Gromov-Wasserstein Distances:
Statistical & Computational Advancements via Duality Theory

Ziv Goldfeld

Cornell University

2023 North American School of Information Theory



Primer:
Optimal Transport Theory



Why Optimal Transport?

Broad interest: Pure math, applied math, economics,
comp. biology, machine learning...

Rich history:

Kantorovich  Koopmans Dantzig Caffarelli Otto Villani

Nobel ‘75 NMosS ‘75 Abel ‘23 Liebniz ‘06 Fields ‘10 Fields ‘18

Has a bit of everything: Theory, statistics, algorithms, applications
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Optimal Transport

V=Tsu
(T(X) ~ Tap)

u

Distributions: 1, v € P(R?)
Cost: c: R% x R? - [0, )

Transport map: T:RY - R s.t. Ty =v

OT problem (Monge 1781): M_(u,v) = - %ﬂ};:v f]Rd c(2x, T(x))du(x) A@

© {T:T.u = v} may be empty, not closed, non-linear problem, ... + 3

X
Coupling: (1, v) = {r € P(R x R%): 7(- x R?) = p, (R4 X -) = v}

Optimal Transport (Kantorovich ‘42) T

me(,v)

L
OT,.(i,v) == inf f c(x,y)dm(x,y) -
RAxR4

A
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The Wasserstein Distance

Construction: Kantorovich OT with distance cost (or power thereof) c(x,y) = ||x — y||P

p-Wasserstein Distance

; _ 1/p
Forp € [1,00) and 1, v € P, (R?*): W, (1, v) = ne}]rgw) (fleded”x — yl|Pdr(x, y))

Wasserstein space: I3, = (Pp (]Rd),Wp) metric spac

Wasserstein geometry:

* Euclidean geometry

* Geodesic curves (shortest paths)
* Barycenters (averages)

* Gradient flows




The Wasserstein Metric: Difficulties

e . 1/p
Wy v) = inf (fpaxgallx = yIPdn(x, 7))

Statistical: Data ——> f[i,, = 12?=1 Ox, & Vp = %Z}Ll oy, —> Wr(u,v) = W, ({in, Vp)?

n

Theorem (Dudley 69, Boissard-Le Gouic '14, Fournier-Guillin ’14,...)

For u,v € Pp(Rd) and d > 2p: IE[|Wp(,u, v) — W, (fy, ﬁn)” =n d
© Tooslow ford > 1

Computational: Kantorovich OTis LP ———> Network flow solvers 0(n3 logn)

O Infeasible for large scale problems
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Entropic Optimal Transport

Entropic Optimal Transport

Fore > 0: EOT..(u,v) == inf E_ [c(X,Y)]— €eH(m)

mell(u,v)

* Entropic penalty: Encourage randomness of 1

Larger €
* Approximation error: |EOTE,C(,u, v) — 0T, (4, v)| < elog(1/e)

[Peyré-Cuturi '19]

———> Strongly convex optimization problem with a unique and smooth solution
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Entropic Optimal Transport: Estimation

: . 1 N1 A
Setting: [, = ;Z}Ll Ox, & Vp ==Xit16y, ——> EOT..(u,v) = EOT(fiy, 0,)°?

n

P +Py)—c(xy)
Duality: EOT, . (u,v) = sup [odu+ [Ydv —¢€ (f e e du @ v — 1)
(@ P)eL (u)XL1(v) \ /

=0 for:)rptima/ (@, )
Empirical convergence analysis: Standard technique
1. Regularity of EOT potentials: (¢,) € F, X G, for Holder classes of arbitrary smoothness

2. Suprema of emp. process: Decompose

sup [Ey[g] =3 2o ()| | + E|

E[|EOT, (1, v) — EOTe o (fln, ¥)|] < E [
PEFs

sup |E, [¥] — S, 9(¥)
PEGs

/_\A <
Bound Dudley entropy integral of F; and G (Holder) with s = [%\ + 1 - 1/\/ﬁ

|
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Entropic Optimal Transport: Computation

Setting: Compute EOT between discrete measures |1 = %Z?ﬂ Oy, & V= %Z?ﬂ by,

EOT, (1, v) = nerrnl%ﬂv);r, i) — eH(n)
—

Coupling matrix [m]; j = n(xl-,yj) N~ Cost matrix [C]; j = C(xi»yj)
PrOpOS|t|0n (vectorized) (vectorized)

