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Abstract—This paper investigates the network performance the aggregate utility too much as the optimal multipathitytil
loss of using only single-path routing when multiple paths can be achieved even when the total number of paths in use
are available. The performance metric is the aggregate uilly s 4t most the sum of the number of links plus the number of

achieved by the joint optimization of congestion control ad - . .
routing. As computing the exact loss for a general network USErS: We also provide analytical bounds as well as algosith

topology is NP-hard, we develop analytical bounds on this ‘ast of {0 estimate this performance gap. _ _
not splitting”. Our bound is independent of the number of souce- Our problem belongs to the general multicommodity flow

ollestir.lation pairs when the latter one is larger than.the. numler of category [4]. Even though our formulation is closely retate
links in a network. We also propose a vertex projection methd 4 that in [3], there are however other formulations in the

and combine it with branch-and-bound to provide progressiely Ii ditv fl i | ticular. th has b
tighter bounds on the performance loss. Numerical exampleare mullicommodity Tlow category. In particular, there has been

used to show the effectiveness of our approximation technig. ~ '€cent study on “unsplittable flows” [5]-[8]. We remark that
even though formulations may differ, the intrinsic diffitguls

. INTRODUCTION the same when they are considered as a class of combinatorial

Routing is one of the key network protocols in Communlthimization problems. Therefore, we expect our work will

cation networks such as the Internet. It selects the paths %SO be usefull to other_ related mult|c0mm0d|§y proble_ms.
traffic to flow from all the sources to their destinations. &ve The paper is prga_lnlzed as follows. Af_ter introducing the
though there are proposals to allow flexible multipath mogiti model and notation in Section II,_we def“’e a general Upper
in the Internet [1], the current routing protocol within arsA bound on the performan_ce IOSS. i Section ”.I' The_ analysis
e.g., the Open Shortest Path First (OSPF) protocol, prIynar?qu,eStS a vertex projection to find a hear optimal .smgﬂa-pa
uses single-path routing where one user (source-desperal Olution W.h'Ch 'S d|sc;uss§d n Sect|oq V. In Section Vv, we
pair) uses only one path from the source to the destinati Hrther refine our estimation by_ combining \_/ertex projestio
with the exception that traffic may split evenly among equa‘f\-'Ith a br?‘”Ch'af_‘d'b"“”d technique. Numerlcal_ examples are
cost paths. pro_wde_d in Section VI to demonstra’Fe the e_ffectlvenessunf 0
Recently, there has been an interest to considerjointrrgutiesumat'on' We conclude the paper in Section VII.
and congestion control, where routing and transmissioesrat [I. MODEL AND NOTATION
are jointly optimized. To be more specific, assuming evesy us - A network consists of a set df uni-directional links with
has a utility function that depends on its total transmissade, finjte capacities: = (ci,1 = 1,...,L), and supports a set of
one seeks to maximize the total utilities of all users subjeg; source-destination pairs or users, indexedi byhere are
to link capacity constraints.This problem is analytically i acyclic paths for usei and is represented by A x K
tractable if users can use all available paths becauseiaowmgatrix R, whereRi, = 1 if path k of useri uses linki, and
source-based multipath routing makes the problem CONVEX — ) otherwise. The overall routing matrix is given by
and admits an elegant optimality characterization. Whein ea
user optimizes its transmission rate over only one out of all R=[R' R* .. RV]

available paths, i.e., using source-based single-pathn@u  For example, as shown in Fig.1, a seven-link network
this combinatorial problem is however nonconvex and knowjypports two users, each of which has two possible paths to

to be NP-hard [3]. choose from, and the corresponding routing matrices are
This paper focuses on a key question: As compared with T

multipath routing, how is performance affected in terms of R — { 0110000 }

the aggregate utility by restricting to single-path rog@nin 00010 10]"

other words, how bad is single-path routing? Or what is the

“cost of not splitting”? It can guide the decision on whether

to support multipath routing with flexible splitting (which

is arguably expensive to support), since single-path mguti For everyi, define aK® x 1 vectorz® with the ratez? of

has a smaller overhead in implementation. We first show thzath k& of useri as thekth entry ofz?. The total rate of user

allowing users to send traffic on all the paths will not benefjtis 2| = ZkK;l x;g Letad, K' x 1 vectorz represent
the complete bandwidth allocation

