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Abstract. Based on concepts like the kth convex hull and finer characterization of noncon-
vexity of a function, we propose a refinement of the Shapley-Folkman lemma and derive a new
estimate for the duality gap of nonconvex optimization problems with separable objective functions.
We apply our result to the network utility maximization problem in networking and the dynamic
spectrum management problem in communication as examples to demonstrate that the new bound
can be qualitatively tighter than the existing ones. The idea is also applicable to cases with general
nonconvex constraints.
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1. Introduction. The Shapley—Folkman lemma (Theorem 1.1) was stated and
used to establish the existence of approximate equilibria in economy with nonconvex
preferences [13]. It roughly says that the sum of a large number of sets is close to
convex and thus can be used to generalize results on convex objects to nonconvex ones.

THEOREM 1.1. Let S1,S5,..., Sy, be subsets of R™. For each z € convy . | S; =
Z?:l conv S;, there exist points z* € conv S; such that z = Z?:l Z" and 2" € S; except
for at most m values of i.

Remark 1.2. In this paper, we use superscripts to index vectors and subscripts to
refer to a particular component of a vector. For instance, both 2* and 2% are vectors,
but ¢ is the sth component of the vector 2. For two vectors z and y, x < y means
s < ys holds for all components.

The Shapley—Folkman lemma has found applications in many fields, including
economics and optimization theory. It is of particular use for estimating the duality
gap of a general nonconvex optimization problem, which provides an indication of
the nonconvexity of such a problem [8, 5, 4]. Such an estimation has attracted much
interest in previous research, mainly because of its relation to the approximation
algorithms based on dual methods. In this paper, we consider nonconvex optimization
problems with separable objectives and linear constraints:

min 3 £
(1.1) =t

n
st Y At <b.
i=1
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Here ' € R™ are the decision variables. The function f; : R® — R is proper! and
lower semicontinuous, and its domain is bounded. A; is a matrix of size m X n;, so
there are m linear constraints in total. The Lagrange dual problem of (1.1) is

n

x - s(_ATy) — T
12) ma ;m ATy)—bTy

where f* is the conjugate function of f;. In this paper, we always assume the feasibility
on the primal problem (1.1). Furthermore, under our assumptions on the functions
fi, the dual problem (1.2) is guaranteed to be feasible, and we denote the optimal
value of the primal problem (1.1) and dual problem (1.2) as p and d, respectively.
In general, there will be a positive duality gap p — d > 0 if some function f; is not
convex.

The optimization (1.1) provides the framework for many important problems
in fields such as communication [12] and machine learning [16, 1]. The authors of
[3] presented the following upper bound for the duality gap of (1.1) based on the
Shapley—Folkman lemma:

(1.3) p—d<min{m+1,n} Inax p(fi).

Here p(f) is the nonconvexity of a proper function f defined by
(1.4) pf)y=sup{ f| D ajal | = afa)
J J

over all finite convex combinations of points 27 € dom f, i.e., f(2’) < +o0, a; >0
with > jo; =1
In [14], an improved bound for the duality gap? was given by

min{m,n}

(L5) p—d< S p(f),

i=1

where we assume that p(f1) > --- > p(f,). Although the bound (1.5) is only a slight
improvement over the original bound (1.3) by a factor of m/(m + 1), it nevertheless
shows that (1.3) can never be tight except for some trivial situations. But as will
be demonstrated by the examples in this paper, the bound (1.5) can still be very
conservative.

In this paper, we aim at providing a tighter duality gap estimation via refining
the original Shapley—Folkman lemma. The refined Shapley—Folkman lemma is stated
and proved in section 2. Unlike (1.3) and (1.5), our new bound for the duality gap
depends on some finer characterization of the nonconvexity of a function, which is
introduced in section 3. The new bound itself is given in section 4, which can easily

Here R = [—o0, +00]. A function is said to be proper if it never takes —oco and its domain is
nonempty.

2In fact, the bound (1.5) derived in [14] is for the difference p — p, in which p is the optimal value
of the convexified problem where the function f; is substituted by f*. However, p = d because the
refined Slater’s condition holds for the convexified problem.
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B
F1G. 1. The kth convez hull of a three-point set S = {A, B,C'}.

recover existing ones like (1.5). In section 5, we apply it to two examples, a network
utility maximization problem in networking and the dynamic spectrum management
problem in communication, to demonstrate that the new bound can be qualitatively
tighter than the bound (1.5).

If the domain of some function f; in (1.1) is not convex, by definition p(f;) = +oo.
In this case, all the above bounds and our new bound in section 4 will be useless. To
handle this issue, we can replace the nonconvexity of the domain by appropriate
nonconvex constraints. Although we mainly focus on the case of linear constraints,
section 6 shows how the major idea in this paper can be applied to the cases with
general convex or even nonconvex constraints.

2. Refined Shapley—Folkman lemma. To write down our refined version of
the Shapley—Folkman lemma, we need to first introduce the concept of the kth convex
hull.

DEFINITION 2.1. The kth convex hull of a set S, denoted by convy S, is the set
of convex combinations of k points in S, i.e.,

k k
convg S = Zozjvj v €S,a; >0 ijl,...,k:,Zaj =1
j=1

j=1

Figure 1 gives a simple example to illustrate the definition of the kth convex
hull. In Figure 1, the set S = {A, B,C}, convy S = S, conva S are the segments AB,
BC, and C'A, while convs S is the full triangle which is also the convex hull of set
S. In general, Carathéodory’s theorem implies that conv,, ;.S = conv .S for any set
S C R™. However, for a particular set, the minimum k such that convy S = conv .S
can be smaller than m + 1, and this number intuitively reflects how the set is closer
to being convex. For instance, if we start from T = convy S, the set in Figure 1(b),
then convy T = conv T for k = 2.

