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Abstract - We establish some new results on the capacity |INTRODUCTION
of wireless sensor networks that employ single-user

detection, and we present the implications of esults on In recent years, there has been an increasingegtter

the scalability of such networks. In particular, Wed certain class of wireless networks callaiteless sensor
bounds on the maximum achievable per-sensor eeddo- networks Typically, wireless sensor networks are deployed
throughput/., and the maximum number of simultaneouslo collect information about an environmental valéaby
successful wireless transmissions,"™, under a more observing the information gathered at a setiedtination
general network scenario than previously consideratbdesfrom a set ofensor nodeB the network:

Furthermore, in the derivation of our results, wakeino Scalability of wireless sensor networks has been an
restrictions on the mobility pattern of the senaaod the important research topic in the recent years, tsecafithe
destination nodes or on the number simultaneoggowing demand to support a large number of nodes i
transmissions and/or receptions that the nodesapable future sensor networks, which are envisioned tcsisorof

of maintaining. In our derivation, we also analyize effect thousands to millions of sensor nodes. Two importan
of parameters such as the area of the network @omai questions in this context are: (1) Are wireless ssen
the path loss exponeng the processing gair;, and the networks scalable? In other words, is it possiblsupport a
SINR threshold, 6. Specifically, we prove the following large number of nodes in a wireless sensor netw@k#
results for a wireless sensor networlkNoensor nodes andthere are scalable patterns of wireless sensormonkgywhat

M destination nodes that are equipped with omnitieal are the conditions that govern their scalability?

antennas: To answer these questions, one must first definat wh
scalability is. In this work, we interpret scalayilas: the
bility of the network to operate with a non-vaiighper
sensor end-to-end throughput, bounded end-to-efal/,de
(2) N™ has an upper bound that does not dependl,on bounded power consumption, bounded processing power
which is the simultaneous transmission capacitytef and bounded memory at each node, as the numbedetn
network domainN,%. For a circular network domaih?is ~grows large.

O(A™™92.y if g 2 andO(A/log(A)) if g = 2. In addition, In this paper, we focus on the throughput aspect of
N is O(g?) andO(G/b). Moreover, lack of attenuation angscalability. Our objectives are: (_1) to obtain tretizal
lack of space are equivalent, wheKg® cannot exceed results that show the dependencies among the psoise

(1) /¢ is Q(1/N) under very general conditions that w
identify in this paper.

14G/b . end-to-end throughput capacity, the number of sensor
_ nodesN, and other parameters of a wireless sensor nefwork
(3) AsN a desired per-sensor end-to-end throughputdsd (2) to determine the implications of these ltssan the

not achievable, unless the average number of hefweebn  scalability of such networks.

a sensor-destination node pair does not grow initielfy One of the most well known studies that stimulatesl
with N, bothM andA grow withN such thaM isWN), and research on the capacity of wireless sensor nesvas
N is O(A™9'2Y) if g 2 andO(A/log(A)) if g = 2. published by Gupta and Kumar [1]. In that paperp tw
Keywords: Wireless sensor networks, capacity, scalabilitgftwork models were prc_)posed to analyze the gqpatlt
throughput, omnidirectional transmission ireless networks. The first network model, tuditrary
' networkmodel, assumes that &llnodes in the network are
static, there are no restrictions on nodes’ locati@nd the
This work has been supported in part by the DoD tMisciplinary network qomaim (I'e" t.he region within which tmdas are
University Research Initiative (MURI) program adistered by the Office |Ocate_d) Isa circular disk of area f-_rE_aCh node is papable
of Naval Research under the grant number N0O0014-0864, the DoD Of maintaining at most one transmission or oneptoe at
Multidisciplinary ~ University Research Initiative (WRI) program any given time. There are no restrictions on theiagh of
administered by the Air Force Office of ScientiResearch under the grant el . .
number F49620-02-1-0233, and by the National Sedfaundation grant trans_mlssmn powers, tl'a_ffIC_ pattern, rou_tmg pmﬂ_o and
number ANI-0081357. spatial-temporal transmission scheduling policy. e Th
second model is thendom networkmodel, which assumes
This article is substantially based on our previpublication "On the 5 yniform distribution of node locations, a randtadfic

Scalability and Capacity of Planar Wireless Netvgorkwith .
Omnidirectional Antennas" by O. Arpacioglu and ZHaas, published in pattern, and a common transmission power that dsese

the Wireless Communication and Mobile Computingrdalj vol. 4, issue
3, pp: 263-279 in May 2004. Copyright © 2004 JohileW& Sons Ltd.
Reproduced with permission. L In the literature, sensor nodes are also callaedces, and destination
nodes are also called sinks, collectors or observer
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with N, while ensuring the connectivity of the networkNas the all-to-all model, where each sensor node has to
tends to infinity. broadcast the information that it generates to cahier
From a sensor network perspective, the arbitradythe sensor nodes in the network. For these two traffiterns,
random network models correspond to sensor networks they concluded thaf, is Q(1/N).
which each node has the ability to be a sensor aodea  |n [4], Chakrabarti et al. concluded that, is
destination node. _ Q(log(N)/N) for the random network model of [1], if the
Additionally, in [1], two models for successful egtion  a||-to-one traffic pattern and an adaptive transiois rate
are proposed. The first reception model is fiietocol model are used instead of the random traffic pataed the
mode] which considers a transmission unsuccessfuléf thyresholdSINRbased reception model, respectively.
receiver is within the interfering range of an teded In [5], Toumpis and Goldsmith also used an adaptive
transmitter. The second model is heysical modelwhich  mogel,” and using numerical methods, they evalutted
better represents realistic reception in practisaleless effect of spatial reuse, multi-hop routing and powentrol
networks. In the physical model, for a transmissiorbe for 5 particular placement of the nodes. They el that
successful, the Signal-to-Interference-and-NoisetioRa gach of these schemes provides expansions of faeita
SINR at the receiver of the transmission has to bev@boyegion that is defined by the set of achievablesretween
some threshold value. It is assumed that the aageare e nodes.
omnidirectional and thaP/x? is the power received at a |p [6], Li et al. pointed out the effect of trafffmattern on
distance x from a given transmitter, wher® is the ; and concluded that only wireless networks withaloc
transmitted power and the path loss exporgeistassumed traffic patterns can be scalable.
to be larger than 2. _ - Usage of directional antennas at the transmitterthe
[1] concluded that, with the protocol modele is” receivers can provide significant increasegdndepending
Q(1/JN) for arbitrary networks, whereas/c is on how narrow the width of the antenna’s main laipel
Q(l/«/N |0g(N)) for random networks. With the physicalhow small the side lobes of the antenna radiatiattem
model, they concluded thagis O(1/¢/N) andW(1/Y/N) can be made. For example, in [7], using a sendseeba
for arbitrary networks, wheread,e is O(1//N) and interference model, Yi, Pei, and Kalyanaraman itigated