R2_1100000T
“looo0oo0 10 1]°"

1other formulations are possible, e.g., minimizing theltbtd cost while 7
satisfying the traffic demand between the sources and déstis [2]. r=[ @@H? @7 .. V)T



TABLE |
SUMMARY OF KEY NOTATION

Notation | Meaning
x A feasible multipath allocation
T* An optimal multipath allocation
T A vertex of the optimal solution set of the multipath problem
x’ A feasible single-path allocation projected frain
T Optimizer of the fixed routing congestion control problem
using the path configuration af’
Fig. 1. A network of seven links supporting two users. Usee:oh to C I1l. GENERAL BOUND OE DUALITY GAP

(red dotted line), and user two: E to B (blue dashed line).
In this section, we obtain a general upper bound of the
duality gap, and then show that the average cost of notispglitt
Each useri has a utility functionU? as a function of its goes to zero asymptotically as the number of users goes
total transmission ratdz’||;. We assumel/’ to be strictly to infinity. First, the following theorem indicates that far
increasing and concave, which is the case for most TQ@Rtwork with N users, the optimal network utility can be
algorithms [9]. LetU = (U%,i = 1,...,N). We call (¢, R,U) achieved by using at most + N paths although the total
a network. available paths can be potentially exponential.

. The joi.nt.congestion control and mult!path routing ,prOblenf'heorem 1. Given an L-link network supporting N users, for
is to maximize the aggregate network ut|I|t_y by allqcauagas .any multipath allocation Z, there exists a multipath allocation
for all users over all possible paths subject to link capacit, using at most I+ N paths such that they both achieve the
constraints. We assume fairness in the sense that every ysgt, aggregate utility.

receives a positive rate, i.g|z*||; > 0 for any useri. It can
be formulated as a convex optimization problem: Proof: Given a multipath allocatior®, consider the fol-

lowing nonempty and bounded polyhedron:

max 32, U'(fl']l1) (1)
s.t. Rx <ec. P:{xeRZiKi |2>0, 172" =177 Vi, and Rz < ¢}.

Compared with problem (1), each user in the joint flow con- Clearly, P contains at least one vertex [10], denoted by
trol and single-path routing problem has additional carists, . Sincez is a vertex, there ar@ ", K* linearly independent
namely each user only uses one path out of its finite set @gnstraints that are active at Note we call a constraint
possible paths. Lefz?|o be the number of non-zero entrieactive if it holds with equality. Since we already have

of 2.2 Then the single-path problem can be formulated asagtive constraints fromi”z! = 17* V i, and at most
non-convex optimization problem: L active constraints fromz < ¢, then there are at least
>, K'— N — L constraints fromz > 0 are active. Therefore,
max Y, Ui(||z%|1) (2) atleasty, K‘ — N — L entries ofz are zero, indicating that
w20 x contains at mostV + L positive entries. [ ]
st.  Rrsq Remark 1. We can obtain a similar result by applying the
[zlo=1 Vi. Shapley-Folkman theorem in [11] to (2) such that the optimal

multipath utility can be achieved by a multipath allocation

Let optp and opts denote the optimal value of (1) andysing at mostV + L + 1 paths. Theorem 1 is thus a slightly
(2) respectively. Thengpt,s — opts can be interpreted as astronger result than a direct application of [11].
measure of performance loss due to the additional single-piemark 2. Similar arguments hold for a more general class
routing constraints, or the “cost of not splitting”. More@y of delay-sensitive utility functions proposed in [12]. The
it was shown in [3] that the dual problem of (2) has thgpjective function isy, U (||z¢[|1)—d” Rz whered™*! stores
same optimal value as (1). Therefore, the duality gap of2) he delay of each link. An additional constraiftRz = d R
precisely the performance loss of utilizing only one out of gyists in the sef, making the upper bound on the number of
finite choice of paths by each user. ‘ pathsN + L + 1. All later results hold accordingly.