Next, we recall the concept of k-extreme points of a convex set, which is a gener-
alization of extreme points.

DEFINITION 2.2. A point z in a convex set S is called a k-extreme point of S if
we cannot find (k + 1) independent vectors d*,d?,...,d**' such that z +d' € S.

According to our definition, if a point is k-extreme, then it is also k’-extreme
for k¥ > k. For a convex set in R™, a point is an extreme point if and only if it
is O-extreme, a point is on the boundary if and only if it is (m — 1)-extreme, and
every point is m-extreme. For example, in Figure 1(c), the vertices A, B,C are 0-
extreme, the points on segments AB, BC, and C'A are 1-extreme, and all the points
are 2-extreme.
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Now we can state our refined Shapley—Folkman lemma.

THEOREM 2.3. Let S1,S5s,...,5, be subsets of R™. Assume z is a k-extreme
point of conv Y1, Si; then there exist integers 1 < ki <k+1 with 3 3;" ki <k +n
and points z* € convy, S; such that z =Y, 2"

The original Shapley—Folkman lemma (Theorem 1.1) now becomes a direct corol-
lary of Theorem 2.3, since any point z € conv ) .-, S; is an m-extreme point. Apply-
ing Theorem 2.3 on this point gives a decomposition z = >, z* with 2% € convy, S; C
conv S; and Z?:l k; < m + n. Then the conclusion in Theorem 1.1 follows because
2 € S; if k; = 1, while the number of indices ¢ with k; > 2 is bounded by m.

Remark 2.4. Our Theorem 2.3 is similar to the refined version of the Shapley—
Folkman lemma proposed in [11]. However, the result in [11] does not take the
extremeness of the point into account, which can be regarded as a special case of
Theorem 2.3 for k = m.

To prove Theorem 2.3, we need the following property of k-extreme points in a
polyhedron.

LEMMA 2.5. Let P C R™ be a polyhedron, and let z be a k-extreme point of P.
Then there exists a vector a € R™ such that the set {y € PlaTy < a’z} is in a
k-dimensional affine subspace.

Proof. Assume that the polyhedron P is represented by Ax > b. Let A_ be the
submatrix of A containing the rows of active constraints for the point z, and let b— be
the vector containing the corresponding constants in b. The dimension of the kernel
of A_ is at most k. Otherwise, we can find independent and sufficiently small vectors
d',...,d**! such that A_d’ =0 and A(z+d’) > bfori=1,...,k+ 1. This implies
z+d" € P, which contradicts the k-extremeness of point z.

Let a be the vector such that a” is the sum of all rows in A—. Consider a
point y satisfying Ay > b and a”y < a” 2. Since adding all inequalities together in
A_y > b_ = A_z gives a”y > a”z, we must have A_y = b_. Therefore, y is in the
affine subspace defined by A_x = b— whose dimension is at most k. ]

Remark 2.6. In the literature, the point satisfying the conclusion of Lemma 2.5 is
called a k-exposed point. For a general convex set S, a k-extreme point may fail to be
a k-exposed point, although it must be in the closure of the set of k-exposed points if
S is compact [2]. For the special case of polyhedra, these two concepts are equivalent,
and Lemma 2.5 is a generalization of the well-known result that an extreme point of
a polyhedron is the unique minimizer of some linear function.

Proof of Theorem 2.3. Since z is in the convex hull of """, S;, there exists some
integer [ such that z can be written as
n
(2.1) Z:Zaj Zv”,
j=1 =1
. . i . l
in which v € S;, a; >0, j=1,...,0,and > ;_; oy = 1.
Define S = {v',..., 0"} C S;; then (2.1) actually tells us that z € conv 1 | S/,
so z must be k-extreme in this polytope that lies in conv Z?:l S;. By Lemma 2.5,
there exists a vector a € R such that the set

{y € convi S!

aTy < aTz}
i=1
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is in a k-dimensional affine subspace L of R™. Without loss of generality, we assume
that the subspace

L={y e R"|yss1 = Yry2 = -+ = ym = 0}.

Next, consider the following linear program in which 3;; are the decision variables:

n l
min Z Z ﬁijaTvij
i=1 j=1
n

1
s. t. ZZBUU? =z, Vs=1,...,k,

i=1 j=1

l
> Bij=1 Vi=1,...,n,
j=1
B”ZO Vi:l,...,n, VjZL...,Z.

Setting B;; = a; gives a feasible solution to the above problem with objective value
a”z. Among all the optimal solutions, pick up a particular vertex solution B;‘j, which
should have at least nl active constraints. We already have k 4+ n active constraints,
so the number of nonzero j}; entries is at most k + n. Define

l n
T * 1] ! _ i
2t = E Biv, 2= E 2t

j=1 i=1

and let k; be the number of nonzero entries in 55, ..., 5};. Since Z;:l i =1, there
must be a nonzero one and thus k; > 1. Now we know that 2’ € convy, S;, and
i1 ki < k+ n implies that each k; cannot exceed k 4+ 1. The remaining thing to

show is z; = 2, for s =k + 1,...,m. Because

n n
2 € E conv S, = conv g S;
i=1 i=1

and

n 1
als = E E ;‘jaTv” <alz,

i=1 j=1

2/ € L. Since z € L, the last m — k components of both z and 2’ are all zeros, so
z2=2\ O

In section 4, when proving the bound for the duality gap, we will not directly
apply Theorem 2.3 but a special case of it given by the following Corollary 2.7. At
that time, we will see how Corollary 2.7 will improve the bound compared with the
existing result such as [11] without the consideration of extremeness.

