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A variety of different graphene plasmonic structures and devices have been proposed and
demonstrated experimentally. Plasmon modes in graphene microstructures interact strongly via the
depolarization fields. An accurate quantitative description of the coupling between plasmon modes
is required for designing and understanding complex plasmonic devices. Drawing inspiration from
microphotonics, we present a coupled-mode theory for graphene plasmonics, in which the plasmon
eigenmodes of a coupled system are expressed in terms of the plasmon eigenmodes of its
uncoupled sub-systems. The coupled-mode theory enables accurate computation of the coupling
between the plasmon modes and of the resulting dynamics. We compare theory with experiments
performed on the plasmon modes in coupled arrays of graphene strips. In experiments, we tune the
coupling by changing the spacing between the graphene strips in the array. Our results show that
the coupling parameters obtained from the coupled-mode theory and the plasmon frequency
changes resulting from this coupling agree very well with experiments. The work presented here
provides a framework for designing and understanding coupled graphene plasmonic structures.
© 2014 AIP Publishing LLC. [http://dx.doi.org/10.1063/1.4897442]

Graphene, a single layer of carbon atoms arranged in hon-
eycomb lattice, has emerged as an important material for plas-
monics.'™'® The high carrier mobility and the widely tunable
conductivity in graphene together with the ability to fabricate
graphene microstructures of different sizes implies that plas-
mons in graphene structures can have high quality factors and
frequencies tunable from a few terahertz (THz) to more than
100 THz. Graphene plasmonic structures have the potential to
form building blocks for terahertz/infrared (THz/IR) devices
such as detectors, emitters, oscillators, switches, filters, and
sensors. Several theoretical works have explored techniques to
compute the modes in individual as well as in arrays of gra-
phene plasmon resonators.''™'® In order to realize the full
potential of graphene plasmonics, and develop the ability to
combine several graphene plasmonic resonators and engineer
complex device structures, suitable techniques are needed
model the interactions between plasmonic resonators in sim-
ple, yet effective and accurate, ways. In the field of micropho-
tonics, the equivalent role is played by coupled-mode
theories.'”'® In coupled-mode theories, the field of a coupled
system is expanded in terms of the fields of the eigenmodes of
its uncoupled sub-systems.'”'® Accurate computation of the
coupling parameters and the response of the coupled system
without detailed first-principles electromagnetic simulations
are few of the main benefits of coupled-mode theories.
Coupled-mode theories have proven to be extremely effective
tools in designing and understanding complex optical inte-
grated structures.'® In the field of graphene plasmonics, com-
plex devices incorporating several coupled plasmonic
resonators have been proposed and demonstrated for various
applications.”***>* In this paper, we present a coupled-mode
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theory for graphene plasmonic structures. We show that the
coupling parameters that describe the interaction between the
plasmon modes of different resonators can be calculated accu-
rately from the plasmon eigenmodes. We also present experi-
mental results for the interactions among graphene plasmon
modes in coupled plasmonic strip structures, in which the cou-
plings are tuned by varying the spacing between the strips,
and compare the measurements with the theory in a quantita-
tive way. We show that the results from the coupled-mode
theory agree well with the experimental data as well as
with electrodynamic simulations using finite-difference time-
domain (FDTD) technique.

Consider a system of coupled plasmonic resonators, as
shown in Fig. 1. Suppose the current density of the a-th plas-
mon eigenmode of the n-th resonator is K Z Previously, the
authors have shown that if retardation effects are ignored
then K z satisfies the eigenvalue equation'®

ol7) [erfe—r)- R0 = (@R,
ATEyyT

The tensor f (7 — ') equals VV+|F — 7| ", w? is the plas-
mon frequency, €,,, is the average dielectric constant of the
media on both sides of the graphene layers, ¢ is the DC con-
ductivity of graphene, and 7 is the Drude scattering time.
The plasmon current density K of the coupled system satis-
fies the Drude equation

PK 10K 60 = "

Here, E ext 18 the external driving field and E 4 1s the depolari-
zation field that results from the plasmon charge densities of

all resonators
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FIG. 1. (a) The plasmon mode of a single resonator is depicted along with
the depolarization field Ed and the driving field EFX,. (b) The coupled plas-
mon mode of three resonators is shown. The coupling of the resonators
results in the depolarization field of one resonator exciting the plasmon
mode of another resonator.

