem, the solution of (16), and
hence, the equilibrium price **, is locally uniqueif the Jaco-
bian matrix J(™*) = 9y O is nonsingular at “*. We call a

51t is pointed out in [26] that there is actually a third equilibrium for this
network where all links are actively constrained. However, unlike the other two
equilibria, the third is not locally stable and hence did not manifest itself in the
experiments reported in [31].
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network (¢,m, ,U) regular if all its equilibrium prices are
locally unique.

The next result shows that almost all networks are regular,
and that regular networks have Pnitely many equilibrium prices.

This justiPes restricting our attention to regular networks.

Theorem 3: Suppose assumptions Al and A2 hold. Given any
price mapping functionsn, any routing matrix and utility
functionsU':
al) the set of link capacities for which not all equilibrium

prices are locally unique has Lebesgue measure zero in

2) the number of equilibria for aregular netwotk, m, ,U)
is Pnite.
For the rest of this subsection, we narrow our attention to
networks that satisfy an additional assumption.
1) /A3: Every link [ has a single-link Bow (j,7) with

(v7) ) >

Assumption A3 says that when the price of link / is small
enough, the aggregate rate through it will exceed its capacity.
This ensures that the active constraint set contains all links
and facilitates the application of PoincareEHopf theorem by
avoiding equilibrium on the boundary (some ).6

Since all the equilibria of a regular network have nonsingular
Jacobian matrices, we can debPne the indexI( ) of € F as

1, if det (J
1= {b, e

ifdet (J( ))
Then, we have the following.
Theorem 4: Suppose assumptions A1DA3 hold. Given any
regular network, we have

Y I0)=(-1)

p E

whereL is the number of links.

We give two important consequences of this theorem.

Corollary 5: Suppose assumptions A1DA3 hold. A regular
network has an odd number of equilibria.

Notice that Corollary 5 implies the existence of equilibrium.
Although we proved this in Section I1I in a more general setting,
this simple corollary shows the power of Theorem 4.

The next result provides a condition for global uniqueness.
We say that an equilibrium * € E is locally stableif the corre-
sponding Jacobian matrix J( *) dePned in (8) is stable, that is,
every eigenvalue of J( *) = 9y( *) O has negative real part.
For justiPcation of this dePnition, local stability of * implies
that the gradient algorithm (19) converges locally.

oIt is recently shown in [26] that A3 is not necessary and one can generalize
Theorem 4 to

ST DEOI(p) =1

where C(p) is the number of links of the active constraint set associated with
equilibrium p. Clearly, if If(p) = L, it reduces to Theorem 4. This general-
ized theorem also allows [26] to conclude the number of equilibria is odd (and,
therefore, existence) without A3. In this paper, although A3 is imposed, all re-
sults can be viewed with respect to a Pxed active constraint set with appropriate
modibcations. In particular, the global uniqueness results in Section V directly
apply without A3 since J' has a similar structure as J except with a smaller di-
mension.
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Fig. 3. Example 3: construction of multiple isolated equilibria.

Corollary 6: Suppose assumptions3 hold. The equilib-
rium of a regular network is globally unique if and only if ever

equilibrium point inE has an indeX—1) . In particular, if all

equilibria are locally stable, the® contains exactly one point.

This result may seem surprising at Prst sight as it relates the
local stability of an algorithm to the uniqueness property of a
network. This is because both equilibrium and local stability are
debned in terms of the function y( ): an equilibrium * satis-
Pes y( *) = c and the local asymptotic stability of * is deter-
mined by dy( *) O . The connection between these two prop-
erties is made exact by the index theorem. An implication of
this result is that if there are multiple equilibria, then no algo-
rithm " = ( (¢)), whose linearization around each equilibrium

*€ Esatisbesd ( *) 9 =0y( *) 9 ,can be found to lo-
cally stabilize all of the equilibria.

Corollary 6 will be used in Section V to derive a sufPcient
condition on price mapping functions m for global uniqueness.
We close this subsection with an example that illustrates the
application of Theorem 4 and Corollary 5.