COROLLARY 2.7. Let 51,53, ...,5, be subsets of R™. If z € conv Z?zl S;, then
there exist integers 1 < k; < m with Y i k; < m — 1+ n and points z* € convy, S;
such that zg =Y i 2% fors=1,...,m—1 and zp,, > > | 2}

1=1"~m"
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Proof. Using the same argument in the proof of Theorem 2.3, choose S C S;
containing finite points such that z € conv )", S/. Since conv ) ;" , S/ is a compact

set,
inf {wm

can be achieved by some point w*. w* is an (m — 1)-extreme point of conv )\, S7,
and applying Theorem 2.3 on the point w* gives the desired result. ]

n
w € conv g Slwy =21,y W1 :zm_l}

i=1

3. Characterization of nonconvexity. To improve the bound (1.5), some finer
characterization of the nonconvexity of a function has to be introduced. In parallel
with the definition of the kth convex hull of a set, define the kth nonconverity p*(f) of
a proper function f to be the supremum in (1.4) taken over the convex combinations
of k points instead of an arbitrary number of points. Obviously,

0=p'(f) <p*(f) <~ < p(f).
For functions f with nonconvex domain, p*(f) = +oo for k > 1. In general, we have
the following property.
PROPOSITION 3.1. For any proper function f : R™ — R, p"*1(f) = p(f).

Proof. We only need to show that p(f) < p"*1(f). Choose any convex combi-
nation z = 22:1 ajz? with all points 27 € dom f, a; > 0, and 22:1 aj = 1. Since
(27, f(27)) € epi f, the point

! 1
Zajxj72ajf(x<7) € convepi f.
j=1 j=1

Using Corollary 2.7 on a single set S; = epi f, we can find (y*,t;) € epif, 3 > 0,
i=1,...,n+1, and Z?:ll ; = 1 such that

n+1 l n+1

l
v=) oyl =3 Byl Y aif@l) = Bt
Jj=1 i=1 j=1 i=1

Now

l ) n+1 ) n+1 n+1 . n+1 .
f@) = a;f(a?) < f (Z ﬂy> > Biti< f (Z w) =Y Bt
j=1 i=1 i=1 i=1 i=1

which implies p(f) < p"*tL(f). O

For lower semicontinuous functions, the following proposition provides an equiva-
lent definition for the kth nonconvexity, which sheds light on the connection between
the concepts of the kth nonconvexity and kth convex hull.

PROPOSITION 3.2. Assume a proper function f is lower semicontinuous and
bounded below by some affine function. Let f) be the function whose epigraph is
the closure of the kth convex hull of the epigraph of f, i.e.,

epi f(k) = clconvy epi f.

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.
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Then
(3.1) p*(f) = Slip{f(w) — [P ()},

where we interpret (+00) — (+00) = 0.

Proof. The assumption on the function f implies that f*) is also a proper func-
tion. Consider an arbitrary k-point convex combination of points 27 € dom f for
j=1,...,k. Following the first step in the proof of Proposition 3.1, we have

k k
Zajxj, Zajf(xj) € convy epi f C clconvy epi f = epi ).
j=1 j=1

Therefore,

k k k k
f Zaj:rj onzjf(xj) <f Zajzj — f® Zajxj ,
j=1 j=1 j=1 j=1
which implies
PM(f) < sup{f(x) — F P ()}
To prove the reverse direction, for any = € dom f*),

(z, f®)(x)) € epi fF) = clconvy epi f.

In the case of x € dom f, by the lower semicontinuity of f, for every ¢ > 0, there
exists § > 0 such that

fly) = f(z) —e Yy -2l <4
There exists (#,7) € convy, epi f which is sufficiently close to (x, f(*)(x)) such that
Ik —z|| <6, n<fP@) +e

Because (k,n) € convy epi f, there exists a; > 0 for j = 1,..., k such that Z?Zl =
1 and

k k
f‘izzaﬂj, Uzzajf(l’j)
j=1 j=1

in which 27 € dom f. Thus
k . k ‘
fx)— f®a) < f(k)—n+2e<f Zajxj — Zajf(:c]) + 2 < p"(f) + 2e.
j=1 j=1

Consider the other case of x & dom f, i.e., f(z) = +00. By the lower semiconti-
nuity of f, for every e > 0, there exists § > 0 such that

fly) =1/e Yy -z| <q.

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.
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We choose (k,7n) € convyepi f as in the above case. Then

k k
Ve=JP@) < J() —nte< | Y aga | =3 ayf(@)) +e<p"(f) +e
j=1 j=1
In both cases, we get f(z) — f¥)(z) < p*(f) by letting ¢ — 0. d

Remark 3.3. If a proper function f is bounded below by some affine function,
then

epi f** = clconv f

(see [10, Theorem X.1.3.5]). Therefore, (3.1) can be regarded as a generalization for
the alternative definition of nonconvexity

ﬁ%f)::sgp{f(w)gff“Kr)}

used in [14].

In the remainder of this section, three examples will be given to illustrate how to
calculate the kth nonconvexity of a particular function. The results in Examples 3.4
and 3.5 will be used by the network utility maximization problem in section 5.1, and
Example 3.6 will be used by the dynamic spectrum management problem in section
5.2.

Ezample 3.4. Consider the function

f(CC) = f(xlv cee 727”) = S:I{l,i.P’n'rs

defined on the box 0 < z < 1, z € R™. Tt is already known that p(f) = (n—1)/n (see
[14, Table 1]). By Proposition 3.1, p*(f) = p(f) = (n — 1)/n for k > n + 1.