W(1//NTog(N)) for random networks. the improvement irf . provided by the usage of directional
~ One of the assumptions of [1] is that all nodes aemtennas for arbitrary and random wireless networks
immobile. In [2], Grossglauser and Tse explored twareor The ability of a node to maintain multiple simuiémus

not introducing mobility can increask. Their network transmissions and/or receptions can also provida@ease
model introduced some additional restrictions ore thn /.. For example, in [8], using directional antenrRexaki
random network model of [1]Firstly, they used the and Servetto studied random networks with and witho
physical model, but allowed wideband communicatign multiple simultaneous transmission or receptionabdjty,
incorporating the processing gain, as to redueaference. and they concluded that an improvement of at most
Secondly, the locations of the mobile nodes form @gog?(N)) can be achieved over th@(1/NTog(N)) result
stationary ergodic process with a uniform statignar
distribution in the network domain. Thirdly, as [d], of [1]. . .
source-destination pairs do not change over tirmally, _DePloyment of a wired backbone can also provide an
they assumed that very long end-to-end packet sieag InCrease ine, since it allows reducing average ngml_oer of
tolerable. Grossglauser and Tse concluded in [&] there wireless transmissions per packet. For examplgJinLiu

exists a routing and scheduling policy that dekivempacket €t al. considered the benefit of deploying baseiosts
to its destination with no more than two hops, alidws/, connected to a wired backbone in the random netwbrk

to beQ(1) asN becomes large. Moreover, both [1] and [2f1]: They concluded that if the number of base istat
concluded that it is possible to schedu@¢N) many UrOWs asymptotically faster than/N, then aggregate
simultaneously successful transmissions in a wvaselethroughput capacity increases linearly with the bemof
network. base stations. _

In [3], Marco et al. explored, with two particular traffic 1€ results of studies such as [1]-[9] are basedhen

patterns. They used a half-duplex reception modeich is @ssumption that the nodes are equipped with singie-
based on the protocol model, and they assumedtiba detection based receivers, which are widely usedday’'s
sensor nodes are static, they are uniformly disteithin the Practical wireless networks. These types of recsive
circular network domain, and the transmission raige att€mpt to detect a particular transmission, wiiéating all
constant. The first traffic pattern that they cdesed is the Other interfering transmissions as noise. On theroband,
all-to-one model, where each sensor node has the saftddies such as [10]{12] concluded that sizablsgin
destination node which is located at the centerthef network throughput can be provided by not treating
network domain at all times. The second trafficterat is interference simply as noise, but rather employingre
sophisticated receivers and implementing certain
2We will use the standard asymptotic notations:flastdg be nonnegative COOperation strategies among the nodes during erg;od
functions of a variable. f is O(g) with respect t, if there exist positive transmission and decoding stages of each commioricat
real numbers, andyo, such that 0 f  yog for everyx . f is\W(g) with Our work has been motivated by the desire to retare
respect tox, if there exist positive real numbexs and y;, such that of the limitations of [1]_[4], and to improve ongin models.

0 yig fforeveryx x.fisQ(g) with respect te, if fis bothO(g) and . s .
W(g) with respect tax. We will omit the phrase “with respect xd when it In partICUIar’ the radio prOpagatlon model of [M] and

can be understood from the context. Also, we witika use of the fact [4], (i.e., P/X¥) becomes inappropriate as the transmitter-
thatf is Q(g) with respect to if f(x)/g(x) has limit in (0, ) asx
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receiver separation becomes small. Since the nktwand thatN,=N+M if and only if the set of sensor nodes

domain in these studies has a fixed ared\ gsows large,
the intended transmitter-receiver pairs get antijralose
to each other, which leads to a very optimistid@aton of
the SINR values due to the assumed propagationInibole

and the set of destination nodes are disjoint.

The task of each sensor node is to send the caflect
information to a destination node (of course, testination
node other than itself, if the node itself happemde a

avoid this problem, we use a bounded propagatiodeo destination node, too). We assume thatN. Typically,

which we discuss in Section 2.3. In terms of mogilin

this inequality is satisfied with “ ” in practical wireless

(1], [3] and [4] thenodes are immobile, while in [2] thegensor networks. An immediate consequence of the

mobility pattern is a very special one. In our woske allow
for a general mobility pattern of the nodes. Fumtere, by
allowing a general traffic pattern, we relax thsuasption
of [1]-[4] which states that the source-destinatipairs
never change over time, and the assumption ofrjd][4],
which states that the traffic pattern is eitheit@lbne or all-
to-all. Moreover, in [1]-[4] each node can maintaither a
single transmission or reception at any given timegreas
our work also considers the situtation when theesduave
the ability to maintain multiple transmissions amd/
receptions at the same time. In addition, we afsdyae the
effect of parametersuch asA, g G and b on /,, none of
which has been addressed in previous works. Abbyvera
evaluate the implications of our results on thdadskty of
wireless sensor networks.

The main contribution of this study is in the datien of
new results on the capacity and scalability of lese
sensor networks through the use of a more genetalonk
model and a more realistic bounded propagation mede
compared with the models of the previous studies.

The rest of the paper is organized as follows: iBe@
presents our network model, and Section 3 providiesed
definitions. In Section 4, we derive the upper kigion the
simultaneous transmission capacity and the peresemsl-
to-end throughput capacity. In Section 5, we arelize
derived upper bounds, together with illustrativgufies.
Section 6 establishes the tightness of the schkhgvior of

/e with respect tdN. Section 7 discusses the implications o

our results on scalability. Finally, we concludesaction 8.

2. SENSOR NETWORK MODEL

In this section, we explain the assumptions undegly
our results. Some of these assumptions are quitergle

allowing our upper bound results to hold even imeleiss

sensor networks that are configured with optim#irsgs of

the parameters. Although this paper is primarifgéted at
the sensor networks, the generality of our assumgpti
allows straightforward extensions of the results tiofs

paper to many other types of wireless networksh sag
wireless ad hoc networks. We will elaborate on sother

consequences of these general assumptions afsanpireg

our results.

2.1 NETWORK DOMAIN AND NODES

We denote the total number of nodes in the netvogrk

inequalityM N is thatN =N if and only if all destination
nodes are also sensor nodes. Note that this cassponds
to the network models of [1] and [2].

Network domain is defined to be the space withiricivh
each node is constrained to reside. We denotesplaise by
Q. We will assume thd is a closed disk with a diameter
and an ared\. There are no restrictions on the mobility
pattern of the nodes withiQ.

2.2 TRANSMITTER AND RECEIVER MODEL

Each of the nodes is capable of being a transnzittéfor
a receiver at any given time. All transmitters aadeivers
are equipped with omnidirectional antennas. There a
no restrictions on the variation of transmissionwpo
during a transmission or on the number of simubase
transmissions and/or receptions that a node ishbbe pe
maintaining. Hence, the assumption in [1]-[4] thatode is
capable of maintaining either one transmission pbe o
reception at any given time is one of the many €ase
covered by our model. For the time being, we assivae
all transmissions take place within the same concation
bandwidth, but we will relax this assumption latat. the
intended receiver of a transmitted signal, all btfet
remaining received signals are considered as erterte.
Z(t) is the power of the thermal noise present in the
ommunication bandwidth at receivérat time t. We
ssume that each of the receivers can receiveniatan
intended for itself reliably at a rate not largban Wiax
bits/s and only when th8INRat the receiver is greater than
or equal to theSINR threshold, 6. Information received
when the above condition does not hold is consitlere
unreliable and, thus, discarded. In this work, @teélbe any
positive real number. In generah, is dependent on the
modulation scheme, the required bit error rate loé t
received information, the required transmissioe,rahd the
type of the error control code. Tipeocessing gainG, is
the factor by which the total received interferepogver is
reduced at each of the receivers. In this worklev& be
any positive real number. Typicallg>1 for wideband
communication systems, such as spread spedBDMA,
and is taken to be 1 for narrowband communications.

