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—> SMI can increase via processing (violates DPI)

Can be used for feature extraction via SMI maximization
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Theorem (ZG-Greenewald-Reeves’22)

If Pxy has finite 2nd moments & Fisher information J(Pxy) < oo, then

dy +d, _
d:;lyym 2 +d(n),

where C(Pxy) = 213/ [Jr(Pxy)lop (15 lop V [ Sy llop).

E HSI(X;Y) — Sl

} < C(Pxy)
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® No curse of dimensionality: Compare to classic Ml rate n=1/(



Experiments: Independence Testing

Recall: SI(X;Y)=0 <= (X,Y) independent

9/11



Experiments: Independence Testing

Recall: SI(X;Y)=0 <= (X,Y) independent

= Compute SMI & threshold for independence testing

9/11



Experiments: Independence Testing

Recall: SI(X;Y)=0 <= (X,Y) independent

= Compute SMI & threshold for independence testing

Figure: Area under the ROC curve

08

0.7

0.6

10* 107 10°
(a) Y encodes a single feature.  (b) Y encodes two features.  (c) Low rank common signal.  (d) Independent coordinates.

_ 1T _[i(a20.. 07X + 2, i< g X=PV+Z _
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o Upper bound: SI(AX;AY) <I(X;Y) =1 bit

o Interpretation: A is linear features most useful for label classification

Figure: Feature extraction for MNIST

0.000

Rows 0 and 1 of optimized A (rearranged as MNIST image)

— SI(A*X; A*Y") = 0.68 (compare to 0.0752 for random A)

10/11



Summary

Sliced mutual information: Avg. scalar Ml terms btw. 1D projections

11/11



Summary

Sliced mutual information: Avg. scalar Ml terms btw. 1D projections

@ Structure: Preserves many properties of classic Ml

11/11



Summary

Sliced mutual information: Avg. scalar Ml terms btw. 1D projections

@ Structure: Preserves many properties of classic Ml

o Processing: Violates DPI and can increase from processing (useful?)

11/11



Summary

Sliced mutual information: Avg. scalar Ml terms btw. 1D projections

@ Structure: Preserves many properties of classic Ml
o Processing: Violates DPI and can increase from processing (useful?)

o Estimation: Efficiently computable & fast to estimate

11/11



Summary

Sliced mutual information: Avg. scalar Ml terms btw. 1D projections
@ Structure: Preserves many properties of classic Ml

o Processing: Violates DPI and can increase from processing (useful?)
o Estimation: Efficiently computable & fast to estimate

o Applications: Independence testing & feature extraction

11/11



Summary

Sliced mutual information: Avg. scalar Ml terms btw. 1D projections
@ Structure: Preserves many properties of classic Ml

o Processing: Violates DPI and can increase from processing (useful?)
o Estimation: Efficiently computable & fast to estimate

o Applications: Independence testing & feature extraction

Future directions: Theoretical and applied

11/11



Summary

Sliced mutual information: Avg. scalar Ml terms btw. 1D projections
@ Structure: Preserves many properties of classic Ml

o Processing: Violates DPI and can increase from processing (useful?)
o Estimation: Efficiently computable & fast to estimate

o Applications: Independence testing & feature extraction

Future directions: Theoretical and applied

o Extensions to k-dimensional projections

11/11



Summary

Sliced mutual information: Avg. scalar Ml terms btw. 1D projections
@ Structure: Preserves many properties of classic Ml

o Processing: Violates DPI and can increase from processing (useful?)
o Estimation: Efficiently computable & fast to estimate

o Applications: Independence testing & feature extraction

Future directions: Theoretical and applied

o Extensions to k-dimensional projections

@ Decomposition to Gaussian SMI plus residual (negligible?)

11/11



Summary

Sliced mutual information: Avg. scalar Ml terms btw. 1D projections

@ Structure: Preserves many properties of classic Ml
o Processing: Violates DPI and can increase from processing (useful?)
o Estimation: Efficiently computable & fast to estimate

o Applications: Independence testing & feature extraction

Future directions: Theoretical and applied

o Extensions to k-dimensional projections
@ Decomposition to Gaussian SMI plus residual (negligible?)

@ Applications to more complex learning tasks (InfoGAN, InfoMAX, ...)