For k = 1,...,n, as in the proof of Proposition 3.2, pick up any k—point convex
combination of points 0 < <1, j=1,... k. For a glven ie{l,...,k}, let s() be
the index such that x? s(0) is the minimum among i, ..., 2%. Then

k k
f(fE) = s—nlnn,n Z ajx% < Z aﬂxs(l)
j=1 j=1

< aixi(i) +1—o; =a;f(z") +1—ay,

where we use the fact that all 27 are within the box 0 < 2 < 1. Summing up among
i=1,...,k, we have

k
}: Ntk —1,

which implies

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.
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The above argument shows that p¥(f) < (k —1)/k. In fact, the equality holds, which
can be easily seen by considering the average of first k points of

In conclusion,

k—1
5 iftk=1,...,n,
PPN =9,"
ifk>n+1.
n
Ezxample 3.5. Consider the function
g(ﬂ?) = 9(1‘1, s 7'rn) = —lOg max Tg
s=1,....,n
defined on the region z > 0 except « = 0.

For £k = 1,...,n, pick up any k-point convex combination. Without loss of
generality, assume the coefficients o; > 0 for j = 1,...,k. For a given i € {1,...,k},
let s(4) be the index such that in(i) is the maximum among z¢, ..., x!. Then

k k 4
g(z) = —log Jmax Zlozjm{, < - logzlajxi(i)
j= j=

< - log(aixi(i)) = —loga; + g(xz).

Summing up among i = 1,...,k with weight «;, we have

k k
g(z) < — Zai log a; + Zaig(xi)
=1 =1
k .
<logh+ Y aig(a’).

i=1

The above argument shows that p*(g) < logk. In fact, the equality holds, which can
be easily seen by considering the average of first k points of

To calculate p"*!(g), define h(z) = —logd> " ;. Then h(z) is convex and

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.
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g(x) —logn < h(xz) < g(x). Thus, for any (n + 1)-point convex combination,

n+1 n+1
g Zozjxj <h Zajxj +logn
=1 i=1

n+1

< Z ajh(z?) +logn
j=1
n+1

< Z a;jg(x?) + logn.

Jj=1

Therefore, p"*1(g) <logn. On the other hand, p"*1(g) > p"(g) = logn.

In conclusion,
pk(g): logk ifk=1,...,n,
logn ifk>n+1.

Ezxample 3.6. Consider the function

n

ho(x) = ho(z1,...,2,) = Zlog

s=1

[zl —2s+ o
[zl + o
defined on the box 0 < z < 1, x € R™. Here o is a parameter in the range 0 < o < 1.
For complicated functions such as this one, it is usually hard to compute their kth
nonconvexity exactly. However, sometimes we can approximate the kth nonconvexity

of a function by reducing it to another function whose nonconvexity is already known.
Using this technique, we are able to show that

p"(he) < log(k/o).
The details are given in Appendix A.

4. Bounding duality gap. Now we can state the main result on the duality
gap between the primal problem (1.1) and the dual problem (1.2).

THEOREM 4.1. Assume that the primal problem (1.1) is feasible, i.e., p < +oo.
Then there exist integers 1 < k; < m + 1 such that Z?Zl ki < m+n and the duality

gap

n
ki
p*dgzpi :
=1

Here p¥ = pk(f;) is the kth nonconvezity of function f;.

First, let us define the perturbation function v : R™ — R by letting v(z) be the
optimal value of the perturbed problem

min 3" (o)
=1

s. t. iAiazi <b+z.

i=1

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.
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As is the case with convex optimization, p = v(0) and d = v**(0) (see [9, p. 50,
Lemmas 2.2-2.3]).

LEMMA 4.2. The perturbation function v is lower semicontinuous.
Proof. Pick any z € R™. We want to show that if z¥ — z as k — oo,
I = liminfv(zF) > v(2).
k— o0

The above inequality clearly holds when | = +o00. If [ < 400, by considering a
subsequence of {v(z¥)}2° |, without loss of generality we can assume v(2*) < +oo for
each k and

lim v(zF) =1.
k—o0

For each k, find (2'*,...,2"F) attaining the optimal value of the perturbed problem
related to v(z¥), i.e.,

o) =Y f@E™), Y At < b+
=1 i=1

By extracting a convergent subsequence for each {#¥¥}2° || we can assume {2}
has a limit *. Then

iAixi <b+z,

=1

which implies that (z!,..., 2") is feasible to the perturbed problem related to v(z),
S0

Zfi(:ri) > u(z).

Now
lzl iAik> lllfiAik> ii>
kir{io;f(x )*2 iminf f;(# )fZ;f(w)fv(Z),
because f; is lower semicontinuous. ]

Proof of Theorem 4.1. Since (1.1) is feasible, v(0) = p < +00. Let

£E= Zlillffz(acl)
i=1

Then by our assumption of f;, £ is finite. v(z) > ¢ for all z € R™. As a consequence,
v(z) is bounded below by some affine function, so

—o00 < v*™(0) < v(0) < 400, epiv*™ = clconvepiv.

By Lemma 4.2, v is lower semicontinuous. Since

(0,v™*(0)) € epiv™ = clconvepiv,
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for every € > 0, there exists (k,7) € convepiv which is sufficiently close to (0, v**(0))
such that

(4.1) v(k) >v(0)—e, 71 <0™(0)+e

Because (k,n) € convepiv, there exists some integer ! and o; > 0 for j = 1,...,1
such that 2221 a; =1 and

! !
ﬁ:Zajzj, UEZajv(zj)
j=1 j=1

in which 2/ € domwv.
For each j = 1,...,1, find (#'9,...,2™) attaining the optimal value of the per-
turbed problem related to v(z7), i.e.,

v(z) = Zfi(i"ij% ZAii%ij <b+ 2,
i=1 i=1

which means there exists some vector w/ € R’ such that

n

(b+27 —wl v(z?) € Ci,

i=1
where
Ci = {(Ax’, fi(a"))| fi(z") < +o00,2" € R™}.