2) Example 3: lllustration of Theorem 4 and Corollary 5

6: We revisit Example 1 with modiPed utility functions. Recall
that in Example 1, as € varies from O to 1/24, we trace out all
equilibrium points. The components #} and { = 1} of these
equilibrium points are shown by the solid line in Fig. 3. Other
sources x] and their effective end-to-end prices 7 also lie on
similar straight lines. Since the network has uncountably many
equilibrium points, it is not regular. To make it regular, suppose
we change the utility functions of sources (7, 14) to

W@$¢)2{5@ﬁ“%(l—¢%

ifod #1
i1 g,

ifoz{:l

with appropriately chosen positive constants « and ;. These
utility functions can be viewed as a weighted version of the
a-fairness utility functions proposed in [22].

The basic idea of how to choose o and 7 to generate only
Pnitely many equilibrium points is as follows. First, we pick
two points in the equilibrium set of example 1, say, the points
associated with ¢ = . 1 and ¢ = . 4. These choices of ¢
provide two distinct equilibrium points ( ,z) and ( ,z). For
instance, ( 1,71) = ( .13, .86 ) corresponds to ¢ = . 1
and ( },2}) = ( .16 , .83 ) corresponds to ¢ = . 4, as

Y
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TABLE I
EXAMPLE 3: ; AND 3,
Flows ol G)
2T | 5.6851 | 0.0592
:zré 4.0285 | 0.0803
:171, 5.6851 | 0.0592
:z:% 0.0322 | 0.8389
22 | 0.0322 | 0.8389
:z:% 0.0963 | 0.7041
TABLE Il
EXAMPLE 3: STABILITY AND INDICES OF EQUILIBRIA
Equilibria (p1, p2, p3) Eigenvalues Index
(0.135,0.23,0.135) | —0.21, —17.43, —26.73 | —1
(0.142,0.206,0.142) | 0.21, —12.32, —22.40 1
(0.165,0.17,0.165) | —12.41, —1.67,—-0.67 | —1
illustrated in Fig. 3. Then, for each source (j, ), Pnd af and f
such that (4) is satisPed by the two equilibrium points ( },z})

and (], z]) with the new utility functions. This is illustrated
in Fig. 3 where relation (4) with the new utility function is
represented by the curve, and o, 7 are chosen so that the
curve passes through the original equilibrium points (1, 1)
and ( ,x). More specibcally, given two equilibrium points

( 7,27y and ( 7, 7), choose

- i

P g —1g@d) 7

The resulting o] and ; for all Bows (j, %) are shown in Table 1.

By construction, both ( } = .13, 1= 23 )and( 1 =

.16 , 3= .17 )are network equilibria. By Corollary 5, there
is at least one additional equilibrium. Numerical search indeed
located a third equilibrium with ( 1 = .142, 1= .2 6).

We further check the local stability of these three equi-
libria under the gradient algorithm (19) to be introduced in
Section IV-C. The eigenvalues and index for each equilib-
rium are shown in Table II. It turns out that the equilibrium
(1= .142, {1 = .2 6)is not stable and has index 1, while
the other two are stable with index —1. The dynamics of this
network under the gradient algorithm can be illustrated by a
vector Peld. By symmetry, the equilibrium prices for the Prst
and third link are always the same. Therefore, we can draw
the vector Peld restricted on the plane ; = 3 to illustrate the
system dynamics. The phase portrait is shown in Fig. 4. The
dots represent the three equilibria. Note the equilibrium in the
middle is a saddle point, and, therefore, unstable. The arrows
give the direction of this vector Peld. Individual trajectories are
plotted with slim lines.

b Lla(D-le(dHh j(xj)%.

C. Proofs

In this subsection, we provide proofs for the results in
Section I'V-B.

Proof of Theorem 3:The main mathematical tool used in
our proof is Sard® Theorem [4], [27], of which we quote a ver-
sion here that is tailored to our problem. Let G be an open subset
of and let F' be a continuously differentiable function from
Gto .Apointy € G is a critical point of F if the Jacobian
matrix OF Oy of F at y is singular. A point z € is a critical
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Fig. 4. Example 3: vector Peld of (p , p2).

value of F" if there is a critical point y € G with z = F(y). A
point in is a regular value ofF' if it is not a critical value.

