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We calculate electron-hole generation and recombination rates for Coulomb scattering �Auger recombination
and impact ionization� in zero band-gap graphene. The conduction and valence band dispersion relation in
graphene together with energy and momentum conservation requirements restrict the phase space for Coulomb
scattering so that electron-hole recombination times can be much longer than 1 ps for electron-hole densities
smaller than 1012 cm−2.

DOI: 10.1103/PhysRevB.76.155431 PACS number�s�: 73.21.�b, 72.20.Jv, 73.50.Bk, 71.55.Cn

I. INTRODUCTION

Graphene is a single two-dimensional �2D� atomic layer
of carbon atoms forming a dense honeycomb crystal lattice.1

The electronic properties of graphene have generated tre-
mendous interest in both experimental and theoretical
arenas.2–7 The linear energy dispersion relation of electrons
and holes with zero band-gap results in behavior of both
single-particle and collective excitations that is different
compared to conventional semiconductors.1–7 The high mo-
bility of electrons in graphene has prompted theoretical and
experimental investigations into graphene based ultrahigh
speed electronic devices such as field-effect transistors,
pn-junction diodes, and terahertz oscillators.3,5,8,9,11,12 The
behavior of many of these devices depends on the electron-
hole recombination rates in graphene. For example, the dif-
fusion length of injected minority carriers in a pn-junction
diode is proportional to the square root of the minority car-
rier recombination time.13 It is therefore important to under-
stand the mechanisms that are responsible for electron-hole
generation and recombination in graphene and the associated
time scales.

Small band-gap semiconductors usually have large
electron-hole recombination rates due to Coulomb scattering
�Auger recombination�.14 Graphene, with a zero band gap,
presents a limiting case. The zero band gap and the large
optical phonon energy in graphene �196 meV�15 suggest that
electron-hole recombination rates could be dominated by Au-
ger processes. In addition, the zero band gap also implies
that electron-hole generation rates in graphene due to Cou-
lomb scattering �impact ionization� may also not be small
even in the absence of high energy carriers.16

In this paper we calculate the electron-hole generation and
recombination rates for Coulomb scattering �Auger recombi-
nation and impact ionization� in zero band-gap graphene. We
show that the conduction and valence band dispersion rela-
tion in graphene together with energy and momentum con-
servation requirements restrict the phase space for Coulomb
scattering so that electron-hole generation-recombination
times can be much longer than 1 ps at all temperatures for
electron-hole densities smaller than 1012 cm−2. In this paper
we restrict ourselves to the zero band-gap case. The presence
of a small band gap, electron-phonon interactions, energy-
level broadening, impurity scattering, etc., is expected to
modify the results discussed in this paper but their discussion
is beyond the scope of this paper.

II. THEORETICAL MODEL

In graphene, the valence and conduction bands resulting
from the mixing of the pz orbitals are degenerate at the in-
equivalent K and K� points of the Brillouin zone.1 Near these
points, the conduction and valence band dispersion relations
can be written compactly as

Es�k� = s�v�k� , �1�

where s= ±1 stand for conduction �+1� and valence �−1�
bands, respectively, and v is the “light” velocity of the mass-
less electrons and holes, and assumed to be equal to
108 cm/s. The wave vector k is measured from the K�K��
point.

Electron-hole recombination due to Coulomb scattering
�Auger recombination� in graphene occurs by the two pro-
cesses depicted in Fig. 1. In the CCCV process �Fig. 1�, an
electron in the conduction band with initial momentum k1
scatters off another electron in the conduction band with mo-
mentum k2. The result is an electron in the conduction band
with momentum k1+Q and an electron in the valence band
with momentum k2−Q. In the CVVV process �Fig. 1�, hole
in the valence band with initial momentum k1 scatters off
another hole in the valence band with momentum k2. The
result is a hole in the valence band with momentum k1+Q
and a hole in the conduction band with momentum k2−Q.
The CVVV process is a mirror image of the CCCV process.
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FIG. 1. �Color online� Electron-hole recombination in graphene
from Coulomb scattering �Auger recombination� via the CCCV and
the CVVV processes is shown. The two processes shown are mirror
images of each other.
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The labeling scheme used here indicates the initial and final
states of the two electrons involved in the scattering process.
The electron-hole recombination rates RCCCV�n , p� and
RCVVV�n , p� are functions of the electron and hole densities, n
and p, respectively, and the symmetry between the conduc-
tion and valence band dispersions in graphene implies that
RCCCV�n , p�=RCVVV�p ,n�. Electron-hole generation due to
Coulomb scattering �impact ionization� occurs by the reverse
of the CCCV and CVVV recombination processes. We label
these generation processes as CVCC and VVCV, respec-
tively, and they are depicted in Fig. 2. The generation rates,
GCVCC�n , p� and GVVCV�p ,n�, also satisfy GCVCC�n , p�
=GVVCV�p ,n�. In thermal equilibrium, the total generation
and recombination rates must be equal, i.e., GCVCC+GVVCV
=RCCCV+RCVVV.