2.3 PROPAGATION MODEL

For any given two given transmissions, ileindj be the
indices that represent the transmissions. Beft) be the

Noa- There are two types of nodes in the netweeasor power transmitted by transmitteat timet. Letd;(t) be the
nodesanddestination nodesThere areN sensor nodes and distancé between transmittgrand receivei at timet. Let

M destination nodes. Any given node is either agensde
or a destination node or both of them, and the tfpthe

node remains the same at all times. Two immediate

consequences of these assumptions are Npat N+M,

3 In this paper, all distance measures and areauresagire in units of
“meter” and “mete?,” respectively.
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P'(t) denote the power received by receiverfrom  On the other hand, as in [1]-]4], we assume that
transmitterj at timet. We will assume that intermediate nodes that act as relays do not jogricode
P'(t) =P (Ha(d, (9), (a.1) @and transmit chunks of information that are gattidrem
distinct transmissions.
Finally, we denote thaverage number of hops between
the originating sensor node and the destinatiom diit by
, and we let it be any real number larger thangoraéto
since each bit has to be transmitted over at @ae hop
to reach its destination.

where a(x) is the attenuation functionOne of the most
commonly used expressions fa(x) is 1&% whereg 0 is
the path loss exponehtdowever, this expression become
inappropriate ag becomes smaller than 1, as it results if
receiving power that is larger than the transmigeder. In .’
fact, the received power in the formula approachésity
asx tends to zero. Of course, this is unrealistic &ndn
artifact of the inappropriateness of the expreséiorsmall 3. DEFINITIONS

distances. The inappropriateness of thedformula was

also noticed in some previous works on connectidityd to ~ We define a transmission at an arbitrary titme be a
obtain more meaningful results at small distanegsije successful transmissioifithe SINRat the intended receiver
approximating the conventional model at large dists, of the transmission at timeis not smaller thanb. We
the following alternative propagation model waspmsed denote the number of simultaneously successful

in those studies (see, e.g., [15] and [16]): transmissions at timeby N;. We define thesimultaneous
1 transmission capacity of the sensor netwddk™ as the
a(x) :W’ x2 0. (a2)  maximum value oN, over all the placements of the nodes,

. . . the choices of the transmitters, their intendeeirexs, and

We call this propagation model, thewer law decaying e transmission powers. Next, we define shaultaneous

propagation modél and we will use this model in OUr'ransmission capacity of the network domai® as the
calculations. maximum value of\; over all the placements of the nodes,

the choices of the transmitters, their intendeeirexs, and

2.4 TRAFFIC PATTERN the transmission powers, given that there are sivicdons

o o on the number of nodes in the network. An immediate
We make no restrictions on the temporal variatibthe  consequence of these definitions is tREE* N2

destination of each of the sensor nodes, the sabeof the Let by (T) be the total amount of bits of information

intermediate nodes that are involved in routing thganerated by sensor notand received by its destinations

information originated by the sensor nodes, and tRRring aT second time interval [0]. We define theend-to-
segmentation of information, so that different segta can 4 throughput of sensor noddi as follows:

possibly be transmitted over different paths andifé&rent b(T)
times. Note that, together with the assumptiong the /= lim—, 1E£iEN .

stated in Section 2.1, these imply that the cldssadfic T T

patterns that our model covers is indeed a vegelatass;  We also define theper-sensor average end-to-end
in particular it contains allmany-to-manytype traffic throughputas the arithmetic mean 6fs, i.e.,

patterns for which the set of sensor nodes isast las large / -1 N/
as the set of destination nodes. Hence, this dastains "N
the two specific traffic patterns considered in 8 well. Next, we propose two achievability definitions: emd-

to-end throughput is said to beachievable by all sensor
4 In free spacey = 2, but in realistic mobile radio channeds,can take nodesif there exist a mOblllty pattern of the nodesyafic

values between 1.6 and 6 (see [13] and [14]). pattern, a spatial-temporal transmis_sm'_" schedupioigcy,
® The precise reason for this problem can be expthars follows: Consider and a temporal variation of transmission powers thed

the free space case. In the derivation of the vedepower expression, a /i /oforalll i N. Likewise, an end-to-end throughmt

unity gain point source in free space is assumed tae flux of the . . . K . L
transmitted powelP,, per unit surface area of the sphere with radius is said to bechievable on averagé there exist a mOb”'ty

around the source is calculated. The resulting pofex density Pattern of the nodes, a traffic pattern, a spatiaiporal
expressionpP, / 40X, has the unit Watts/meferThe wave-front of the transmission scheduling policy, and a temporalatiam of
transmission occupies only part of the aperturthefreceiving antenna, so transmission powers so thdt /,. Note that if/, is

that the power captured by the aperture results fooly that part of the . o .
wave-front that is seen by the aperture. To quantfs partial aperture achievable by all sensor nodes, then it is alseezable on

area occupied by the wave-fromtifective aperture area, is defined as average, and ify is not achievable on average, then it is not
the ratio of the available power at the termindlshe receiver antenna to gchievable by all sensor nodes, either. Hence, e w

the power flux density at the location of the reeeiantenna. In generd . . . . .
depends on the physical characteristics of theivecantenna and the Shortly say that', is not achievableif /, is not achievable

distancex between the transmitter and the receiver antenmagl], [2] on qverage. . o
and [4],A is assumed to be independenkaind is taken to bepdnetef, Finally, we propose two capacity definitions: ther-

so that the received power expression simplifieR toc. In fact, ax 0, sensor end-to-end throughput capagity is the supremum

the power flux density approaches infinity, and hwihe constantAe of all end-to-end throughputs that are achievatyeatb
assumption, the received power also approachestinfiThis shows that

Ae should not be taken as a constant for small vadtiesin fact, A. should sensor nodes. Theper-sensor average end-to-end
approach zero ax approaches zero, so that the received powethroughput capacity/,, is the supremum of all end-to-end
Ac P./ 4p %, never exceeds,

5 The corresponding. for this model in free space is equal x#(1+x)*
metef. Note that this expression converges fo Metef asx becomes ' Our results also apply with a more general déinitof throughput,
large, which is also the assumed aperture ard®indnventional model.  where “lim” is replaced with “liminf”.
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throughputs that are achievable on average. An diates
consequence of these definitions is that /.

4. DERIVATION OF THE UPPER
BOUNDS

4.1 UPPER BOUNDS ON SIMULTANEOUS
TRANSMISSION CAPACITY

In this subsection, we prove the following theortrat
provides upper bounds &§™* andN<:

Theorem 1:Let t be an arbitrary time instant. Then,

(i) the simultaneous transmission capacities of theaen
network and the network domain have the followipgeu
bounds:

N £ NC £U,, (T1.1)
N,™ £ N, (1+G/b), (T1.2)
where

-1 2)(t ¢)d?
(9-9(g 2 £) gi {1} (TL3)

2(1+ g2 . o2 )

(+d)*t (1+d)7?

_  (1+$)d _
u,= (i ] g= 1, (TL4)
(1+%)d2 _,

d=D/\2- 2. (T1.6)

(ii) no node can be receiving more thba#G/ b successful
transmissions at time t.

Proof of Theorem 1:

Recall thatN; is the number of simultaneously successful () M-t
transmissions at time Now, index each transmitter-receiver

pair that belongs to the same transmission withigue
number between 1 anW. So, receivei is the intended
receiver of transmitteir for every 1 i N Let SINR (t) be
the SINRat receiver at timet. Then

P' (1)

1M
Z(t)+—
'() G

SINR() =

; 1EIi £N,. (§H)]
R (1)

i=1

(i)

From the definition of a successful transmissidw,
simultaneously successful transmissions can talieepat

timet if and only if

SINR()° b, EiEN,,
i F:“(t)ﬁ#-zi(t), EiEN,,
(Jlfil)
(@ 1 N, j Rii (t) )
U5 Rowsme TR s0. xien,
8)1 N Pt:(t)a(dji(t))_‘g 1 FAQ) L IEIEN,,
G(jjfil) P'(ha(d (D) & POAJ())
@

where stepd) follows from (a.1), and step) follows from
dividing both sides byP" (t) = P (t)a(d (9) .

