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o Unprecedented practical success in hosts of tasks

o Lacking Theory: Macroscopic understanding of Deep Learning
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0 What drives the evolution of internal representations?

0 What are properties of learned representations?

0 How fully trained networks process information?
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I Intriguing empirical results
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? Goal: IB theory mathematical analysis =) better DNN designs
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Det. DNNs with strictly monotone nonlinearities (e.g., tanh or sigmoid)

=) I(X;T-) is independent of the DNN parameters

o I(X;T<) a.s. in nite (continuous X) or constant H(X) (discrete X)

Feature Space (X) Internal Rep. Space (T- = (X))

2196 1.095 o 10-1.0
X Unif(X) T, Unif(T)
jXj = 3000 iT-j = jXj = 3000
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= Real Problem: Mismatch between 1 (X;T-) measurement and model
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[Goldfeld-Berg-Greenewald-Melnyk-Nguyen-Kingsbury-Polyanskiy’18]

o Formally: T- = f«(T- 1)+ Z-, where Z- N (O; Z2lq)

T 4

— 2 5 WRT. +be(k)

S-(K) T-(K)

Z:(k) N(@O; %
=) X A T.is a parametrized channel (by DNN’s parameters)

=) I(X;T-) is a function of weights and biases!
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Noisy DNN: S« , f(T- 1) =) T-=S:+2Z.; Z- N(0; 2l

o Assume: X  Unif(X), where X , fx;gj%, is empirical dataset
=) Mutual Information: 1(X;T-) =h(T-) % P{ll h(T-jX = x;)
o Structure: S-?Z< =» T-=S-+Z< P N

=~ Know the distribution N of Z- (noise injected by design)

=~ Extremely complicated P =) Treat as unknown

~ Easily get i.i.d. samples from P via DNN forward pass
8/20
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Nonparametric Class: Speci ed by DNN architecture (d = T- ‘width”)

Goal: Simple & parallelizable for e cient implementation

a4
Estimator: A(S™; ) , h(Psn N ), where Psn , i Si
i=1

o Plug-in: fiis plug-in est. for the functional T (P) , h(P N )
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= 4
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Structured Estimator - Convergence Rate

Theorem (Goldfeld-Greenewald-Weed-Polyanskiy’19)

Forany =>0; d 1, we have

sup ER(P N) h(Psn N) Cuk n z
P2FSY
d;K

where C g = O .k (c%) for a constant c.

Comments:
o Explicit Expression: Enables concrete error bounds in simulations
o Minimax Rate Optimal: Attains parametric estimation rate O n 2

Proof (initial step): Based on [Polyanskiy-Wu’16]

hP N) h(Psn N) _Wi(P N ;Psn N)

=) Analyze empirical 1-Wasserstein distance under Gaussian convolutions
10/20
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n’(; ;Fq)= 2 (d)d , where ( )>0 is monotonically decreasing in

d
=» O éﬁ rate attained by the plugin estimator is sharp in n and d

Proof (main ideas):

o Relate h(P N ) to Shannon entropy H(Q)
supp(Q) = peak-constrained AWGN capacity achieving codebook Cy

o H(Q) estimation sample complexity Iggdjjcdj [Valiant-Valiant’10]
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Back to Noisy DNNs

[] Simple-to-compute & Parallelizable estimator for 1(X; T-)

[] Statistically minimax rate optimal
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1 OX; T-) Dynamics - lllustrative Minimal Example

Single Neuron Classi cation:
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T
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1 (X; T-) Dynamics - lllustrative Minimal Example

Single Neuron Classi cation:

X—»tanh(wx +h) Swib T

o Input: X Uniff 1; 3g
Xy: 1 » f 3; 1;1g s Xy=1 . f3g

Z N(O; ?
o Mutual Information: 1(X;T) = 1(Sw:p; Sw:p + Z)
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1 (X; T-) Dynamics - lllustrative Minimal Example

Single Neuron Classi cation:

o Input: X Uniff 1; 3g
Xy=1,F 3, 1,19, Xy=1 , f3g

L

X

tanh(wX +b)

o Mutual Information: 1(X;T) = 1(Sw:; Swb + Z)

=)

Heatmap of PDF

SW'b

z

N(; 2?)

1(X;T) is # bits (nats) transmittable over AWGN with symbols
Swib » tanh( 3w++b); tanh( w+b); tanh(w+b); tanh@Gw+b) ¥ f 1g
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Clustering of Representations - Larger Networks

Noisy version of DNN from [Shwartz-Tishby’17]:
o Binary Classi cation: 12-bit input & 12{10{7{5{4{3{2 MLP arch.
o Noise std.: Set to =0:01

o Veri ed in multiple additional experiments
[Goldfeld-Berg-Greenewald-Melnyk-Nguyen-Kingsbury-Polyanskiy’18]

=Y Compression of 1 (X; T-) driven by clustering of representations
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