Given the symmetry between the various processes, it is
enough to consider in detail only one process. In the discus-
sion that follows we will concentrate only on the CCCV
Auger recombination process. In the CCCV process, energy
conservation implies

�v�k1� + �v�k2� = �v�k1 + Q� − �v�k2 − Q� ,

�k1� + �k2� = �k1 + Q� − �k2 − Q� . �2�

The available phase space for Auger recombination can be
understood as follows. For any three vectors k1, k2, and Q
one has the identity

�k1 + Q� − �k2 − Q� � �k1 + k2� � �k1� + �k2� . �3�

The energy conservation condition requires both the in-
equalities above to be equalities. The inequality on the right
would be an equality if �and only if� the vectors k1 and k2
point in the same direction. The inequality on the left would
be an equality if �and only if� the vectors k1+Q and k2−Q
point in the opposite direction. If k1 and k2 point in the same
direction, then k1+Q and k2−Q will point in the opposite
direction if �and only if� k1 and Q also point in the same
direction and �Q�� �k2�. Energy conservation therefore re-
quires that the vectors k1, k2, and Q all lie on the same line.

This requirement also holds for all the Coulomb scattering
processes depicted in Figs. 1 and 2.

The Bloch functions for the conduction �s= +1� and va-
lence �s=−1� band electrons in graphene can be written as1

�s,k�r� =
eik·r

�N
us,k�r� . �4�

Here, N is the total number of unit cells in the crystal. The
periodic part us,k�r� of the Bloch function has the following
overlap integral:1

��us�,k��us,k��2 =
1

2
�1 + ss� cos��k�,k�	 , �5�

where �k�,k is the angle between the vectors k� and k. We
assume that the occupation statistics of electrons in conduc-
tion and valence bands are given by the Fermi-Dirac distri-
bution functions fs�k� as follows:

fs�k� =
1

1 + e„Es�k�−Efs
…/KT . �6�

Efs
are the Fermi levels. We assume different Fermi levels

for conduction and valence electrons to allow for nonequi-
librium electron-hole populations, as is the case in a forward
biased pn-junction diode.13 The electron and hole densities
are given as follows:

n = 4
 d2k

�2��2 f+1�k� , �7�

p = 4
 d2k

�2��2 �1 − f−1�k�	 . �8�

The factor of 4 in the front accounts for spin degeneracy and
the two valleys at K and K�.

The electron-hole recombination rate RCCCV�n , p� �units:
cm−2 s−1� due to Auger scattering can be written as17

RCCCV�n,p�

= 2�2�

�
� 
 d2k1

�2��2 
 d2k2

�2��2 
 d2Q

�2��2 �M�k1,k2,Q��2

��1 − f−1�k2 − Q�	�1 − f+1�k1 + Q�	f+1�k1�f+1�k2�

�	��v�k1� + �v�k2� − �v�k1 + Q� + �v�k2 − Q�� . �9�

The factor of 2 in the front comes from the two valleys at K
and K�. The scattering matrix element M�k1 ,k2 ,Q� includes
both direct and exchange processes, and can be written as

�M�k1,k2,Q��2 = �Md�k1,k2,Q��2 + �Me�k1,k2,Q��2

+ �Md�k1,k2,Q� − Me�k1,k2,Q��2.

�10�

Assuming statically screened Coulomb interaction, the ma-
trix elements, Md�k1 ,k2 ,Q� and Me�k1 ,k2 ,Q�, for the direct
and exchange scattering processes, respectively, are as fol-
lows:
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FIG. 2. �Color online� Electron-hole generation in graphene
from Coulomb scattering �impact ionization� via the CVCC and the
VVCV processes is shown. The two processes shown are mirror
images of each other. In addition, the generation processes shown
are the reverse of the recombination processes shown in Fig. 1.