&EFFF-7) K1), (3)

We expand K in terms of the plasmon current density
eigenmodes of different resonators, K = 3, a’(1)K Z The
plasmon eigenmodes are orthogonal in the sense, fdzf'le Z (F)

I?rpn(F) 1/6(F) o dumdyp, and if they are normalized such

that the proportionality sign is an equality, then |aﬁ,‘(z‘)|2

equals the energy in the plasmon eigenmode. Using the
orthogonality of the plasmon eigenmodes, one obtains the
coupled-mode equation
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The dimensionless and symmetric mode coupling parame-
ters, A can be expressed as

nm?>

of
afp Cnm (5)

nm *—C%C%jﬂ,
where

b = szfjdzf“fj(F) FE=F) KL, ©)
The coupling parameters in Eq. (5) determine the interac-

tions between the plasmon modes and their symmetry with
respect to the coupled modes is required for energy
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conservation. If the charge density associated with the plas-
mon mode is p*(F) o« V - K, (F), then the coupling parame-
ter has a simple interpretation as the ratio of the cross-
Coulomb energy to the self-Coulomb energy of the interact-
ing plasmon modes. Although the form of Eq. (4), describing
a set of coupled oscillators, is hardly surprising, it provides
an accurate and systematic way to compute couplings
between plasmon modes. Equation (4) shows that dark
modes, for which the last term on the right hand side is zero,
can get excited as a result of plasmon mode coupling.?®**
Changes in the mode shape as a result of mode coupling'® is
also captured in Eq. (4) and results from the non-resonant
excitation of higher order plasmon modes. We now present
experimental results that verify the validity and accuracy of
Egs. (4) and (5).

Plasmonic structures studied in our experiments are
shown in Fig. 2 and consist of arrays of graphene strips of
width W=1 um and varying spacing, §.1216 The spacing is
varied to change the coupling strength among the plasmon
modes of neighbouring strips and the resulting frequency
shifts are measured experimentally. Two different graphene
samples were used in the experiments; sample (a), grown by
chemical vapor deposition (CVD) on copper at Cornell, and
sample (b), obtained from graphene and also grown by CVD
on copper. Graphene was transferred onto high resistivity
double-side polished silicon wafers (resistivity > 10kQ-cm)
with ~90 nm of thermally grown silicon dioxide.”” Graphene
strip arrays were patterned using lithography, etched using
oxygen plasma, and then chemically doped by dipping the
samples in nitric acid.”® Measurements of plasmon resonance
frequencies were carried out using a Fourier Transform
Infrared Spectrometer (FTIR). Fig. 3 shows some typical
transmission spectra of arrays with different strip spacing for
incident light polarized perpendicular to the strips. A
damped harmonic oscillator model was used to fit the trans-

mission spectra and extract the plasmon frequency'*'°
Tsample(w) 7’]an i(l)/‘L' -2
Te(w) T . @
Tref(w) 1+ ngp 0* — CU% + l(l)/‘E

Here, 1, is the free-space impedance, f'is the fill factor of the
strip array, ¢ is the dc conductivity of graphene, ng,, is the
dielectric constant of the silicon substrate, 7 is the plasmon
damping time, and ), is the plasmon frequency. The trans-
mission spectra show plasmon resonances'*'® whose fre-
quencies decrease with the decrease in strip spacing.
Although plasmon frequency redshifts as a result of interac-
tions has been observed in graphene plasmon resonators

FIG. 2. (a) Schematics of the sample
(not to scale) showing six square
regions of graphene strips with varying
strip spacing and two silicon dioxide
reference regions. The dark gray areas

correspond to silicon dioxide and the
light gray areas are graphene. (b) A
cross section (not to scale) of an array
of graphene strips with electric field
lines corresponding to the lowest plas-
mon mode of the coupled system.
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FIG. 3. (Asterisks) Measured relative transmission for incident radiation
polarized perpendicular to the graphene strip array (sample (b)). Strip width
W is 1 um wide and strip spacings S are 0.5, 0.75, 1, 2, and 3 um. A bare
SiO,/Si substrate was used as reference. (Dashed lines) Fits to the measured
data using a damped harmonic oscillator model in Eq. (7).

previously,>'¢ the goal of this paper is to study plasmon
mode interactions in a quantitative way. We assume a uni-
form driving field of frequency w, Eeq = Epe ™, and
expand the plasmon current density of the coupled system in
terms of just the lowest plasmon modes (oc =0) of frequency
@ of individual strips, K = >, ale il and obtain the
following coupled-mode equation

(o7 =12 ) ) = (0 5 [ et + )

j=12

n’

= —iw Jd%ffj(?) -E, (8)

Ag? and Agg are the first and second nearest neighbour
coupling parameters, respectively. A solution can be obtained
for an infinite array by assuming that a° o e*(S+W) “and for

the lowest plasmon mode of the coupled array (k=0) one

obtains the resonance frequency w, = w®y/1 — 2A8(1) — 2A8(2)