In general, forO£ x£ y+ z, y3 0,andz3 0,

1 1 s 1 _ 1
@+x)7  @Q+y+zf A+ y+z+y) 1+ YA+ Y
Therefore, foa(x) as defined by (a.2),

a(¥)® ayda3,0ExEy+z,y20,andz3 0. (3)

Now, let I;(t) be the distance between receiyeand
receivern at timet. Then, from the triangle inequality,

dji(t)£ djj (t)+gi (), 1EiEN, and £ j£EN,.
Settingx = d;(t), y = d;j(t) andz =1;(t) in (3) we find that
a(d; (9)* a(d; (9) & (D). @)

Thus, from (2) and (4), iN: simultaneously successful
transmissions can take place at timen

L RIOAGMAL®) G Gal iy
= ROaAdm b POAdO) :
(5)
Define, _
b (= 2OAL (D) ©

R (Ha(d (1)

Next, we add all inequalities in (5), while incorgting (6).
Hence, if N; simultaneously successful transmissions can
take place at timg then

(;)aa,-i e, OE - #&Dm
T::ﬂ(a(l ;)P (0 +a(f (D) (D) g%
:ﬂa(lij ©(n 0+ 5 OF St

T e

Y Ni::ﬂ(aa,-i O al, ) -

0 i:‘l (jj;il)a(lji ()E %

)
where stepsd), (c), and ¢) follow from the fact thah(l;(t)) =
a(l;(t)) for everyi, j, t, and steplf) follows from the fact
thatx+1/x 2 for every positive real numbgr

From (7), we observe that the problem of obtairang
upper bound oM, can be reduced to finding a lower bound
on the summation term on the left-hand side of uiaity
(7). This term involves the sum of the attenuafiemction
evaluated at the inter-receiver distances defingdthe
N: (N; 1)/2 pairs of receivers. To find the lower bounde
make use of Lemma 1, which is derived in the next
subsection.
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4.1.1 INTERPOINT DISTANCE SUM INEQUALITY B(D) Bs(u,.)

In this subsection, we derive a lemma that giveaer
bound on the sum of the square of the nearestsebend
nearest, ... , and the-{)* nearest neighbor distances from
each of then points that are arbitrarily located in a disk of
diameterD.

046 \

ro \
0.42 \

A : AN

Lemma 1: (Interpoint distance sum inequality for a disk
Let BD) be a disk having diameter D. Let n points be. ) i Y
arbitrarily placed in BD). Suppose each point is indexed by, ot samio) andbin) - raie as o fnctonpt oo
a distinct integer betweeh and n. Let;] be the Euclidean s £ ) )
distance between point i and point j. Define tHe diosest  fim ° fim- Hence, by definingc,:=f(1), we obtain the
point to point i, @&, and the Euclidean distance betweeffollowing lower bound on f_, for every Ei£n and

0 0.2 0.4 0.6 0.8 1

point i and the M closest point to point i,# as follows: 1£mE n- 1:
a, = E}rg.z.ﬂl,r{lij} , Eifn, fn® C,, Wherec,=2- L.
e _ This shows that at least fraction of the disks iR, are
& = ?{V?Z Tln{lij} , Ei£n and2m£n- insideB(D). Hence, for every £i £n and1£ m£ n- 1,
] ,2,.00
i {adil _ A(B(y,)C B(D)® ¢ A B( ). (L1.3)
Un = lq, fi£n andEm£ n- Adding all then inequalities in (L1.3) for a given value of
Then m, we obtain the following inequality for every
n mD? 1£m£ n- 1:
u?e™  1£mEn-1, (L1.1) \ \
=1 C - AB(y,)CED)® ¢ AB(W). (L1.4)
wherec,=2- . =1 1=

Since all disks iR, are non-overlapping,
Proof of Lemma 1: n
The proof involves a spherical geometric approach, A(B(y)C BD)E ARD). (L1.5)
which is used to solve similar problems in [17]t BxX) =
denote the disk of diametsy whose center is at point (L1.4) and (L1.5) imply,
Consider the foIIowm.g sets of disks: ABD)® ¢ AB(W). (L1.6)
R, ={B(y,):1£i£ n}, 1£mEn-1. (L1.2) i=1

Let us first consider the disks Ry. All disks inR, are non- N (L1.6), A(B(D))=pD74 and A(Bi(u1)=pui74.
overlapping® This can be proven by contradiction: SupposadPstituting these equalities into (L1.6) and diwglboth
that there exist two pointsandj such thaBi(u;) andB,(u,) Sides bypc, /4, we obtain,
are overlapping. This, by the definition of ovepam, " W2 E D_2 (LL.7)
implies i1 +u;)/2>15. Without loss of essential generality, o c, '
suppose U1 Uz Then ui;>l;. However, this would ) ,
contradict the definition ofu;. Therefore, our original NEXt letus consider the disksk for every2£ m£ n- 1.
assumption, i.e., the existence of two overlappiigks in N this case, there can be overlaps between soime qfa
Ry, is invalid. disks in R, Consider twq overIgppmg d|§k§.-(um) and
Let A(X) denote the area of a regiéin|f X is a disk with Bj(Um) centered at the poinisandj, respectively. Now we
diametera, thenA(X) = pa?4. Next, we find a lower bound ShoW that iftim  Um thenjl Sm, whereSm={ai: 1k
on f_:= A(B(D)C B(y,))/ A B(y,)) for every ¥i£n m1}. This can be proven by contradiction: SuppgseSm

and 1£ m£ n- 1. Pick any pointS from the periphery of when U - U SinceB; (Um) andB,(ym) are overlapping,

d id he followi | - (uim+ Ujm) /2 >|ij- Then, sinceln, Ums Uim> Iij- However,
B(D) and consider the following overlap ratio: together with our assumptigh S, this would contradict

fS:=ABD)GB(u))/ AB(Y), 1£i£n, 1IEmEn- 1. the definition ofu,. Therefore, our original assumption,
" i.e., il Sm, is invalid.

. . s )
Geometrical computation of.; using Figure 1 leads to the Next, we show that any arbitrarily chosen pointhivit

following formula: firﬁ = f(y)| _un » Where B(D) does not belong to more tham overlapping disks
o from Ry, The proof is again by contradiction: Supposeeher
f(y):=21(1- 2)arccost ¥ 1- 1 [L 2 is a point inB(D) that belongs to more than overlapping
) ”(1 y ) £ PNy 4 disks fromRy,. Take the largesn+1 of these overlapping

Figure 2 shows the variation bfy) with y. Sincef (y) is a disks. Consider the largest disk. lete the point at the
decreasing function of and u; D, £33 f(1). Also center of this largest disk. Then all otmedisks belong to
m ’ im . ’

Sm due to the result proved in the previous paragraph
However, this contradicts the fact that the caidiiynaf S,
is m-1. Therefore, our original assumption, i.e., the

8 Two disks are defined to beverlappingif the distance between the
centers of the disks is smaller than the sum of&lé of the two disks.
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existence of a point belonging to more tharoverlapping
disks fromR,, is invalid.

Since any chosen point withB(D) can belong to at most
m overlapping disks fronR,, then for every2£ m£ n- 1,
we have

T ABU)CHD)EMABD).  (L18)
(L1.4) and (L1.8) imply,
_n u,? £ mc'jz , 26mEn-1.  (LL.9)

Combining (L1.7) and (L1.9) completes the proof.

4.1.2 APPLICATION OF THE INTERPOINT
DISTANCE SUM INEQUALITY

In this subsection, we derive Lemma 2, which i
combination with Lemma 1, provides a necessary itiamd

for N; simultaneously successful transmissions. Next, by

using this necessary condition and another lemreayrha
3, we complete the derivation of the upper boundNomN.®
andN™

In Lemma 1, by settingn = N; and the location of the
points as the location of the receivers at titneum(t)
becomes the Euclidean distance between receiard the
m" closest receiver to receivieat timet. Hence, we obtain
the following inequality:

[un ) £ T2 ®
i=1 C,

Also, from (7), we obtain the following necessaopndition
for Ny simultaneously successful transmissions at time

1EmEN- 1.