Throughout the paper, we assurhg; K* > N + L, i.e.  Theorem 1 implies that to achieve optimal network utility,
the cumulated number of paths that can be used by userggsnostL users (assuming < N) need to use multiple paths,
greater than the sum of the number of users and the numbeggfile others only need single-path routing. We next use this
links. This is the case when the network is large and theeefQiroperty to upper bound the duality gap.

each user has many available paths. The key notation used is ) _ _
summarized in Table 1. Theorem 2. Given an L-link network supporting N users, the

duality gap of (2) is upper bounded by

20ur notation for the cardinality of* is the same as that used in the

. i
compressed sensing literature, and is commonly known ag.gheorm . min(L, N) maxp-, ©))



where Proof: By Theorem 3, we have; < a'log(K*). Also,

i i i i i i y there always exists some> 0 such thatz’ = [ee, ..., e]"

pt=max{U*([la* 1) =U'(lla"llc) [ 2* 2 0, R'a® < ¢}. () gatisfies Rigi < ¢, thus, from (4),pi > ailog[(Ki). Tr]1is
Proof: Let z* be an optimal solution to (1). Following proves (6). ]

Theorem 1, there exists an optimal allocatibrand a sets ~ Both the TCP Vegas protocol in [14] and the FAST TCP
(|S| < min(L, N)) of indices such that”i’ = 17¢* V4, protocolin [15] implicitly solve (2) using the logarithmility
Ri<c¢ ||@'o>1Vies8, and||@'|o=1Vi¢S. function. Thus, (6) gives a simple formula pf, which only

Next, we projecti to a feasible single-path solutiori by depends on the number of paths of useegardless of the
picking the maximum-rate path for each user. More formallfietwork topology and-.

for anyi € S, let d(i) be the index of the largest entry of, The significance of Theorem 2 is that whéh > L, the
ie. upper bound of the duality gap depends brand max; p*,
@Z(i) — ||;gi||Oo Vies. but not on N. We next use this property to show that the
‘ . average “cost of not splitting” becomes zero asymptotjcall
Then, we define d&* x 1 vectorz™ such that From Theorem 2, whetV > L, we haveoptys — opts <
I:ii(i) _ ffé(i)v andz!i = 0, ¥ k # d(i). L max; p*, which yields
. . . optyr —opts L i
Foranyi ¢ S, letz” = 2%. Then, one can check thit' ||, = — N =y maxp )

1, Vi, and Rz’ < R% < ¢, thusz’ is a feasible solution to

(2). Sincei is an optimal solution to (1), we have where(opt)s —opts)/N can be interpreted as the average cost

of not splitting. Sincemax; p* is bounded, the righthand side
term of (7) goes to zero a¥ — co. This result implies that,
opty — opts < S UNE ) = S5, U2 ]h) although the cost of not splitting is positive if we consider
_ L UE) + S U (|12 (2), the average cost of not splitting is close to zerdvifis
Lies Ui(” ,Ul) Ligs U(i” |,‘i1) sufficiently large. In other words, by replacing the objeeti
—2ies U(lle" 1) = Z%ZS (l="[l) function in (2) with the average network utility, we get the

= Yies (U(1E0) = U ([l3"]|0)) following problem:

< Zies p" < min(L, N) max; p*, m&ff % Zi UZ(”I’LHl) 8)
wherep’ is given by (4). [ I;t Re<c

Note thatp; is a measure for the degree of nonconvexity - S
of the 4th utility function, and was first proposed in [13]. l2*lo =1 Vi.
Moreover, it can be upper bounded as follows. Even though (8) is still nonconvex and has a positive duality
Theorem 3. gap, due to (7), its duality gap approaches zero asympligtica
_ _ _ as N goes to infinity.

pi = yéﬁfﬁi]((] (y) = U/ K"), ©) IV. ESTIMATION OF DUALITY GAP VIA VERTEX
where M? is the maximum total transmission rate of user i PROJECT,|ON )
that can be supported by a network (c, R, U), i.e., In general, (3) may rlot be a tight upper bound of the dyany

_ _ _ o gap. However, for a given network, if we can find an optimal

M" = max{||z*[|; |[z* > 0, R'z" < c}. solutionz of (1) and its corresponding index sgtas defined

in the proof of Theorem 2, a better upper bound to the duality
gap than that given by (3) can be obtained as follows. From
the proof of Theorem 2, we can find a feasible solutign
U(|z'11) = U(l|2")loo) < U(|l2"11) = U(||l2" |1/ K"). to (2) by keeping the largest path rate of eacéhand setting
other path rates to zero. In this case, an improved upperdoun
to the duality gap is given by