11/11



Summary

Sliced mutual information: Avg. scalar Ml terms btw. 1D projections

@ Structure: Preserves many properties of classic Ml
o Processing: Violates DPI and can increase from processing (useful?)
o Estimation: Efficiently computable & fast to estimate

o Applications: Independence testing & feature extraction

Future directions: Theoretical and applied

o Extensions to k-dimensional projections
@ Decomposition to Gaussian SMI plus residual (negligible?)
@ Applications to more complex learning tasks (InfoGAN, InfoMAX, ...)

Thank you!
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Mutual Information: Applications

Information Theory: Emerges as solution to operation problems

@ Noisy communication: Channel capacity C(Py|x) = nl}_)axl(X;Y)
X

lim P(M # M) =0

n—-oo

o Compression: Rate-distortion R(D, Px) = min  I(X;X)
Py x: E[d(X,X)]<D

@ More: Distribution simulation, privacy & security, common info...

Statistics: Ind. testing, impossibility results, dependence quantification...

Machine Learning: Hosts of modern applications
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Representation learning: InfoMax principle

o Data: X ~ Py € P(RY)
o Encoder: ¢y : R - R™, m < d
o Objective: supycg l(eg(X); X)

Q DIM [Hjelm et al’18]: Parameterized DV lower bound
Q CPC [Oord et al’19]: Contrastive Linfonce lower bound

Generative modeling : Disentangled latent space

o Goal: Learn gy(Z) ~ Qg that mimics X ~ Px

@ GAN: mingce maxgycao Lcan (9o, dg)
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Mutual Information in Machine Learning

M x M feature map Score

/

Representation learning: InfoMax principle IBESE “Real
|RaE " — —m

(*] Data: X ~ PX c P(Rd) f,ﬁ Feature vector

~ Discriminator
o Encoder: ¢y : R - R™ m < d ) \
4 I T “Fake”

o Objective: supycg l(eg(X); X) | =

O DIM [Hjelm et al’18]: Parameterized DV lower bound
Q CPC [Oord et al’19]: Contrastive Linfonce lower bound

Generative modeling : Disentangled latent space

o Goal: Learn gy(Z) ~ Qg that mimics X ~ Px

o GAN: mingco maXgseo LGAN (gg, d¢)
o InfoGAN [Chen et al.'16], [Belghazi et al.18]:




Sliced InfoGAN: MNIST Results

Sliced InfoGAN (SMI)

Regular InfoGAN (M)

VML MP I~
WY DT N~ oD ¢~
O i) ™ — %~
WveEmet+F~aon
NWNTFTHET~N0Q N
S IOEMNMT R~
MW Jg s —0Q M+
SWLAMYITNIQ ™
PV Y >~%AVN
NLRNOOTT—-N®

- Qb Tt
MV FSTo r~n
NMOQ T h NS
~ MV T Y ANX
~m-~9o Qo %IV NY
NS QoxrhNd
—e Q02T VNG
~m8 QO o~ B> &0y
~MOW QoI+~

Cy € [—2,2] (rotation), C5 € [—2,2] (width)

Codes: Cy € [0: 9] (digits),
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Mutual Information Estimation

In practice: Don't have Pxy but samples (X;,Y;)" Pxy

A

o Estimation: (X", Y™) via k-NN, KDE, etc.

— Can we approximate |(X;Y) ~ (X", Y™)?

Main challenge: Estimation in high dim. is infeasible

o Sample complexity: n*(e,d) =< ¢~ (under regularity)
> Holder smooth [Jiao-Gao-Han'18]

> (Gen.) Lipschitz smooth [Han-Jiao-Weissman-Wu'20]

o Formal limitations: n*(e,d) 2 exp (I(X;Y")) [McAllester-Stratos'20]

® Goal: Scalable Ml surrogate that preserves its structure
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Sliced Mutual Information & Processing (Cont.)

Proposition (ZG-Greenewald’21)

Extracting maximum-SMI linear feature:

sup  SI(AzX + b5 AY + b)) =supl(0TX;4TY).
Az,Ay,bwaby 07¢

Also, if (0, ¢4) € argmax |(0TX; ¢TY), then [A;]lz =07, [A;]L = ¢l.
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Extensions: Similar results for
o Rank-constrained matrices

@ Shallow NNs

@ Analysis extends to other non-linear settings
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Figure: Empirical convergence rates
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