N(fl M N
au, )= a( @)eSN GN‘
=1 i=1 i= 1(1]1”
g G ©)
m=1 i:1(1+uim (t))g b

To incorporate the constraint of (8) into (9), weeuhe
following lemma:

Lemma 2: For n 1, let x,X,,...,% ,C be nonnegative
real numbers satisfying the following inequality:

x?£C. (L2.1)
i=1
Let b be a nonnegative real number. Then
n 1 n
(L2.2)

i:1(1+)(i)b (1+ %)b'

Proof of Lemma 2:

For b=0, (L2.2) is satisfied with equality. Thus, weh(x)

consider the case whér0. Define the column vectox
and the multivariate functioh(x) as follows:

x =[x %]

We use Kuhn-Tucker Theory from [18] to find the
minimum value off (x) subject to the constraint in (L2.1).
We define the constraint functiog(x) as follows:

g(x)=C- ' %°2 0.

i=1
Let y=[y, y,....y,]" be the column vector at whidttakes
its minimum value. Then, from Kuhn-Tucker Theottyerte

exists g3 0, such that the following conditions are
satisfied:
(Rf (x)- q Ng(x))|xzy3 (L2.3)
y' (Nf(x)- ¢ Ng(x))|xzy: 0 (L2.4)
q9(y) =0, (L2.5)
g(y)3 0. (L2.6)
rl]:rom (L2.3) and (L2.4) we obtain,
b __iogyso, 1gign,  (27)
(1+%)
n -b
Y, —7+29y =0. (L2.8)
i=1 (1+ Y, )

Sincey 0, we need to determine whether the constraint is
binding or not. Namely, we need to determine wiretire
not there exist any components ythat are zero. To do
this, we compare the valuesfah all possible cases. Lgt
hask zero components, i.&k,;=[{i :yi=0,1 i n}. So,
Of£kEn. If O£Ek<n then from (L2.7) g>0, from
(L2.5) g(y) = 0, and from (L2.8) all non-zero components of
y are equal to each other. Thus, sigfg = 0, all non-zero
components o are equal toQ/(n K)]*“. If k = n then all
components of are zero and (y) =n. Hence,

k+ Of£k<n

(1+\/— )

n

f(y)= (L2.9)

k=n

Next, we show that the expression in (L2.9) is mined
for k = 0 and thereforg; has no-zero components. To show
this, we prove the validity of the following inedifg

n- X
)

+ 3
oV o
Define the function on the left-hand side of (L2.88h(x).
Taking the partial derivative di(x) with respect toc and
using Bernoulli's Inequality from [19], we obtain,

_ E | eE NS
Tx (1+\/_)b+l g b+])\/_ 1+ b+:l)\/_

So, h(X) is an increasing function of on [0n). Hence,
h(0) for everyxl [0,n). This completes the proof of
(L2.10) and also implies th&tly) assumes minimum value
for k=0. This further implies that all componentsyoére
equal to C/n)*? and that f (y) = n/ [1+(C/n)*]". Since
f(x) f(y)foreveryx O, (L2.2) follows.

Next, in Lemma 2, we sat = N, b = g % = un(t),
C=mD%c, for every 1£i £n, and 1£ m£ n- 1, so that
(L2.1) and (8) become identical. Also the left-haside of
(L2.2) and the inner summation in (9) become icehti
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Hence, we obtain the following lower bound on teé-I|
hand side of (9):
N1 N

1NN,

m=1 i:1(1+uim (t))g m:1(1+%

Next, we definad := D / ¢,*’%. The quantityd is the diameter
of the network domain divided by a constant apprately
equal to 0.625. Combining this definition with @)d (10),
we obtain the following necessary condition fo¥
simultaneously successful transmissions at time

N;-1
1 ¢6
b

fuea &

(10)

m

)

N,

© N((1+o|\/7)'go|x£G
1 ™ b
(b) wd
2_'\:t u-1 E (12)
das . v b
N
where step & follows from the fact that

P f(x)dx£ °_, f(m), whenevera and b are integers

andf (x) is a continuous and non-increasing functiom of
[a, b+1], and stepk) follows from changing the variable of
the integration by defining=1+d(x/N))*%. Next, we define
thecommunication density at timest, as follows:

s::\/Wt/d.

(12)

The quantitys ? is proportional to the average number of

successful transmissions per unit area. Combiridg &énd
(12), the necessary condition foN; simultaneously

successful transmissions at titrigecomes:
1+d

252 (u7-u?)die S,
b

1
1+2

(13)

TR, _ -2a(t a')(2x 4
™ (1+x) % 2¢- a(ar 1)’

20, al { 10).

Also, Iigg R :Iing R, =0 . So,R: andR; are non-decreasing
X X
and non-negative functions xfFinally, Ii®rg R :I;)r¥r1 R =1.
X
Therefore,

_ 2%
2x(x- a)(# 1)+ a(ar 1)

£lal (¢- 8 (0

(x- (¥ 1)", 2¢ . .
a(a+1) a(a+1) 1, d ( ,1)E(0,1] (L3.4)
and,
2x(x- a)(m 1)° .
&:%EL al { 1,0)
e B, 20 L 10 e
a(a+l) a(a+1)

Combining (L3.4) and (L3.5) we obtain

2 - 1)?
2x 2x(x- 8 (& 3) , aflandal { 1,4
a(a+1) a(a+l)
2@ a(t+ypH- (ar (& yP 2¢__1
e a(a) ~
2¢ a(iryf- (@ D@ YR 2xx 3t 3 i
. + a(afl) L, atiandal {19
=2x2{(al+l) (1+y)™ - ()" -2 (2 y)- (29 }

=1, aflandal §{ 1,G.
This completes the proof of (L3.1). We prove (L3a2)d

Next, we use the following lemma to obtain a closeth3.3) as follows: Letl {1,0}. Then

form solution for the upper bound obix

Lemma 3: Let a, x, and y be real numbers such that

2(2 1+y

o (- u*t)du. Then,

xy 1 a.Also, letl:=

5 2¢ aryP- (@ p@ y7
a(atl)

2x?
a(atl)

1, a£l and al §{ 1,

(L3.1)
I3 2x°y- 2% log® y) 1, a=0 (L3.2)
13 2¢log(® y)y 22X 1, a=-1.(L3.3)

Proof of Lemma 3:
Firstly, consider the case when 1 andal {1,0}.
Define

2x°

R(x 8= < ,a
2x(x- a)(& 1)+ a(ar 1)

2x(x- a) (& 1)

R,(% 3)1:—( 3 ) 2)

2x°- a(a+ 1)

R, and R, are differentiable functions ot and partial
derivatives othem with respect tr are

R 4a(ar))@al (1) %a
T (1™ 20(1 4 20t § aa DR

-, 8 (0

: al { 1,0).

20, al f¢-, 8 (0d

88

@

|a=i_|ml
®) 22 a(1+ Y- (ar p(w y)° 2
0 2 Al @ O(E Y 20
ai a(a+l) a(a+l)
© 2x°y- 2Xlog(+ yy 1 # O,
= 2x°y .
2xlog(l+ y)- —=- 1 E- 1,
g(d+y) Tty

where stepd) follows from the continuity of ata =i, step
(b) follows from (L3.1), and stepc| follows from
L'Hopital’'s Rule from [20]. This completes the pfoof
Lemma 3.