~ Proof: For any:ci such f[hatcci > 0, R'z* < ¢, we have
[[2*|loo = |l2*||1/K". SinceU" is strictly increasing, then

The inequality still holds if we maximize over all feasiht,

thus
ot madU(2'h) = U(la'lly /K o' 2 0, Bia' < e} optar — opts < 3 (U (13 1) — U (18] ))
= max (U(y)—U(y/K")). i€s
y€[0,M]

However, 2’ may not achieve the maximum utility over

. . this particular resultant single-path configuration. Byvsm
.NOW’ (5) IS easy _to_ cal_cu_late_ for a g_|v_en_n_etwork. Alsoa fixed routing congestion control problem using the path
since M* is always finite, it implies thap® is finite for any

_ configuration ofz’, we obtain a single-path allocatiahsuch
users. that >, U*(||z]l1) > 32, U%(||l2"!||1). Thus, a better upper
Corollary 1. If U'(:) = a'log(-) where o' > 0 is some bound of the duality gap is
constant, then P1ad LY s

— ©) optn —opts < 3 U1 = 30 (9)

K2



V. ESTIMATION OF DUALITY GAP VIA

A picks a path
o Root BRANCH-AND-BOUND

from 1,2 and 3.
B picks a path
from 4,5.

The vertex projection in Section IV gives a single-path
allocation with its corresponding network aggregate tytili
serving as a lower bound of (2). In this section, we show
how to integrate it with a branch-and-bound algorithm taegiv
a better estimate ofpts. An N-level tree is introduced to
represent a progressively finer partition of the set of paths
that each user considers. In particular, the tree has apats r
node the original single-path problem (2). The intermexiat
nodes correspond to problems where some users fix their path
Fig. 2. The feasible path sets of two users (user A has thrs a2 and Choices while every other user can still choose its path from
3, user B has two paths 4 and 5) several paths. At each tree node, one user that has not fixed it
path choice, say uset, partitions its set of paths producing
K™ different subtree nodes. The tree Hd§_, K leaf nodes,
and each leaf node corresponds to a utility maximization
problem over a specific single-path configuration. Figure 2
illustrates the feasible path sets in a two-user case.

We first state how to findpts via branch-and-bound. The
gorithm starts from the root and branches from the current
tree node into several subproblems at each step. For each new
fbund tree node, we find an upper bound and a lower bound
of the maximum utility of (2) over the reduced feasible set
for this subproblem. The upper bound is given by the value
of its dual problem, which is equivalent to the value of its
Q=1{zre RE K l2>0, 172" =172* Vi, and Rz < ¢}. corresponding multipath prpblgm, .and th(_e lower bound can

be found by the vertex projection in Section IV. Let, be

the maximum lower bound that has been found till the current
Clearly, Q is a convex polyhedron that is bounded, finite anstep. If the upper bound for some tree nddds smaller than
pointed. Moreover, any point i@ is an optimal solution to my, then H and all its offspring can be safely pruned from
the multi-path problem. Sinc&? is strictly concave, one can future considering. After pruning, we pick a tree node thes h
check that@ also contains all the optimal solutions. Th@s the maximum lower bound among the remaining tree nodes
is the solution set of (1). (not including leaf nodes) to branch from for the next stefpe T

To find a vertex ofQ, we can formulate an auxiliary algorithm stops when there is no more tree nodes to branch

maximization problem ove® with a different choice for the from. It always findsopts, which is attained at the leaf node
objective function. For example, Iéti) be the path index of that has the maximum value. However, there is no guarantee
useri such that’?;;l{i) = ||*|| . Then, one possible objectivethat the algorithm W|II_terr_n|nate in po_lyno_m|al tlme_.