1) Sard8 Theorem:If F G — is continuously dif-
ferentiable on the open subset G , then the set of critical
values of F' has Lebesgue measure zero in

Fix a routing matrix  and utility functions U. There are at
most 2 — 1 different active constraint sets. Let L L be such
a combination with L links. Consider the set of all possible link
capacities ¢ = (¢ ,[ € L) under which the active constraint set
is L, i.e., with such a capacity vector ¢, an equilibrium price

has > ifl € L and = otherwise. Fix such an
equilibrium point *. Again, let ~ denote the price vector only
for links in ﬁ Then, * is not locally unique if the function
9 —  debnedby §j(") = (") has asingular Jacobian
matrix 9y 0~ at ¥, i.e., if A*A is a critical point of ¢. The set of
such capacity vectors ¢ € under which all links in  have
active constraints in equilibrium satisfy

i) =

and, hence, are critical values of . Since g is continuously dif-
ferentiable by assumption Al, we can apply Sard® theorem
and conclude that the set of such capacity vectors ¢ has zero
Lebesgue measure in . The extension to for all link ca-
pacities clearly also have zero Lebesgue measure in

Since we only have a Pnite number of different active con-
straint sets, the union of link capacity vectors that give rise to
locally nonunique equilibria still have zero Lebesgue measure.
This proves the Prst part of the theorem.

The equilibrium set £ debPned in (7) is closed because y( ) is
continuous, and is bounded by Lemma 1. Hence, E is compact.
Since (¢,m, ,U) is a regular network, every € E is locally
unique, i.e., for each € E we can Pnd an open neighborhood
such that it is the only equilibrium in that open set. The union
of these open sets forms a cover for set . Since E is compact,
it admits a Pnite subcover [16], i.e., F can be covered by a b-
nite number of open sets each containing a single equilibrium.
Hence, the number of equilibria is Pnite.
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Proof of Theorem 4By assumption A3, we can always Pnd
mn > such that for any price and link | with

we have
E E jle( )>c.
i

LetG = mun, mx) »where ., x is dePned in Lemma 1.
Clearly, all equilibria are in the set GG. To prove our result, we
will invoke a version of the PoincareBHopf Index Theorem tai-
lored to our problem [20], [33].

2) Poincard&Hopf Index TheoremLet D be an open subset
of andv D — be a smooth vector Peld, with nonsin-
gular Jacobian matrix dv 0 at every equilibrium. If there is a
G D such that every trajectory moves inward of region GG,
then the sum of the indices of the equilibria in G'is (—1) .

3) Gradient Project Algorithm:To construct the vector Peld
v required by the index theorem, let D = G and consider the
following gradient algorithm from G to G proposed in [14]. The
prices are updated at time ¢ according to

W)= ( 2)-¢

where > isan L X L diagonal matrix whose elements repre-
sent stepsizes. A source updates its rate based on the end-to-end
price

m n»

7)

a(t) = z( (). (18)

A consequence of assumption A3 is that (¢t) > ,n > , for
all ¢ under the gradient algorithm (17)EX18). This guarantees a
unique active constraint set that is . Hence, the equilibrium set
E debned in (7) is equivalentto £ = { € ly( )—c= }.

Combining (17) and (18) with y( (¢)) = z(t) yields the
required vector Peld v

()= (@) —c)= v( (1) (19)
whose Jacobian matrix is
v oy
+0=J0= F0) (20)

where J( ) is given by (8). Clearly, * is an equilibrium point
ofv,ie., v( *) = ,ifandonlyif * is a network equilibrium,
ie., * € E. Since the network (¢, m, ,U) isregular, J( ) is
nonsingular at every network equilibrium * € E C @. Since

is a positive diagonal matrix, dv( ) 0 is also nonsingular
by (20) at all its equilibrium points in G, as the index theorem
requires.

Consider any point on the boundary of G. For any [, we
have one of the following two cases:

) If (t) = m x link[ will be underutilized, y ( (¢)) ¢,
and ° according to (19).
2) If (t) = mn, the aggregate rate at link [ will exceed ¢ ,

y( (t)) >c,and ~ > according to (19).
Therefore, every point on the boundary of G will move inward
and our result directly follows from the PoincareEHopf index
theorem.