By settinga = 1 g x = s andy =d in Lemma 3,1
becomes equal to the left-hand side of (13). Hensing
(L3.1), (L3.2), and (L3.3), we obtain the following
necessary conditions folN; simultaneously successful
transmissions at timie

lg

252((&«1)?2'(157)%1) 25
(1-9(2 9 (2 92 ¢
G

2s’d- X %log(k d) £ s g

m%mumm

1 (@15
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252 G On the other hand, due to paii) Of Theorem 1, we know
1+d £ s g=2. (16) that no destination node can receive more thaG/f+
) - transmissions successfully. Since each transmissaanot
Solving (14), (15), and (16) fos and substitutings from  ,c0r at 4 rate more thal, this implies that at the given
(12), we obtain the following upper bound Kin timet, the total rate at which information is being detied
N, £Ug* (17) to the destinations cannot exceldiV,,.(1+G/b). Hence,
whereU, is defined as in (T1.3), (T1.4) and (T1.5). the total average rate at which information is \d=kd to
Recall thatN? is the maximum value dfi over all the the destinations over the time interval [P, which is equal
placements of the nodes, the choice of the tratemsittheir to N/, cannot exceeMW,,,(1+G/b). This implies
intended receivers, and the transmission powevengiat N/ £ MW, (1+Gib ). (19)
there are no restrictions on the valueNofSince there have o0 (18) and (19) imply that
been no restrictions on any of these parameteiiagltine '

25 2log(1+d)-

derivation of (17), hence, the right-hand sidelof)(is also / EM, (20)
an upper bound ofl,%, which is not less thah,™ This HN
completes the proof of (T1.1) in Theorem 1. W, . M G

Finally, we prove (T1.2) and parii X of Theorem 1 as / ET 1+Z : (21)

follows: Suppose there is a single receiver node &n
transmissions intended for this node at tim&hen, in (7),
l;(t) is equal to zero for eveiyj, andt. Thus,N; will be no
more than 1&/6. This shows that none of the nodes c
receive more than 13/b simultaneously successful
transmissions intended for itself. This completes proof
of part (i) of Theorem 1. Now, (T1.2) follows from paiit)(
and the fact that the total number of nodes inntktevork is

It is worth emphasizing that, because of the gditeraf
the network model underlying the derivation of (20)d
21), they are applicable even when the mobilititgra of
e nodes, the spatial-temporal transmission sdimedu
policy, the temporal variation of transmission posyethe
sensor-destination pairs, and the possibly multi-pautes
between them are optimally chosen as to maxiniize
Similarly, (20) and (21) are applicable even whaznodes

equal toNorar- are capable of maintaining multiple transmissionsl/er
receptions simultaneously.
4.2 UPPER BOUNDS ON PER-SENSOR Recall that/, is the supremum of all end-to-end

END-TO-END THROUGHPUT CAPACITY  throughputs/, for which there exist: a mobility pattern of
the nodes, a traffic pattern, a spatial-tempoi@igmission
gscheduling policy, and a temporal variation of sraission
powers, so that /, There have been no restrictions on

Theorem 2: /. and/,, have the following upper bounds: these parameters during the derivation of (20) €2i).
W Hence, the right-hand sides of (20) and (21) ase apper

In this subsection, firstly, we prove the followin
theorem:

/ £ E—="1 (T2.1) bounds or/., which is not less thafe. This completes the

HN proof of (T2.1) and (T2.2). The proof of (T2.3)identical

W, .xM G with the proof of (T2.1) except that the expressoonthe

8 o N 1+Z ’ (12.2) right-hand side of (T1.2) is used insteadJgf

Iy £Wmax Nota 1+G 2.3 So far, there have been no restrictions on the eurob

e™ m HN b (T2:3) " simultaneous transmissions and/or receptions tinaida is

capable of maintaining. If, as in [1]-[4], there atso the

Proof of Theorem 2: additional restriction that a node cannot transiuitd

Let t be an arbitrary time instant, and define tb&@al receive simultaneously and that a node is capalfle o
information transmission rate of the network ataitnC(t), maintaining at most one transmission or one recephi
as follows: any given time, then the upper bounds/grand/ , can be
Ne further tightened. We will henceforth refer to tltiase as
CH= W(, the half-duplex restrictectase. In this case, no destination
. = . node can receive more than a single transmissiah traus
where W (1) is the transmission rate of t@ successful following the same derivation method that was used
transmission at timé. By the definition of H in section penyeen (18) and (19) shows tHatWiaM/N. Combining
2-4, each bit of information delivered to its deation is s jnequality with (18), and following the samerivation
transmitted inH hops on the average. Therefore, the tim@ethod that was used after (19) in the proof ofcfam 1
average ofC(t) over the time interval [0,) is not less than g4 {0 the following upper bound daand/ ., for the half-
HSL/, =HN . Also, sinceW () Wna andNe  N™  duplex restricted case:
we find thatC(t) Wna N™ Thus, average doE(t) over W .
any time interval cannot exceafi,., multiplied by a time 1. &l £ N min
invariant upper bound of,™ Since the quantityJ, in
(T1.1) is such an upper bound, this implies
HN/ £W._U (18)

max —g "

Ym . (22)
H

e m

Finally, we show that dividing the communication
bandwidth into several sub-channels of smaller tafith
does not change the terms other thdgp. in all of the
results on/. and /, that we have presented so far. An
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assumption behind those results is that all trassions are
taking place in the same communication bandwidtlhé
communication bandwidth is partitioned into sevesab-
channels of smaller bandwidth, then there stilhimsupper

bound on the transmission rate in each of these sL
of the upper bounds on simultaneor

channels. All
transmission capacities & and the network are still valid
for each of these sub-channels individually. Thenef if
there arek sub-channels and the transmission rate okthe
sub-channel is no more thah,™, then all of the upper
bounds or/. and/, are still valid if Wiax is replaced with
SE:kamax'

5. ANALYSIS OF THE UPPER BOUNDS

In this section, we analyze how the upper boundsi8n

N™ /e, and/,, are affected as various parameters of the

network are varied individually.

Firstly, we analyze the asymptotic and limiting aeior
of the upper bound, in Theorem 1, to draw the following
conclusions about,“ :

ClimYe =2 (1+8)\p? Qj

lim 3 =2 (1+5)D NS is ()

oyl o .
- lim = _ﬁ(u%) NS isO(D) if g=1
ClimYe =1 (1-9)(1+ Q -

lim 2¢ %m(l 2)(1+¢)  NQ isO(D?) if g< 2

(9<2)

U, _ . L

Clim 2= L(1+8)  NQ isO(D*/log(D)) if g=2

. U, _ (9-9(g 2) . .
' &'QQ?-%(u%) NQ isO(D? if g> 2

(9>2)

. U, _ — Uy .
lim = fed =gy N isO(GIb)

Lack of attenuation is

< limU, =limU =1+¢
g0 bo equivalent to lack of space
Also, since the area of the network domaidis pD%4,

D can be replaced with A440)*>. Doing so, we can also

conclude that\,? is O(A™ 92 1) if g 2 andO(A/log(A))

if g= 2. Regardless of the value gfthis also implies that

N;* cannot grow with the area @ super-linearly. Linear

growth is not possible whem 2, and can only be possible

wheng> 2.
In Figure 3,U, is plotted as a function gk and g for
G=b=10. This figure illustrates the growth trendbfasg

200

150

U, 100

50

» 6 . ¢
B 4 dOma\“ @‘
2 K
AWOr
of 0
Aved
Figure 3 — Upper bound on the simultaneousstréssion capacityf
the network domain as a functidrthe area of the netwol

domain and the path loss exponent

00

galso shows that,"® is O(1) with respect t& andg The
reason is that beyond some finite valuesAobr g the
network domain provides sufficient space and atiéon,
so that the upper bound on the number of simuliasmeo
receptions per-node, i.e., Gty becomes the limiting
factor.