FARHAN RANA PHYSICAL REVIEW B 76, 155431 �2007�

155431-2



Md�k1,k2,Q� =
e2

2
���Q� + QTF�
�u+1,k1+Q�u+1,k1

�

��u−1,k2−Q�u+1,k2
� , �11�

Me�k1,k2,Q� =
e2

2
���Q + k1 − k2� + QTF�
�u+1,k1+Q�u+1,k2

�

��u−1,k2−Q�u+1,k1
� . �12�

Here, e is the electron charge, QTF is the Thomas-Fermi
wave vector,18 and 
� is the average of the dielectric con-
stants of the media on both sides of the graphene layer. The
relative directions for the vectors k1, k2, and Q allowed by
energy conservation results in the values of all the overlap
integrals in Eqs. �11� and �12� to equal unity. Assuming
screening by both electrons and holes, the expression for the
Thomas-Fermi wave vector in graphene is18

QTF =
e2KT

�
��2v2 log��eEf+1/KT + 1��e−Ef−1/KT + 1�	 , �13�

where Ef+1 and Ef−1 are the Fermi levels for the conduction
and valence electrons, respectively. After integrating out the
delta function, the six-dimensional integral in Eq. �9� can be
reduced to the following three-dimensional integral:

RCCCV�n,p� =
1

�2v



0

� dk1

2�



0

� dk2

2�



k2

� dQ

2�
�M�k1,k2,Q��2

���k1 + Q��Q − k2�k1k2�1 − f−1�Q − k2�	

��1 − f+1�k1 + Q�	f+1�k1�f+1�k2� . �14�

The above equation is the main result of this paper. The total
Auger recombination rate R�n , p� is the sum of the rates of
the CCCV and CVVV processes,

R�n,p� = RCCCV�n,p� + RCVVV�n,p� . �15�

The average electron-hole recombination time �r due to Cou-
lomb scattering is defined as

1

�r
=

R�n,p�
min�n,p�

, �16�

where the smaller carrier density appears in the denominator
on the right hand side. �r can also be interpreted as the mi-
nority carrier lifetime in situations where the electron and
hole densities are very different �see the discussion below�.
Using the result in Eq. �14�, the generation rate GCVCC�n , p�
due to CVCC process can be written as

GCVCC�n,p� =
1

�2v



0

� dk1

2�



0

� dk2

2�



k2

� dQ

2�
�M�k1,k2,Q��2

���k1 + Q��Q − k2�k1k2�1 − f+1�k1�	

��1 − f+1�k�2��	f−1�Q − k2�f+1�Q + k1� .

�17�

The total generation rate G�n , p� is the sum of the rates of the
CVCC and VVCV processes,

G�n,p� = GCVCC�n,p� + GVVCV�n,p� . �18�

The average electron-hole generation time �g due to Cou-
lomb scattering is defined as

1

�g
=

G�n,p�
min�n,p�

. �19�

III. RESULTS

Figure 3 shows the total generation and recombination
rates plotted as a function of the electron and hole densities,
which are assumed to be equal, for different temperatures
�T=10, 77, and 300 K�. The value of 
� used in simulations
is 10
0 assuming aluminum oxide on both sides of the
graphene layer.9 Figure 4 shows the corresponding genera-
tion and recombination times. For any temperature, the gen-
eration and recombination rate curves cross at the point
where the electron and hole densities have their thermal
equilibrium values. Just like in two-dimensional semicon-
ductor quantum wells, the temperature dependence of Cou-
lomb scattering is a sensitive function of the electron and
hole densities as well as temperature.14 At higher tempera-
tures the probability of finding energetic electrons and holes
is larger and therefore the generation rate increases with tem-
perature. For small electron-hole densities, increase in tem-
perature spreads the carrier distributions to higher energies
where Auger recombination is less efficient and therefore the
recombination rate decreases. But for large electron-hole
densities, the electrons and holes near the band edges can
recombine only if the final scattering states are unoccupied.
An increase in temperature generates more unoccupied
states. As a result of the above two factors, the recombina-
tion rates at large electron-hole densities are less sensitive to
temperature.