function is>", = .,. We can also find all the vertices of the To get a polynomial-time approximation algorithm, we

polyhedron(, so as to find the best upper bound. This is gropose to do greedy pruning at each step. Specifically, at

vertex enumeration problem and currently has no polynom%ﬁ‘ch level of the tree, we only keep the node that has the
time algorithm. However, a practical pivot-based algarithas "aXImum Iowe_r bound among all the nodes at the same level,
been proposed in [16] to find vertices of a polyhedron in and delete all its peers. Then, we branch from this node but
R? defined by a non-degenerate systemnoinequalities in also only keep one of its offspring, and so on. Thus, we get
O(ndv) time andO(nd) space. a path from the root to a leaf node. Though this leaf node

i , . may not solve (2) optimally as we greedily prune all but one
_In summary, we first find a vertex ap and then project ,4e at each step, it gives a good lower boundygf. This
it to a single-path configuration by picking the max'mu”eratalgorithm terminates in at mosy steps as we fix the path
path for each user, then maximize network utility over thishgice for one user at each step.

particular single-path configuration. We refer to this neeth — Apgther issue is which user to branch from at each level. Let
as vertex projection. It gives a lower bound obpts and a ;e the set of users that have already fixed their single-path
single-path configuration that is feasible for (2). As the.Se . nices until the current step. Letbe a vertex of the optimal

of users that use multiple paths is small for a vertex safutiQeg of the sub multipath problem in the last step. First, we
(S| < min(L, N)), we expect the cost of not splitting to bes. 1 the usem that solves

small after the multipath configuration is projected to aykn

path configuration. Therefore the vertex projection mettem n = argmaxU’(||z"[|1) — U'(||2"]| ),

give a relative “good” lower bound ofpts, and also upper- W

bound the duality gap by (9). and tentatively branch from.. We solve K™ subproblems

Level 1

A--1
B picks a path
from 4,5.

A--2
B picks a path
from 4,5.

A--3
B picks a path
from 4,5.

To find such anz and S, we first solve (1) to obtain a
multipath optimizerz* (in polynomial time as (1) is convex).
We then check whether* satisfies|z*!|, = 1 for all
i =1,...,N, or not. If so, (2) has the same value as the (ng
and the duality gap is zero. This also means that the5'sst
empty in the first place. Otherwise, the problem is equivale
to finding a basic feasible solutiohto a linear program over
the polyhedronQ:



Initial: W = @ /* users that have fixed SP choice */ TABLE I

I, =0, I,g=0 VERTICES OF THE OPTIMAL SOLUTION SETQ
sp — Yy Lend —
1 Solve the MP problem, find a vertex project it to a SP
configuration and find a lower bound,; of optg ) Vertex 1 Vertex 2 Vertex 3 Vertex 4
; _ _ ' 27352 0.0000  2.7352  0.0000
2 Wh]lle |VE_/| <7N ' l.ISP _VO' ?{:d fena = 0 do 0.0000  0.0000  0.0000  0.0000
3 if [lz'[li = [l2"]|e, V i then 218216 218216 218216 218216
4 I, =1 /*x is also a SP solution */ 0.0000  0.0000  0.0000  0.0000
5 else 0.0000  2.7352  0.0000  2.7352
2 0.0000  0.0000  0.0000  0.0000
6 B=A{12, .NA\W, Iy =0 143455 14.3455  9.2929  9.2929
7 while Iy = 0, Icpg = 0 do o 0.0000  0.0000  0.0000  0.0000
o s aremas(U(j ) Ul € B L L L
[* pick a tentative user to branch */ 23 080867 28.2867 28.2867  28.2867
9 for each path k& of usern do z%  0.0000  0.0000  0.0000  0.0000
10 Solve a sub MP problem and find a vertex of %2-0‘59633 3(’)2-0‘59633 2025090102 2025090102
the set of optimal solutions. _ . 28.1851 28.1851 332378  33.2378
11 Project the vertex to a SP configuration and find 18.6865 18.6865 23.7392  23.7392
a lower boundn,, of the sub SP problem. ab 227468 227468 227468  22.7468
12 end for 0.0000  0.0000  0.0000  0.0000
_ 0.0000  0.0000  0.0000  0.0000
13 if maxy mg > my then 5.5335  5.5335  5.5335  5.5335
14 I; =1, [* make this branch permanent */
15 Mp = maxy Mp,
16 k* = arg maxmy, fix path k* for usern , , ,
17 W — WU {n}) chosen from the interval [50,100]. A path uses a link with
18 x « the vertex found in thé*" subproblem probabilityp = 2log(L)/L. We use the same utility function
19 else U(z) = log(1 + x) for all the users, and vary, L, and M
20 B — B\{n} in different simulation setup.
21 if f? =0 Te” A. \ertices of the optimal solution set of the multipath problem
22 = i .
3 endmilfd We fix N = 5, L = 10, and M = 5, and simulate one
iy end if realization of the network. The five users use 5,5,1,5, and 4
25 end while paths respectivelypt s is 18.2982 in this case, and we also
26 end if calculate thabpts is 17.8609 by exhaustive search. Using a
27 end while vertex enumeration algorithm [16], we explicitly find alluio