Proof of Corollary 5: Since both I( ) and (—1) are odd,
the number of terms in the summation in Theorem 4 must be
odd.
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Proof of Corollary 6: The Prst claim of the theorem di-
rectly follows from Theorem 4. We now claim that an equi-
librium * € F which is locally stable has an index I( *) of
(—1) . To prove the claim, consider a locally stable equilib-
rium price *. All the eigenvalues of J( *) have negative real
parts. Moreover, since J( *) has real entries, complex eigen-
values come in conjugate pairs. The determinant of J( *) is the
product of all its eigenvalues. If there are  conjugate pairs of
complex eigenvalues and L — 2 real eigenvalues, the product
of all eigenvalues has the same sign as (—1) ~2 which has the
same sign as (—1) . Hence, the index of a locally stable equi-
librium is (—1) .

V. GLOBAL UNIQUENESS: MAPPING FUNCTIONS m/( )

In this and the next sections, we provide sufPcient condi-
tions on the structure of the network for global uniqueness. We
also provide some important special cases in Appendix A where
global uniqueness is set up. In this section, we reveal that, under
assumptions A1DA3, if the price mapping functions rn’ are sim-
ilar, i.e., the Qlegree of heterogeneityOis sufbciently small, then
the equilibrium of a regular network is globally unique.

A. General Result

To state the result concisely, we need the notion of permu-
tation. We call a vector 6 = (o1,...,0 ) a permutationif
each o is distinct and takes value in {1, ..., L}. Treating o as
amapping o {1,...,L} — {1,...,L}, we let 0! denote
its unique inverse permutation. For any vector a € , o(a)
denotes the permutation of a under o, i.e., [o(a)] = a . If
a €{l,...,L} isapermutation, then &(a) is also a permuta-
tion and we often write oa instead. Letl = (1,..., L) denote
the identity permutation. Then, 6l = o. See [19] for more de-
tails. Finally, denote dm’ d by .

Theorem 7: Suppose assumption©A3 hold. If, for any

vectorj € {1,...,J} and any permutationg, , m in

,....L}

)]

L0 )

wl @
1 1 1

21

then the equilibrium of a regular network is globally unique.
Proof: See Appendix B.

Theorem 7 implies that if the (slopes of the) price mapping
functions are Qimilar,Othen global uniqueness is guaranteed, as
the following corollary shows: if 7’ do not differ much across
source types at each link, or they do not differ much along links
in every source® path, the equilibrium is unique.

Corollary 8: Suppose assumptions3 hold. The equilib-
rium of a regular network is globally unique if any one of the

following conditions holds.
1) Foreachi =1,...,.L,j=1,..

’

L

m e [a ,2Tqa  forsome a > (22)
2) Foreachj =1,...,J,l=1,...,L
m e [aj ,2Ta’  for some o’ > (23)
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Proof: If (22) holds, we have forany j , 7,7 in{1,...,J}

' + ! >2 a = 2Ta >
1 1 1 1 1
which implies the sufPcient condition in Theorem 7.

For the second assertion, Px any j in {1,...,L} and any
permutations o, ,min {1,...,L} .If(23) holds, we have
ml DT 4 POT 59 i = 914
1 1 1 1
> gl @)

1
which implies the sufPcient condition in Theorem 7.
Remarks:

1) Asymptotically when L — oo, both conditions (22) and
(23) converge to a single point. Condition (22) reduces to
m’ = a which essentially says that all protocols are the
same (J = 1). Condition (23) reduces to 7’ = a7, which
is the linear link independent case discussed in Theorem
13.

2) The sufbcient condition in Theorem 7 can be conservative
because many rJ may be zero (no source of type j takes
path ).

3) These link-based uniqueness results hold for a network
whenever no Bow uses more than L links.

B. Special Casel. = 3andJ = 2

We now specialize our uniqueness result to the case of L = 3,
J = 2. This case is of particular interest as it represents the
smallest network that can exhibit nonunique equilibrium points
if A1PA3 are satisbed; see Theorem 15 in the Appendix.