Figure 4 shows that for electron-hole densities smaller
than 1012 cm−2 the recombination time is longer than 1 ps at
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FIG. 3. �Color online� Electron-hole generation �dashed� and
recombination �solid� rates are plotted as a function of the electron
and hole densities �assumed to be equal� for different temperatures.
The different curves correspond to temperatures T=10, 77, and
300 K. The assumed values of v and 
� are 108 cm/s and 10
0,
respectively.
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all temperatures, and for electron-hole densities smaller than
1011 cm−2 the recombination time is longer than 5 ps at all
temperatures. Charge screening and Coulomb scattering in
two-dimensional electron systems has been shown to depend
on the dielectric constant of the surrounding media.10 A
larger dielectric constant of the surrounding media can better
screen Coulomb potential and reduce scattering rates.10 Fig-
ure 5 shows the generation and recombination times for 
�

=4
0 assuming silicon dioxide on both sides of the graphene
layer. Clearly, the Coulomb scattering rates depend on the
dielectric surrounding the graphene layer and are enhanced
for smaller dielectric constant media on either side of the
graphene layer. The effect of the surrounding dielectric on

the generation and recombination times is more pronounced
at small electron-hole densities when carrier screening of the
Coulomb interaction is less effective.

Figure 6 shows the individual contributions, RCCCV and
RCVVV of the CCCV and CVVV processes, respectively, to the
total Auger recombination rate R, and the contributions
GCVCC and GVVCV of the CVCC and VVCV processes, re-
spectively, to the total generation rate G. The electron den-
sity is varied and the hole density is fixed at 1012 cm−2. T
=300 K and 
�=10
0. The thermal equilibrium value of the
electron density, corresponding to the hole density of
1012 cm−2, is 1.5�109 cm−2. For electron densities much
smaller than the hole density the CVVV process dominates
recombination, and the recombination rate varies approxi-
mately linearly with the electron density. For electron densi-
ties much larger than the hole density the CCCV process
dominates recombination. When electron and hole densities
are equal then, as explained earlier, RCCCV=RCVVV. For elec-
tron densities much smaller than the hole density the VVCV
process dominates generation and the generation rate is al-
most independent of the electron density. For electron densi-
ties much larger than the hole density the CVCC process
dominates generation. For equal electron and hole densities,
GCVCC=GVVCV.

For device applications, it is also interesting to look at the
minority carrier generation-recombination rates in situations
where the electron �or the hole� density is much smaller than
the hole �or the electron� density. This is the case, for ex-
ample, in a forward biased pn junction.13 Figure 6 and the
discussion above show that the minority carrier generation
and recombination rates can be written approximately as fol-
lows:

R − G =
n − n0

�r
, �20�

where we have assumed that the electrons are the minority
carriers and holes are the majority carriers. n0 is the thermal
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FIG. 4. �Color online� Electron-hole generation �dashed� and
recombination �solid� times are plotted as a function of the electron
and hole densities �assumed to be equal� for different temperatures.
The different curves correspond to temperatures T=10, 77, and
300 K. The assumed values of v and 
� are 108 cm/s and 10
0,
respectively.
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FIG. 5. �Color online� Electron-hole generation �dashed� and
recombination �solid� times are plotted as a function of the electron
and hole densities �assumed to be equal� for different temperatures.
The different curves correspond to temperatures T=10, 77, and
300 K. The assumed values of v and 
� are 108 cm/s and 4
0,
respectively.
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FIG. 6. �Color online� Electron-hole generation �dashed� and
recombination �solid� rates are plotted for different electron densi-
ties. The hole density is fixed and equals 1012 cm−2. T=300 K. The
contributions GCVCC and GVVCV to the total generation rate, G, and
the contributions RCCCV and RCVVV to the total recombination rate,
R, are also plotted.
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equilibrium electron density and �r is the minority carrier
�electron� lifetime. The minority carrier lifetime is indepen-
dent of the minority carrier density but depends on the ma-
jority carrier density and the temperature. From Fig. 6, the
minority carrier lifetime for a majority carrier density of
1012 cm−2 is approximately 1.1 ps at T=300 K. Figure 7
shows the minority carrier �electron� lifetime as a function of
the majority carrier �hole� density for a different tempera-
tures �T=10, 77, and 300 K�. 
�=10
0.