Taking convex combination of the points above, we have

l l n
b+mfZajwj,Zajv(zj) € COIlVZCi.
j=1 j=1 i=1

Now we can apply Corollary 2.7,2 which gives points (r’,s;) € convy, C; with
1 < k; <m+ 1 such that

l n n

1
b+m2b+anajwj :Zri, nZZajv(zj) ZZSi
j=1

j=1 i=1 i=1
and Y., ki < m+n. Since (r',s;) € convy, C;, there exists 79 € R, 3;; > 0 for
j=1,....k; such that f;(#7) < 400, Y5 Bi; = 1, and

ki ki
ri= By A, si=y B fi(E).
=1 =1

3Here if we apply Theorem 2.3 with dimension m + 1 instead of using Corollary 2.7, the rest of
the argument still works except that the bound for }°7_, k; has to be weakened to m + n + 1 from
m +n. Therefore, the consideration of extremeness in Corollary 2.7 provides the exact improvement
parallel to how (1.5) improves from the earliest bound (1.3).
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Thus,
n ki n ki

(4.2) K2Y Y B AT —b=Y"A; Y Budl —b
i=1j=1 i=1  j=1

and

n n ki
Stz (e Sanen) 2 3o (Sae
i—1 i=1 j i—1 j=1

1

From (4.2) we know that

k1 kn

E ~1j E ~nj
ﬂljgj Ja"'v /87ij J

i=1 i=1

is feasible to the perturbed problem related to v(k), and so the corresponding objective
value satisfies

ST D0 BuE | = (k).

i=1 j=1

The above inequality, together with (4.3) and (4.1), implies

v**(0) 4+ € + pr > v(0) —e.

i=1

We finish the proof by letting e — 0. Because all the k; depend on €, we have to
choose the worst case of >, pf encountered in this process. ]

From a computational viewpoint, since we do not know the k; that appeared in
Theorem 4.1, in order to find a number for the bound, we have to find the worst case
k; by solving the following optimization problem:

n
max E pfi
i=1

Let B be the optimal value of (4.4). Then

B < ZP(fJ

On the other hand, since for any feasible solution of (4.4) the number of k; with k; > 2
is bounded by m, thus

m

B= > p"<> p(f)

itk >2 i=1
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if p(f1) > -+ > p(fn). The above argument shows that the bound B given by the
optimization problem (4.4) is at least as tight as the bound (1.5) in [14].

To illustrate the procedure to calculate the bound B, consider the simple case
where all the 2% in the primal problem (1.1) are one-dimensional and all the functions
fi are equal to the same function f. In this case, pf = p(f) if k; > 2. The optimal
value to (4.4) is attained when the number of k; that equal 2 is maximized, so the
optimal value is min{m,n}p(f), which is the same as the result given by (1.5). Ex-
ample 1 used in [14] belongs to this category. It hence explains why the bound (1.5)
is tight for that example. However, if the dimension of z* in the primal problem can
be arbitrarily large, the bound (1.5) can be very loose. As will be shown in section 5,
the difference between the bound (1.5) and the exact duality gap tends to infinity for
a series of problems.

5. Applications.

5.1. Joint routing and congestion control in networking. In this part,
we will first apply the previous result to the network utility maximization problem.
Consider a network with N users and L links. Let a strictly positive vector ¢ € R¥
contain the capacity of each link. Each user ¢ has K* available paths on which to send
its commodity. We assume that the users are sorted such that K* > ... > K~ . The
routing matrix of user i, denoted by R', is an L x K* matrix defined by

Ik =

; 1 if the kth path of user ¢ passes through link [,
0 otherwise.

Let 2' € RE" be the vector in which zi is the amount of commodity sent by user
i on its kth path. Assume that each user i has a utility function U;(-) depending on
the vector z*. Then the network utility maximization problem can be written as

N
max Z Ui(x)
i=1

(5.1) Nooo
s. t. ZR%Z <cg,
i=1

>0 Vi=1,...,N.

If all the utility functions U() are concave, then the above problem (5.1) can
be solved by standard convex optimization techniques. Difficulty arises when U?(-) is
not concave. For example, if we restrict each user to choosing only one path (single-
path routing) and want to maximize the total throughput of the network, then the
corresponding utility function is

Ui(z') = ,_max_ zt.

Define
min_(—z%) if 0 < 2 < |¢f|oos

(5.2) i) = § o=k
+00 otherwise.
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Here ||¢||oo is the maximum link capacity in the network. Now the original network
utility maximization problem (5.1) is equivalent to the following problem:

N
min Zfi(xi)
i=1
(5.3) N
S. t. ZRixi <e.
i=1

The above problem is a particular case of the general optimization problem with
separable objectives (1.1) studied in this paper. Using the same technique as shown
in Example 3.4, we can prove that

):k:—l

o*(f; lelos, k=1,...,K"

Ki—-1

P = o) = =

lefloo-

In the following, suppose each user has a large number of paths to select. More
explicitly, K > L + 1 is assumed for user i. Based on the bound (1.5), the duality
gap is bounded by

min{N,L}

Ki—1
> el

i=1

which is at least
L

(5.4) min{N,L}L 1

[lefloo-

In contrast, by Theorem 4.1, the duality gap is bounded by the optimal value of the
following optimization problem:

N

k; —1
max Z - llell oo
i=1 v
(5.5) st. 1<k;<L+1,kcZ Vi=1,..N,
N
ZMSN—&-L.
i=1

Let N’ be the number of users whose k; > 2. Then 0 < N’ < min{N,L}. If N’ > 0,
using the inequality between arithmetic mean and harmonic mean,

ki —1 ki —1 1
i _ i _ N/ o -+
=1 itk >2 itk >2
12 12
<N — _ N <N — N7
Diki>o ki N'+ L
L
L+ min{N, L}’

L
- Y (NI
1+L/N' < min{N, L}
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The comparison among the original bound (5.4), the numerical result from directly

solving (5.5), and the analytical result for the linear utility case.