Theorem 9: Suppose assumptiondDA3 hold for a three-
links regular network with two protocols. If the following six
inequalities hold, the network has a unique equilibrium;

A2+ A3 >\
AL+ A3 > A
AL+ A2
1 + 1 1
A2
1 1 1
— >
A1
1 1 1
A1 -
whereX = m!( ) m?( ).
Proof: Itis straightforward to check that only the following
six p(4, ) in (38) can have negative coefbcients D(j, ):

+
|
V

.2.2.21 2 2
(A2 + A3 — /\1)m1m2m3r111r101r110
) _)\)-2-2-2 1 .2 .2

1 3 2)M1MeM3T11170117110

.2.2.21 2 2
M+ — /\3)m1m2m3r111r011r101

1 1 1

-1-1-1.2 1 1
— 4+ — — — | mymsm3ri11T1017
s X3 M\ 1723711171017 110
1 1 1

-1-1-1.2 1 1
— 4+ — — — | mymsm3Ti11T011 7
M\ X3 Ao 1721311170117 110
1 1 1

-1.-1-1.2 1 1
— + — — — | mymsmari117o117101 -
M\ Ao A3 1723711170117 101
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This together with (27) implies

(30)

Fig. 7. Corollary 14: linear network. ) )
Consider any sequence , , , Where is

abnite index set that depends orWe have

Jacobian matrix is strictly diagonally dominant with neg-

ative diagonal entries, and hence, its determinantis . (31)
Theorem 15: Suppose assumption®A hold and has

full row rank. A network that has multiple equilibria must have

at least three links. where denotes the vector index and the sum-
If does not have full row rank, then there are two-link netnation is over all values in ]
works that have multiple equilibria; see [29]. Using (31) to change the order of product ovand summa-
tion over in (30), we have
APPENDIX B
PROOF OFTHEOREM 7
By Corollary 6, we only need to prove that for
any equilibrium . Since , )
the condition reduces to _Now where the vector index ranges over
. Applying (31) again to change the order of
product over and summation over the index we have
(32)
where —— isadiagonal matrix, and
is debned by its elements where
- (26) (33)
Hence (34)
The last summation in (32) is over the vector index
that takes value in the set
all bit binary sequences. As mentioned previ-
@7) ously, ) denotes the identity permutation, and
O Qis a shorthand fo© , .0
Here, the summation over is Dgnote by the ind.icator function that is 1 if the assertion
overall permutations ofthe items .Thefunction IS true and O otherwise. Then, (32) becomes
is 1 if the minimum number of pairwise interchanges nec- 35
essary to achieve the permutatiorstarting from ( ) (35)

isevenand ifitis odd.
Let denote an -bit binary sequence that represents the pa%‘nere
consisting of exactly those links for which the th entries of

arel,ie., . Let be the (36)
set of paths that contain both linksand . Let
if and only if be the set of type sources on path,
possibly empty. Let Hence, is a summation, over the index , of
terms with coefrcients . We now show that only

(28) those terms for which the constituentin the product
are all distinct have nonzero ctrefents.
Lemma 16: Consider a term in the summation in (35) in-

where is zeroif is empty. Since all utility functions are d€xedby . Ifthere are integers such that

assumed concave, . Then, we have from (26) and (28) and , then : _
Proof: Fix any . Suppose without loss of generality

(29) that and and . We now show that

its coebcient
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Consider any permutation
efbcient in C'(j, )

in (36) that gives a nonzero co-

1 € (,0)sen p(g) =sgn u(g) (37)

This means that

e (,1)and ?¢€

( 272)'

Hence, since ' = 2, the path ! goes through all links 1, 2,
1, 2. In particular

le ( 2,1)and Ze (1,2).
Therefor@, there is a permutation " in (36) with Al = 2, Ag =
1,and = for/ > 3 forwhich1( € (,l)) =1
but sgn = —sgn . This yields a term —sgn p(j) in C(j, )

which exactly cancels the term in (37). Since the argument ap-
pliestoany in(36), C(4, )=

In view of Lemma 16, we will restrict the summation over
the index (j, ) in (35) to the largest subset of {1,...,J} ,
where the constituent rJ in p(j, ) are all distinct. Let © de-
note this subset. We abuse notation and dePne permutation o €
{1,...,L} on® by

) = (0(3):0( ))-

Then let ©( be the largest subset of © that is permutationally
distinct i.e., no vector in Qg is a permutation of another vector
in ©g. The set of permutations o € {1,...,L} isin one-one
correspondence with the set of (3, ') that are permutations of
agiven (§, )in ©¢.7 This allows us to carry out the summation
over (j, )in (35) brst over (j, ) that are permutationally dis-
tinct and then over all their permutations. Notice that, given any