It is interesting to compare the Auger recombination rates
in graphene discussed above to the Auger recombination
rates in other direct gap semiconductors. In III-V semicon-
ductor quantum wells, such as GaAs, InGaAs, and InGaAsP
that have band gaps in the near-IR wavelength range, the
calculated and measured Auger recombination times range
from 500 ps to 50 ns for electron-hole densities �assumed to
be equal� in the 1011–1012 cm−2 range.14,19 For smaller band-
gap bulk HgCdTe materials �band gaps in the 5 
m wave-
length range�, the Auger recombination times are shorter and
in the 50 ps–1 ns range for electron-hole densities �assumed
to be equal� in the 1017–1018 cm−3 range.20 Auger rates also
change significantly when band-gap dispersion is modified
through strain or quantum confinement in III-V semiconduc-
tor nanostructures.14 The results in this paper show that Au-
ger recombination rates in zero band-gap graphene are gen-
erally faster than in most other common semiconductors.

IV. CONCLUSION

In conclusion, we have calculated electron-hole genera-
tion and recombination rates due to Coulomb scattering in
graphene. Our results show that electron-hole recombination
times in graphene can be much longer than 1 ps at all tem-
peratures for electron-hole densities smaller than 1012 cm−2.

ACKNOWLEDGMENTS

The author would like to acknowledge helpful discussions
with Edwin Kan and Sandip Tiwari.

*fr37@cornell.edu
1 R. Saito, G. Dresselhaus, and M. S. Dresselhaus, Physical Prop-

erties of Carbon Nanotubes �Imperial College Press, London,
1999�.

2 X. F. Wang and T. Chakraborty, Phys. Rev. B 75, 033408 �2007�.
3 V. Ryzhii, M. Ryzhii, and T. Otsuji, J. Appl. Phys. 101, 024509

�2007�.
4 K. S. Novoselov, A. K. Geim, S. V. Morozov, D. Jiang, M. I.

Katsnelson, I. V. Grigorieva, S. V. Dubonos, and A. A. Firsov,
Nature �London� 438, 197 �2005�.

5 K. S. Novoselov, A. K. Geim, S. V. Morozov, D. Jiang, Y. Zhang,
S. V. Dubonos, I. V. Grigorieva, and A. A. Firsov, Science 306,
666 �2004�.

6 Y. Zhang, Y.-W. Tan, H. L. Stormer, and P. Kim, Nature �London�
438, 201 �2005�.

7 C. Berger, Z. Song, X. Li, X. Wu, N. Brown, C. Naud, D. Mayou,
T. Li, J. Hass, A. N. Marchenkov, E. H. Conrad, P. N. First, and
W. A. de Heer, Science 312, 1191 �2006�.

8 G. Liang, N. Neophytou, D. E. Nikonov, and M. S. Lundstrom,
IEEE Trans. Electron Devices 54, 657 �2007�.

9 J. R. Williams, L. DiCarlo, and C. M. Marcus, Science 317, 638

�2007�.
10 D. Jena and A. Konar, Phys. Rev. Lett. 98, 136805 �2007�.
11 F. Rana and F. R. Ahmad, arXiv:0704.0607 �unpublished�.
12 V. Ryzhii, M. Ryzhii, and T. Otsuji, J. Appl. Phys. 101, 083114

�2007�.
13 R. F. Pierret, Semiconductor Device Fundamentals �Prentice-Hall,

New York, 1995�.
14 P. Harrison, Quantum Wells, Wires and Dots �Wiley, New York,

2005�.
15 T. Ando, J. Phys. Soc. Jpn. 75, 124701 �2006�.
16 J. Singh, Electronic and Optoelectronic Properties of Semicon-

ductor Structures �Cambridge University Press, Cambridge,
2003�.

17 A. L. Fetter and J. D. Walecka, Quantum Theory of Many-
Particle Systems �Dover, New York, 2003�.

18 E. H. Hwang and S. Das Darma, Phys. Rev. B 75, 205418 �2007�.
19 L. A. Coldren and S. W. Corzine, Diode Lasers and Photonic

Integrated Circuits �Wiley, New York, 1995�.
20 Y. Jiang, M. C. Teich, and W. I. Wang, J. Appl. Phys. 69 6869

�1991�.

10
10

10
11

10
12

10
−1

10
0

10
1

10
2

10
3

Majority Carrier Density (cm−2)

M
in

o
ri

ty
C

ar
ri

er
L

if
et

im
e

(p
s)

ε∞ = 10 ε
o

T = 77K

T = 10K

T = 300K
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