The above analysis provides an upper bound for problem (5.5), which in turn is
an upper bound for the duality gap. Taking the NV > L case as an example, by the
above inequality, we can bound the duality gap by L||c||c/2, essentially half of the
bound given by (1.5). The same result was obtained by a specialized technique in [7].

In principle, we can directly solve (5.5) to yield better upper bounds, and this is
particularly practical for small instances. In Figure 2, we compare the original bound
(5.4), the numerical result from directly solving (5.5), and the above analytical result
for fixed N or fixed L with the assumption that ||c||cc = 1. Figure 2 shows that our
analytical result is much better than the original bound, and in all cases it is almost
tight compared with the numerical result. In fact, the above analysis can be regarded
as solving problem (5.5) exactly without considering all integer constraints on k;.

Next, we consider another case in which each user has logarithmic utility but still
must choose only one path. The utility function of user ¢ can be written as

Ui(z') =log max zt.

s=1,...,K*
Define

—log max 2! if0 <2 <)o, ¥ #0,

s=1,...,

+00 otherwise.

Then the network utility maximization problem (5.1) is equivalent to the problem
obtained by replacing f; with g; in (5.3). Using the result in Example 3.5,

o*(g:) =logk, k=1,...,K’
P (gi) = plgi) = log K.
Applying the bound (1.5) to this case, we can bound the duality gap by

min{N,L}

(5.6) Z log K,

i=1
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which is at least min{N, L}log(L + 1). On the other hand, by Theorem 4.1, the
duality gap is bounded by the optimal value of the following optimization problem:

N
Z log k;
i=1

(5.7) sit. 1<k;<L+1,k€Z Vi=1,...,N,
N
Zk¢§N+L.

i=1

If we still let N’ be the number of users whose k; > 2, then 0 < N’ < min{N, L} and
the above bound

Zlogk‘ = Z log k; = log H k; <log(2“3\;2k)

itk >2 ik >2

N’

N+ L\ L
<1 < min{N, L}1 14+ ——
< 0g< N ) < min{N, L} 0g< +min{N,L}>’
where in the last step the monotonicity of the function (1 + 1/z)* is used. Note
that the new bound is qualitatively tighter than the bound (5.6) provided by (1.5) by
removing a logarithm factor of O(log L) when N > L.

5.2. Dynamic spectrum management in communication. Consider a com-
munication system consisting of L users sharing a common band. The band is divided
equally into NV tones. Each user [ has a power budget p; which can be allocated across
all the tones. Let :13} be the power of user [ allocated on tone i. Due to the crosstalk
interference between users, the total noise for a user on tone i is the sum of a back-
ground noise o; and the power of all other users on the same tone. Therefore, the
achievable transmission rate of user [ on tone i is given by

; 1 xl
u;=—log |1+ l) .
TN g( faflly = 2 + o
The dynamic spectrum management problem is to maximize the total throughput

of all users under the power budget constraints, which can be formulated as the
following nonconvex optimization problem:

S

=1 i=1

N
Zx;gpl vVi=1,...,L
i=1

x>0 Vi=1,...,N,Vi=1,...,L.

For simplicity, we assume that the noises o; < 1 and the power budgets p; < 1 (if
not, then scale all the o; and p; simultaneously). The latter requires all the variables
zj < 1. Using the function h, introduced in Example 3.6, the objective function of
(5.8) can be rewritten as a sum of separable objectives:

L N 1 ‘
ZZuf = _Nzh"i(xl)'

=1 1i=1 =1
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For the purpose of designing dual algorithms, it is of great interest to estimate
the duality gap for problem (5.8). In [15], the authors showed that the duality gap
will tend to zero if the number of users L is fixed and the number of tones N goes to
infinity. The paper [12] further determined the convergence rate of the duality gap
to be O(1/v/N). Using the bound (1.5), we now demonstrate how to improve the
convergence rate estimation to O(1/N), which can only be achieved by the method
in [12] in the special case where all the noises o; are the same.*

Example 3.6 proves that the nonconvexity

k k
pF(he,) <log— <log—, k=1,...,L+1,
ag; g

where ¢ is the minimum among all the noises o, so (1.5) implies that the duality gap
is upper bounded by

min{N, L} L+1
1
N og P
which is in the order of O(1/N) if L is fixed and N increases.
In order to further improve the estimation (5.9) for the duality gap, we can resort

to Theorem 4.1 and follow the exact same steps for solving (5.7), which shows that
the duality gap is upper bounded by

(5.9)

min{N, L} log 1+ L/min{N, L}
N o '

Like the previous example, our bound is still tighter than the one (5.9) from (1.5) by
removing a logarithm factor.