Next, we analyze asymptotic and limiting behavibthe
upper bounds on and/,,. Inequality (T2.1) of Theorem 2
shows that' and/ ,, areO(1/N) andO(1/H ). It also shows
that/.and/, areO(G/b). ° We also observe that and/
are upper bounded bWna(1+G/6)/( HN) when the
network domain lacks attenuation or space. Duel®?2),

/e and /,, cannot exceedW,,M(1+G/H)/N, which is
independent of A and g So, the upper bound in (T2.2)
becomes more restrictive than the upper bound 1T
beyond some finite values #for g and thus/ and/, are
O(1) with respect toA and g Similar behavior is also
observable in the half-duplex restricted casegf@mple, if
the set of sensor nodes and the set of destinatidas are
disjoint andH =1,'° then beyond some finite values/dbr

g the network domain provides sufficient space and
attenuation so that at any given time, there ilaeement of
the nodes for whichM simultaneously successful
transmissions can be established betw&nof the N
sensors and theM destinations. However, no more
transmissions can be scheduled, since there are no

and/orA increase. It is possible to observe the lineat afiemaining inactive destination nodes, and tfusnd /m

the sub-linear growth dd,with Awheng>2and 0 g 2,
respectively. The figure also illustrates the eglémce of
the lack of attenuatiorgE 0) and the lack of spac@ € 0).
One should also notice the quadratic growthl givith g

Secondly, we analyze the upper bounds Ni*
Inequality (T1.1) of Theorem 1 shows thd{"® is O(1)
with respect toN. Since N™ N, all of the above
asymptotic results are valid fok™, too.

However, from (T1.2) and the facts tidit, N+M and
M N, we find thatN™  2N(1+G/b). Therefore, for a
givenN, G, andb, the upper bound oN,"®in (T1.1) loses
its tightness beyond some finite values Df and g
Existence of an upper bound B"™ independent ob and

90

cannot exceelV,.x M/N, which can be observed from (22).
In general, there is a region oA, §) pairs for which the
dominant upper bound oh. and /, is Wpallg I(HN).
From (T2.1) and (T2.2), it can observed that tleigion is
contained within the region bounded by tAeaxis, theg
axis, and the set of Al pairs for which
U,=MH(1+G/b). SinceU,is an increasing function &
and g this region will expand a1 (and thusN, since

9 The O(G/b) result assumes thsli., is not dependent d&/b. However,
in some practical system#/.y is inversely proportional t6/5, as we will
see in section 7. _

% Note that this is the least possible valueHof, and is achieved when
each sensor node transmits the information thegrierates directly to its
destination node.
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Fig. 4 — Upper bound on the normalized per sensorto-enc  Fig. 5— Upper bound on the normalized per sensor-to-enc
throughput capacity as a functiontibé area of the throughput capacity as a functiontloé area of the
netwrk domain and the path loss expol network domain and the number of senedes

M N) increases. This shows that the limitatiorf gand/,, constant level so that it does not rule out thesitdty of

due to shortage of space and attenuation is mdtehieving a non-vanishing per-sensor end-to-ermligfivput

pronounced wheM (and thusN) is large compared td,. @S the number of sensor nodes grows large. We will

Additionally, we have shown tha, is QA™M92.5) when elaborate on this result in section 7.

g 2, Q(A/log(A)) when g=2, and alsoQ(g?). These

observations support the claim that for laMy¢and thusN) 6. //m AND// m ARE q(1/N)

there is a region ofA,g) pairs where additional space and

additional attenuation provide considerable inceeas/ . In the previous section, we have shown thand/, are

and /., where the behavior of. and /,, resembles the O(1/N). Next, to prove that they are al§{1/N), we will

asymptotic behavior otJ, and beyond this region theshow that they ar&{1/N). We do this by constructing a

behavior/ and /,, changes int@(1) with respect téA and TDMA scheme that assigns each of the sensor nodes a

g separate time slot of constant duration. In sudtleme,
Next, we demonstrate the above results through Hiere areN slots in each cycle and each of the sensor nodes

examp]e_ Consider the ha]f-dup]ex restricted c&se.this transmits direCtIy to its destination in the S|88i§ned to

case, we have shown thiatand/,, cannot exceed the right- itSelf, with a transmission power large enoughatsty the

hand side of (22). Now, we normalize this quantitgh Signal to noise ratio requirement. Assumiags an upper

respect tolNma, and we denote the resulting expression Beund on the power of noise in the used communicati

Ly. In Figure 4,L is plotted as a function @ andg The bandwidth, a transmission power bf/a(D) guarantees

other parameters for this example a@sb=10, N=250, Successful reception.

M=N/2, and H =1. This figure illustrates the variation in Allthough th's simple scheme takes no adva.nt.age of

the growth trend oL, as a function oA for various values spatial reuse, it allows each of the sensor nadesmitting

of a Also. it demonstrates the presence of a redi 1/N fraction of the time. Thus, assuming that each
g IS0, 1 onstrates presel gioA@) transmission satisfying the signal-to-noise ragiguirement
pairs where the limitation of, and/, is due to shortage of

d att i For thieg) pai wside of thi can occur with ratéV, an node end-to-end throughput of
space and attenuation. or pairs outside o IS\, js achievable by all sensor nodes. This shows/that
region, shortage of inactive destination nodes besothe 1S eV y all sens s. This shows/th

dominant limitation, and thusih,,M/N becomes the and/n areW(LN). As a result/ and/m areQ(L/N).

dominant upper bound o#, and /., (this can also be
observed from (22)). 7. IMPLICATIONS OF THE RESULTS ON

In Figure 5, parameter values are the same exhapht SCALABILITY
is now an independent variable (sdMs sinceM=N/2 in
this example) angy= 3. The light green region consists of In this section, we consider the following scalipil
the A, N) pairs where the limitation of, and /., is due to problem: we are increasing the number of sensoesaul
shortage of space. For th& N) pairs outside of this region, the network indefinitely, and we want to achievdesired
namely inside the darker blue region, shortagenattive per-sensor end-to-end throughput, sdy. /o, is not
destination nodes is the dominant limitation, amaist achievable if no other parameter is increased fametion
WihaxM/N is the dominant upper bound daand/,. The of N, since due to (T2.1Y. and /,, are no more than
figure. aI.so demonstrates that if the area of thavm Whal,/(HN), which is O(1/N). So, one or more of the
domain is kept constant and the number of sensdes parameters oMW, g GIb, or A must increase with\

increased, therLy decays af)(I/N), so that/e and /m  angN must be increasing according to a functioriJgf so
vanish asN grows large. However, if the area also increas St W UJ(AN) /o (note thatH cannot be indefinitely
with N, we observe that it can be possible to kégpat a ma

91



Onur Arpacioglu and Zygmunt J. Haas
On capacity of wireless sensor networks with omnidi recitional antennas

500

reduced to compensate for increasiMigpecauseH 3 1, as
every bit of information has to be transmitted &trleast 450
one hop). This shows th&N must beO(WiaU,).