Note that w, JJo" depends only on the geometrical ratio S/W. In
calculatlons, first the lowest plasmon eigenmode of a single
graphene strip was obtained by solving the eigenvalue equa-
tion (Eq. (1)) using a 1D mesh with 1000 points in the micron
wide graphene strip and then the coupling parameters were
computed using Eq. (6). FDTD was also used to obtain the
plasmon frequencies of the coupled arrays using a non-
uniform 2D mesh with 300 points in the graphene strip and
using an 10 element array (number of mesh points used was
determined by the available computing power).'® Fig. 4 shows
the measured and calculated plasmon frequency w,(S) of the
lowest mode of a coupled strip array, normalized to a plasmon
frequency of a single strip "= ,(S=00), as a function of
the ratio of the strip spacing to strip width (S/W). The effects
of including only the first nearest neighbour coupling, and the
first and second nearest neighbour couplings are also shown.
The error bars indicate the accuracy with which the frequency
could be measured in experiments given the signal to noise
ratios. The error becomes large for spacings larger than 3 um
due to smaller fill factors. The remaining noise visible in the
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FIG. 4. The measured (circles and squares) and calculated plasmon frequen-
cies w,(S) of the lowest mode of a coupled strip array, normalized to a plas-
mon frequency of a single strip "= wp(S = 00), are plotted as a function of
the strip-spacing to strip-width ratio (S/W). The calculations used coupled-
mode theories (CMT) with only first nearest neighbour (NN) coupling (solid
line), first and second nearest neighbour coupling (dashed line), and FDTD
(solid line with circles).

data (not represented by the error bars) is due to 10%—15%
spatial variation in the doping in the samples which results in
2%-3% variation in the plasmon frequency. Within these
error margins, the agreement between the coupled-mode
theory and the experimental data appears to be very good. The
reduction in the plasmon frequency of the coupled array
observed in experiments due to interactions as the spacing
between the strips is decreased is reproduced very accurately
by the coupled-mode approach for all values of the ratio S/W
used in our experiments. Most measured data points fall
within the margins defined by the first and second nearest
neighbour coupling approximations. The slight discrepancy
between the FDTD results and the coupled-mode theory
results is attributed to two different facts: (a) the 2D FDTD
mesh used was not as fine as the 1D mesh used in the
coupled-mode theory, and (b) the FDTD used a ten element
array to simulate an infinite array because of limited computa-
tional resources. The mesh needs to be fine enough to resolve
the plasmon charge density piled up at the edges of the gra-
phene strips (for a strip centered at the origin with its width
along the x-axis, the charge density varies with distance

(0.5W)* — x2 (Ref. 16)). For a finite

N-element array, coupled-mode theory gives the plasmon fre-
a)o\/l — 2AY) cos(n/N)
(assuming only nearest neighbour coupling) which shows that
N needs to be larger than 10 in order for the FDTD result to
accurately match the result for an infinite array.

Higher order corrections to the plasmon frequency of
the coupled array resulting from interactions can also be
computed using the coupled-mode theory. The second
(«=1) plasmonic mode of each strip is excited neither by
the incident field nor by coupling among the strips because it
does not possess parity symmetry. Therefore, the next impor-
tant correction comes from the non-resonant excitation of
the third (¢« =2) plasmonic mode of each strip from the depo-
larizing field of the nearest neighbours. This can also be

approximately as x/

quency of the coupled array as,
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understood as the change in the shape of the plasmon eigen-
mode of each strip as a result of interactions. So not surpris-
ingly, the coupled-mode theory shows that the effect of this
is to modify the value of the nearest neighbour coupling pa-
rameter Ag(l) to
2 (w?)
A o ( Aoz) .
o1 T2 Boi (@) — ()

The correction term, approximately 2.73(A8%)2, becomes
larger for smaller spacings between the strips. For example,
when S/W =1 the correction term is two orders of magnitude
smaller than the second nearest neighbour coupling parame-
ter Ajy. But when S/W=0.1 the correction term is of the
same order of magnitude as Agg. But for all values of S/W in
our devices, the correction term was found to be small and
therefore ignored.

To conclude, in this work, we presented a coupled-mode
theory for describing interactions between plasmon modes in
graphene microstructures. The predictions of the coupled-
mode theory as well as the accuracy with which it enabled
the computation of the mode coupling parameters were
tested in a quantitative way against experimental measure-
ments. The agreement between the experiments and the
theory was found to be very good. The work presented here
provides a tool to understand and design complex graphene
plasmonic structures.
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