6. Generalization with nonlinear constraints. The idea in this paper can
also be applied to separable problems with nonlinear constraints such as

win 305
(6.1) —
S. t. Zgz(aﬂ) <b.
i=1

Here each f; has the same requirement as in (1.1), and each g; : R™ — R™ is proper
and lower semicontinuous. Note that the previous problem (1.1) we studied is a special
case of the optimization problem (6.1) if we choose g;(z") = A;2". Let y € R be the
dual variables. Then the Lagrangian is

Liz,y) =Y (fi(z") +yTgi(2") —y"b

i=1

and the Lagrange dual problem of (6.1) is

d = sup inf L(z,y).
y>0 7

4The paper [12] actually studied the generalization of problem (5.8) under the existence of a path

loss coefficient between different users. However, the argument for O(1/N) provided here can also
be adapted to the general problem.
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If the functions g; are not convex, the duality gap should not only depend on the
nonconvexity of functions f; but also somehow relate to the functions g;. Like [6],
we define the kth order nonconvexity of a proper function f : R® — R with respect
to another proper function g : R® — R™, denoted by p*(f,g). To do this, for each
r € R™, we introduce a set G¥(x;g) C R™ such that y € G¥(x;g) if and only if there
exist z7 € R" and 8; € R, for j = 1,...,k, satisfying

k
z=2 B,
=1

k
(6.2) y=> Bigla’)), g(x’) <+o0, ¥j=1,... .k,
j=1

k

> Bi=1, B;>0,Yi=1,...k
j=1

Define the auxiliary function h*(z; f, g) : R® — (—o0, +00] by

(6.3) W f.9) = inf {f(2)lg(2) <y¥y € G*(z:9)}

Then p*(f, g) is defined by

k k
pF(f9) =sup S BF (D agads fog | =)o f(ad)
j=1

j=1

over all possible convex combinations o; > 0, j = 1,...,k, with Z?Zl oj =1 of
points 27 satisfying f(27) < 4o0. If the function g is convex, then in the infimum
of (6.3) we can choose z = z, which gives h*(z; f,g) < f(x) and p*(f,g) < p*(f).
However, if g is not convex, the above argument does not work since in the worst case
g(x) could be +00 and does not satisfy the constraint in the infimum of (6.3).
Theorem 4.1 can be modified accordingly to the case with nonlinear constraints
by replacing pi (f;) with p*i(f;,g:;). In the case when all g; are convex, p¥(f;, g;) <
p¥i(f;), which implies that the original conclusion in Theorem 4.1 remains true. How-
ever, in general, considering g; explicitly in Theorem 6.1 has the potential to provide

a tighter bound even for convex constraints including the linear cases.

THEOREM 6.1. Assume that the primal problem (6.1) is feasible, i.e., p < +oo.
Then there exist integers 1 < k; < m + 1 such that > | ki < m+n and the duality

gap
n

p—d <> pi.
=1

Here pk = p*(fi, ;) is the kth nonconvezity of function f; with respect to function g;.
Proof. See Appendix B. 1]

In the following, we demonstrate how to use the above theory to estimate the
duality gap for a separable problem with both nonconvex objective and nonconvex
constraints. Consider a modification of the optimization problem that appeared in the
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network utility maximization in section 5.1 but with additional nonconvex constraints:

N
min Z fi(zh)
i=1

N
S.t. ZRixi <ec,
i=1
0<zi<agorb<z'< llelloo Vi=1,...,N.

Here f;(z?) is defined in (5.2) and a,b € R are constants satisfying 0 < a < b < ||c[|oo-
We define the function g; to capture the constraints:

; Rz if0<zi<aorb<az'< llell oo,
gi(z') =

+o00  otherwise.

Note that in this problem all the matrices R’ are nonnegative. Therefore, for given
' € RE with 0 < 2° < ||¢[|oo, if we find a point z € RX" with the property that
z<ztand 0 < z<aorb <z <|cl]oo, then the constraint in the infimum of (6.3)
will be automatically satisfied. One possible choice for such a point z is given by

S

i if0< 2l <aorb <l <|cloo,
Rs = .
otherwise,

which satisfies f;(z) — fi(z") < b — a. By the definition of the nonconvexity, we have
W (@' fi90) < filz') +b—a

and

k k
p*(fi,9:i) < sup{ fi Z@jxij —Z%‘fi(fﬁij) +b—a
j=1 j=1

<p*(f)+b—a.

Now by the same technique used to solve (5.5) in section 5.1, we can show that the
duality gap is bounded by

L

n{N,L}——~ 1]
min{N, Ly Ny

(b —a).

Compared with the result obtained in section 5.1, the extra term L(b — a) is the
nonlinear constraints’ contribution, which is zero when a = b, as expected.

7. Conclusion. The improvements obtained in this paper are attributed to two
sources. First, instead of using a single number measurement, a series of numbers are
introduced to characterize the nonconvexity of a function in a potentially much finer
manner. This is based on the concept of the kth convex hull of a set, which allows
us to differentiate different levels of nonconvexity for nonconvex sets. Second, for a
separable nonconvex problem, instead of approximating each subproblem individually,
we consider all of them jointly. Based on the fact that the total deviation of each
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subproblem to a convex problem is bounded, a much tighter duality gap estimation
can be reached.

In this paper, we focus on estimating the duality gap without consideration of
actually solving the primal problem (1.1). A natural future direction is to design
approximate algorithms for the primal problem and analyze the quality of the obtained
solution based on our deeper understanding of the nonconvexity achieved in this paper.

Appendix A. The nonconvexity of the capacity function. In this appen-
dix, we are going to compute the nonconvexity of the capacity function h, (), defined
in Example 3.6, which appears in the dynamic spectrum management problem in sec-
tion 5.2. Define an auxiliary function

H Izl —zs + 0
H(z;0) .
el +o

Then h,(x) = log H(x;0). To compute the kth nonconvexity for the function h,, we
first prove some elementary properties for the function H(zx;0).