For practical systemsg is a property of the wireless
channel and it cannot increase WNhW,,,, cannot increase
indefinitely with N, because of the presence of noise ar 2 3w
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These limit reliable information transmission tdes that 20

do not grow withN. On the other hands/6 depends on the
implementation of the communication system an
increasing it for a given system bandwidth usuetiyuires
decreasingVyax. For example, it is shown in [13] that in 1% ‘
spread spectrum CDMA, for a given system bandwidtl 5 ‘ ‘ !
symbol transmission rate is inversely proportiot@lthe ) r— —
processing gain. Likewise, reducing? requires a o+ 2 3 4 5 & 7 8 98 10
proportional decrease in the symbol transmisside ta Area of network domain (fn )
satisfy a given bit error rate requirement. Themgfo Figure 6 — Curves formed by tha, ) pairs for whichZy = 0.1. For th
increasingG/4 will not compensate for increasing So, AN) pairs above the curves, any normalized throug
o i . greater than or equal to 0.Adsachievable
the only way of achieving, would be increasind\ asN
increases. Hencéy must be increasing as a functionff plotting the AN)  pairs, for which £y, =0.1 and
We have shown that, is QA™9?%) wheng 2 and 4 {0,1,2,3}. We know that normalized, and /,, are no
Q(Allog(A)) when g=2. Therefore, unlessN is more thanly. Also, it follows from the definition of
O(A™™9'2: 1 wheng 2 andO(A/ log(A)) wheng= 2,/,is that Ly is a decreasing function & and an increasing
not achievable. AlsoH must beQ(1) with respect td\  function of A when Ly, <M/N=0.5. Therefore, each of
due to the following reasoning. We know tat 1, which these curves separates a region AN) pairs where a
implies that H is W(1). To see whyH must beO(1) with normallzed end-to-end th.roughput. of 0.1 is not
respect toN, observe thaf o cannot exceed\Bna(1+G/b) achievable and another region where it may be sahle
/H due to (T2.3) and the fact thst N. Since increasing ggda\grﬁ)g_e (§r4t()))(/))a Iltﬁgnrs]gmglciize:d I;?]rd?é)afgwnp(;e?h\grrgf h ut
G/brequires a proportional reduction\ith,.«, as is the case n : ghp

. : ; 0.1 is not achievable, whereas it may be achievable
in spread spectrum CDMA, we find that compensatorg average or by all sensor nodes f¢¥,l\{)z(3,100). The

indefinitely growingH by increasings/4 is not possible. corollary tells us that for the sequence @&N) pairs
On the other hand,o is not achievable unless the UPPeforming each of the curves in FigureMjs Q(1), Q(AY?),

bound in (T2.2) is at least as big &g Hence, (T2.2) qa/log(A)), andQ(A) whengis 0, 1, 2 and 3, respectively.
implies that ifM is not WMN), then/, is not achievable, gqyivalently, for the sequence d,¢) pairs associated with
because the above argument in Fhe previous patagrap h of these curves, is Q(L/A), Q(L/AY?), Q(L/log(A),
shows that\V,,.(1+G/b) cannot grow indefinitely withN. ndQ(1) wheng is 0, 1, 2 and 3, respectively.

The above results can also be stated in terms f th Y ’
sensor densityr := N/ A. From the aboveD(-) results,
dividing N and the asymptotic upper boundsiiy A, we 8. CONCLUSIONS
obtain the following result: unlegsis O(A™¥2-1% when

g 2 andO(Vlog(A)) when g = 2, /ois not achievable. In this paper, we have studied the capacity ofleinger-
In other words, /o is not achievable ifr grows with detection based wireless sensor networks throughusie

N indefinitely when g > 2, if rlog(A) grows with N of a more general network model than the modeld use

indefinitely when g = 2, and if FA™? grows with the literature.

. L . : Instead of the propagation model used in the pusvio
F\lmdeﬁmtelyl whe'ng<.2.. In any case), is not achievable studies, we used the bounded power law decaying
if 7 grows withN indefinitely. Also, wheng 2, unless

. . propagation model, which was proposed in otherietudn
decays down to O abl » /o is not achievable. Our ¢onnectivity such as [15] and [16], to obtain meealistic
observations in this and the previous two paraggpbve requits for small transmitter-receiver distanceshilev
the following corollary regarding practical systems approximating the conventional model at large dists.
Corollary: (A necessary condition for the scalability Osting this model, we concluded ths{™ cannot exceed
practical system)s A desired per-sensor end-to-enq\llq’ which is independent oK, but depends oA, g G,

th_roughput Is not achievable as N A unlessH is Q(l.) andb. The analysis of the upper boundNfi in Theorem 1
with respect to N, M and A grow with N, such thatisV has revealed thahNQ is O(Amin{g/Z,l}) for g 2 and is

WN), and the following equivalent conditions are d&th A /104(A)) for o= 2. The analvsis has also shown tN
- N is QA™92 %) wheng 2 and Q(A/log(A)) wheng= 2, is(o<gg(a)n)do<c§]/b)' s as also shoun
- ris QA™2 1% wheng 2 and Q(1/log(A)) wheng=2. :

200

Number of se

Figure 6 illustrates this corollary. In this figyre ™ The difference between our results and the regults] and [2], which

—_ . max H
G=b=10, H = 1, M=N/2 and the curves are obtained b)%?é‘,?;‘;i?%nﬂﬁféy‘el S Q(N). is due to the bounded nature of our
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Additionally, since the network model that we hased REFERENCES

is quite general, our results in this paper do ardy hold
for the network scenarios of [1]-[4], but also hdidr
networks whose nodes move with any mobility pattern
are capable of maintaining any number of simultaseo
transmissions and/or receptions. Hence, we have akle
to show that the maximum achievable per-sensortend-
end throughput iQ(1/N), even when the mobility pattern of
the sensor and the destination nodes, the spatigidral
transmission scheduling policy, the temporal varatof
transmission powers, the sensor-destination paird, the
possibly multi-path routes between the sensors twed 4
destinations are optimally chosen. Furthermores thsult
holds even the communication bandwidth is partétbimto
sub-channels of smaller bandwidth.

Moreover, our results are valid for any nonnegatiakie
of g 12 This allowed us to characterize the behaviolNgt ,
N™ /., and /, under low attenuation conditions. In
particular, it allowed us to show that lack of attation and [6]
lack of space are equivalenthere N™* and N2 cannot
exceed 1&/b. Also, in these equivalent caség,and /,

cannot exceetNy(1+G/b)I(HN). 7
We have also shown that no node can receive mare th
1+G/b simultaneously successful transmissions intended fg]

itself. This allowed us to show th&™ /. and/,, are
O(1) with respect tcA and gfor a givenN. Together with
(T2.1) and (T2.2), this also allowed us to justifiat the
limitation of /. and /., due to shortage of space and®]
attenuation is more pronounced whdrandN are large.

Finally, we have studied the implications of ousuks
on the scalability of wireless sensor networks. Wave [10]
shown that adN becomes large, unless one or more of the
parameters fromV.,, g G/b, or A grows withN, and HN [11]
is O(WhalUy), a desired per-sensor end-to-end throughput is
not achievable. Regarding scalability of practisgstems,
we have concluded tha must beW(N) and H must be [12]
Q(1) with respect toN. Moreover, we have concluded that
A is the only remaining parameter whose growth can
compensate for increasirg Above all, we have proved [13]
that asN , a desired per-sensor end-to-end throughput
is not achievable, unless also grows withN, and N is [14]
O(A™9'2.%) wheng 2 and isO(A/log(A)) wheng= 2.

In summary, in this paper, we analyzed the capacity
of single-user-detection based wireless sensor orksv
through the use of a more general network model, vem [15]
determined several necessary conditions for thialsitity
of such networks. This was performed by considednky
one of the fundamental requirements for scalabiliiiich
is the requirement of a non-vanishing per-sensdfterend
throughput as the number of sensor nodes grows.|#gy
interesting extension of this work would be to detiee the
additional necessary conditions that result from othgn7)
fundamental requirements for scalability, such asnoled
end-to-end delay, bounded power consumption, balindes]
processing power, and bounded memory consumptitiveat
nodes.
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