vertices of the optimal polyhedrof as listed in Table Il
Though lying inR?°, the optimal set) contains only 4
Fig. 3. Algorithm 1: Finding a lower bounh;, of optg via greedy branch- Vvertices. Moreover, after projecting the solutions to Ergath
and-bound (MP: multipath; SP: single-path) configurations by choosing the maximum-rate paths, there ar
only two different configurations, and their maximum uig#
are 16.6122 and 16.9176 respectively. Then, the upper lsound
and find a lower boundn, of opts in the kth subproblem of the duality gap are 1.686 and 1.3806 respectively, while
where usem only uses itskth path. Letmy. = max;my. the actual duality gap is 0.4374. Thus, the vertex projectio
If my- > my, we updatem,, with my-, make this branch method can give a good bound on the duality gap, and any
permanent and go to the next step. Otherwiseprgscannot vertex of ) is a good candidate. So, in later simulations,
be improved in this step by branching from usewe discard \ye just pick one vertex to estimate the duality gap without
this tentati_ve b_ranch, fi_nd t_he user that has the secondslarg@mmerating all the vertices.
value of U'([|z"[|1) — U'(||z"[|) and make another tentative e observe that the number of paths used by these optimal
branch from it. The algorithm stops if all users have madg)ytions are 11,11,10 and 10 respectively, wiite N equals
their path choices or if we cannot make any tentative brangh in this case. Therefore, the conclusion from Theorem . tha
permanent at some step. Clearly, the algorithm gives arbeigptimal multipath routing can be achieved with at mbst N
estimate obpts in each step and thus produces a tighter lowgyaths is a relatively conservative estimate, while it islijkthat

bound ofopt s than the vertex projection in Section IV. Figurean optimal multipath configuration requires far fewer paths
3 summarizes this algorithm.

28 return z,my

B. Estimation of duality gap as NV increases

VI. NUMERICAL EXAMPLES We fix L = 50 and M = 8, and let N change from
In this section, we describe our numerical evaluation dnhto 60. All the results are averaged over 100 realizations.
a random network ofL. links supportingN users. Let the For eachN, we calculateopt;, and find a lower bound of
number of paths for each user be uniformly chosen from tlgts by vertex projection. Note that their difference is an
set{1, 2, ..., M} for some M. The link capacities are uniformlyupper bound of the duality gap. We also randomly choose one
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single-path configuration and calculate its maximum ytikts
shown in Fig. 4, all three curves monotonically increasehas t
number of users increases. The lower boundpf; is always
near opt,s, while the utility of a randomly chosen single-
path routing gradually deviates frompt,,;. Thoughopts is

always nearwpt);, and the duality gap or, equivalently, “the

cost of not splitting” is not large, the utility of a randomly
chosen single-path configuration can be significantly lkaga t

of opts found by vertex projection is 34.9073. We can further
improve it to 36.1646 in two steps by algorithm 1.

In another realization, the numbers of paths for different
users are 8, 10, 8, 5, 6, 8, 10, 3, 3 and#t,, is 38.475, and
the estimate obpts by vertex projection is 34.2745. It can be
further improved to 36.5473 in four steps by algorithm 1.

VIl. CONCLUSION

We have examined the performance loss of joint congestion
control and routing when routing is restricted to singl¢hpa
routing as compared to the case where users can use multiple
paths. We demonstrate that the total number of paths needed t
achieve the optimal multipath utility is no greater than shen
of the number of links and the number of users. Furthermore,
the average performance loss diminishes as the number of
users tends to infinity. To estimate the cost of not splitting
we further propose a vertex projection method that can aso b
combined with a branch-and-bound technique to find a single-
path configuration whose maximum network utility gives a
good estimate of the optimal single-path utility.
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