(4, ) and any permutation o, we have from (34)

ple(d)o( ) =

i.e., p is invariant to permutations. Hence, we can rewrite (35)
and (36) as

o(j,

p(d, )

det(=J( )= Y DG, )pG ) (38)
(Jm ©o
where
DG, )= el Ve ()sen ulol). (9

In the previous, L-vectors ¢ and are permutations.
The next lemma converts a condition on ¢( ) into one on
It follows directly from the dePnition of permutation.
Lemma 17: For any and any permutations, , we have

@ o)

(-0

ie,lo( )] €
for all [.

( ,Dforalllifandonlyif €

TThe one-one correspondence fails to hold for permutations not in
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Applying Lemma 17 to (39), we have
D@, )=)_> 1 € (67" ;o7))sgn pu(a(j)).

Since ,and hence, 0!
we can replace the index variable o

DG ) =331 € (.07 sen( o) u(e(d)). (40)

, range over all possible permutations,
~1 by toget

We now use (40) to derive a suffcient condition under which
D(j, ) are nonnegative for all permutationally distinct (j, ).
The main idea is to show that for every negative term in the
summation in (40), either it can be exactly canceled by a positive
term, or we can Pnd two positive terms whose sum has a larger or
equal magnitude under the given condition. This lemma directly
implies Theorem 7.

Lemma 18: Suppose assumptionsbA3 hold. Suppose
foranyj € {1,...,J} and any permutationg, , m in
{1,...,L} ,we have for a regular network

p( (3) + u(n(d)) = wo (i)

Then, for all(j, ) € ©¢, D(j, ) >
Proof: Due to space limitation, one is referred to [30] for
the proof.

Since the network is regular, det(—J( )) # .Lemma 18,
together with (38), implies that det(—J( )) > , or equiva-
lently, I( ) = (—1) forany € FE, under the condition of the
lemma. Theorem 7 then follows from Corollary 6. An illustra-
tion for the proof of Lemma 18 via a concrete example can be
found in [30].

ACKNOWLEDGMENT

The authors would like to thank K. Border and J. Ledyard of
Caltech, and R. Johari of Stanford for their useful discussions,
and R. Srikant of UIUC for helpful references.

REFERENCES

[1] K. Arrow and F. Hahn, General Competitive Analysis San Francisco,
CA: Holden-Day, 1971.

[2] T. Basar and G. Olsder, Dynamic Noncooperative Game Thedtyd
ed. Philadelphia, PA: SIAM, 1999.

[3] G. Debreu, Theory of Value New York: Wiley, 1959.

[4] G. Debreu, (Economies with a Pnite set of equilibria, OEconometrica
vol. 38, no. 3, pp. 3878892, May 1970. |

[5] G. Debreu, (Economic theory in the mathematical mode,O Noble
Memorial chture, Dec. 8, 1983. .

[6] E.Dierker, OIwo remarks on the number of equilibria of an economy,O
Econometricavol. 40, no. 5, pp. 7518753, Sep. 1972. i

[7] E.Dierker and H. Dierker, CT'he local uniqueness of equilibria,OEcono-

metrica vol. 40, no. 5, pp. ‘8675381, Sep. 1972.

L. Grieco and S. Mascolo, Performance evaluation and corpparison of

Westwood+, New Reno, and Vegas TCP congestion control, OACM SIG-

COMM Comput. Commun. Revol. 34, no. 2, pp. 25888, Apr. 2004.

D. Wei, C. Jin, S. H. Low, and S. Hegde, (FAST TCP: Motivation,

architecture, algorithms, performance,OlEEE/ACM Trans. Netwwvol.

15, no. 6, pp. 1246D1259, Dec. 2007,

F. Kelly, A. Maoulloo, and D. Tan, QRate control for commynication

networks: Shadow prices, proportional fairness and stability,0J. Oper.

Res. Sogwvol. 49, pp. 237E252, 1998.

S. Kunniyur and R. Srikant, (End-to-end congestion control: Utility

functions, random losses and ECN marks,OIEEE/ACM Trans. Netw.

vol. 11, no. 5, pp. 6898702, Oct. 2003.

(8]

(91

[10]

[11]