LEMMA A.1. The function H(x;0) has the following properties:

(a) For any vectors x and y in the region 0 < z,y < o, if y < x, then H(y;0) >
H(z;0).

(b) oH(z;1) < H(z;0) < H(w:1).

Proof. For any x in the region 0 < z < o, the partial derivatives

8H(1:;cr) B Z 1 3 n
Oz; ||»”U||1—~”Cs+0 [zl —zi+o  [z]i+o
= H(x;0) z": Ls — 1
’ — (lzllh —zs + o)zl +0) |z —2i+0

1
(2 i) o
[E4 5t ||x||1 +o) ezl +o

which gives the first property.
For the second property, it is obvious to see that H(z;0) < H(x;1). The other
inequality is equivalent to

The partial derivative
Ho - Hwo Z R R e 0)
H(x;0) 2:; (=l = =5 f;)(llxlh +0)
< H(z;0) 2_3 7o)
Lo < L)
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implies that

p/(O') — —%H(x;a) + lw <0.
o o Oo

Therefore, the function p(o) is nonincreasing. Together with p(1) = 0, we have proved
the nonnegativity of p(o). d

To upper bound the kth nonconvexity of the function h,,, consider arbitrary points
x? for j =1,...,k with corresponding combination weights a;; > 0. Define & vectors
y',...,y* in R* by

y' = (1/H(2*;1),0,...,0),
y* = (0,1/H(z*1),...,0),

ey

y* =1(0,0,...,1/H(z*; 1)).

Using the result of nonconvexity for the function g given in Example 3.5 and the
properties proved in Lemma A.1, we have

k

k k
he Z ajxj =log H Z ajxj; oc| <logH Z ajmj; 1 by property (b)
Jj=1 Jj=1 j=1

<logH(ajz’;1) Vj=1,...,k, by property (a)

and then

k
he Zajzzrj §10gj:r11171.1.}7kH(aij;1)

j=1
<log min iH(cuj:vj; a;) =log min iH(ﬂlcj; 1) by property (b)
J=lok @ J=1,k a
k k
=g Z ajyj < Z ajg(yj) + log k by the nonconvexity of g
j=1 Jj=1

k k
. 1 .
= E ajlog H(z’;1) +logk < E ajlog —H(x’;0) +logk by property (b)
o

Jj=1 J=1

i . k
= E ajhe(2) +log —.
o

=1

The above argument shows that the kth nonconvexity p¥(h,) < log(k/c).

In the above example, an upper bound for the kth nonconvexity of function h, is
obtained by a reduction from the nonconvexity of ¢ in Example 3.5. Along this line
of thought, it is conceivable to find the exact value for the kth nonconvexity of h, if
we are able to reduce h, to itself (but with just k variables).
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Appendix B. Proof of Theorem 6.1. In this appendix, we give the complete
proof for the bound of the duality gap for problem (6.1) with separable objectives and
separable but possibly nonlinear constraints.

Proof of Theorem 6.1. Like the proof of Theorem 4.1, we define the perturbation
function v : R™ — R by letting v(z) be the optimal value of the perturbed problem

n

min Y fi(a')
i=1

S. t. Zgi(xi)gb—l—z.
i=1

The optimal value of the above problem can always be achieved because the constraint
set is closed, which is implied by the lower-semicontinuity of g;.

By the same argument as in the proof of Theorem 4.1, —co < v**(0) = d < v(0) =
p < 400, and for € > 0 there exists (k,n) € convepiv which is sufficiently close to
(0,v**(0)) such that

v(k) >v(0)—¢ n<v*™(0)+e.

Proceed exactly the same as in the proof of Theorem 4.1. We decompose x into z’
such that

! !
n:Zajzj, nZZajv(zj)
j=1 Jj=1

and introduce w? € R’ with

l l n
b—i—/i—Zajwj,Zajv(z-j) € COHVZCZ',
j=1 j=1 i=1

where C; is defined by
Ci = {(gi(a"), fi(a"))| fila") < +00,gi(2") < +o0,2" € R™}.

Corollary 2.7 gives points (r?, s;) € convy, C; with 1 < k; < m + 1 such that

l n n

l
b—|—/~§2b—|—/~@—2ajwj :ZTi, nZZajv(zj) ZZsi,
1

=1 i=1 j= i=1

and )i k; < m+n. Since (r',s;) € convy, C;, there exist 2/ € R™, §;; > 0 for
7 =1,...,k; such that fz(f:i'l]) < +o00, gi(jij) < 400, Zle Bij =1, and
ki ki
= Bgi@), si= > Bufi(E),

j=1 j=1

For each i = 1,...,n, define &* = Zle Bij@¥. If ¥ (2% f;, gi) = 400, we also

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.



Downloaded 04/25/20 to 132.236.59.69. Redistribution subject to SIAM license or copyright; see http://www.siam.org/journal s/ojsa.php

DUALITY GAP ESTIMATION VIA A REFINED SF LEMMA 1117

have p* = 400 and the theorem is trivial in this case. Otherwise, observe that

ki
Z Bijgi(&7) € G*i(3"; gs),

Jj=1

because % and f;; satisfy all the constraints given in (6.2). As a result, there will
be ¢* € R™ such that

Thus,

and

n k; n
K20 Biygi(d7) —b> " gi(@) —b
i=1

i=1 j=1

n

n k; n n
Yo=Y | A Bufi@) | = Y@ fg) 2 Y fild) — ne.
i=1 j=1 i=1 =1

i=1

Now (g!,...,¢") is a feasible solution to the perturbed problem v(x). Following the
original proof, we have

and

[10]

00) 4 et Sk > 0(0) — (nt 1)e

=1
then finish the proof by letting € — 0. O
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