_[C]i,j

Optimal 7 € II(1,v) is unique & '3a, b € RZy s.t 7. = diag(a)Kdiag (b), [K];; =e ¢

a=u/Kb

m; € M(pwv) <— {b _ v/Ka

———> Fixed point (Sinkhorn) algorithm: O(nz) time & highly parallelizable [Cuturi ‘13]
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Gromov-Wasserstein Distance



Heterogeneous & Structured Data

Dataset Matching: Various applications require matching heterogeneous & structured datasets

o O

o O

O
i \_J_“_
( (RN
— | A B c
N &

© Protein
— ewen, RNA
[Solomon-Peyré-Kim-Sra '16]

" Chromatin Gene

B

21 [continvea],
™ % o

Goals: 1. Compare how similar/different two datasets are

2. Obtain matching/alignment
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Gromov-Wasserstein Distance

* Datasets as metric measure spaces
(X; dx,[,l) T A (y’ dy,V)
—> (X, dpyu) & (y,dy,v) » . N C.
@ 00 /’/,/ ______ 9 ®

* Find matching (transport map) 7: X - Y ’ T ) '/dy

——> v ="Tgu (if X~u then T(X) ~ Tuu) R ‘:\f: /\

ay > Y L]
L

* Preserve distances (minimize distance distortion)
q q
——> cost=|dy(x;,x;)" —dy (T(xi)’ T(xj)) ‘

Gromov-Wasserstein Distance (Memoli ‘11)

The (p, q)-GW distance between mm spaces (X, d , 1) and (y, dy,v) is

. _ , , D 1/p
Dpali) = i, (B cimr (1400007 = dy 07
Y )~
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Gromov-Wasserstein Distance

_ , , D 1/p
Opali) = it (B cimer (1450007 = dy T ])
) ~TC

Comments: Relaxation of Gromov-Hausdorff distance between metric spaces (p = o,q = 1)

Finiteness: D,, , (1, v) < o0 Vu,v with dy(x, x")Pldu @ u(x,x’) < oo & resp. forv

fXXX

Identification: D, . (u,v) =0 <——> Jisometry T: X — Y with Tyu = v (invariances)

Metric: Metrizes space of equivalence classes of mm spaces with finite size

p p
Computation: D,, , (% D10y 12?:1 (Syi) =~ min Yij=1 |dx(xi,xj)q - dy()'a(i)»)’a(j))q‘

- ’ _—
i'n n? ges,

®© Quadratic assighment problem (non-convex) [Commander ‘05] ———> NP complete
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Entropic Gromov-Wasserstein Distance

Approach: Variants/reformulations of GW problem for computational tractability
* Sliced GW: Avg/max of GW btw low-dimensional projections [Vayer-Flamary-Tavenard ‘20]
* Unbalanced GW: Relax marginal constraints via f-div. penalty [Séjourne-Vialard-Peyre 23]

* Entropic GW: Add entropic penalty to GW cost [Peyré-Cuturi-Solomon “16]

Entropic Gromov-Wasserstein Distance

S€ (wv) = inf Ergn [|dx(X,X’)q — dy (Y, Y’)q|”] — eH(n)

mell(w,v)

@ Computed via mirror-descent with Sinkhorn iterations

— Convergence to stationary point (asymptotic)

11/21



Entropic Gromov-Wasserstein Theory

Open Questions:
1. Convexity regimesin €?
2. Algorithms with (global) convergence rates?

3. Sample complexity for statistical estimation?

Approach: New duality theory to relate EGW to EOT
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Duality for Entropic GW Distance

Setting: Quadratic cost over Euclidean spaces

» mm-spaces: (R%, ||-||, u) and (R%, ||-||,v) with M,(w) == [llx||*dp(x), My(v) < o

e QuadraticEGW: S_(u,v) = inf )ff|||x —x'|I% = |ly — y'||2|2dn ® m — eH(m)
WU,V

eI(

Decomposition: Assume w.l.0.g. that i, v are centered (invariance to translation); then

Se(u,v) =S;(u,v) + Sz,e(#; V)
where S, (1) = [llx — X'lI*du @ u + [lly — y'lI*dy ® v — 4 [l|xIllylI2du ® v

2
Spe@v) = _inf [ ~4llxlllyl?dn ~ 8 L1cica, (f xiyydn) — eH(m)
1<]<dy

——> Derive a dual form for S, ((u,v)! @
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Duality Theory for Entropic GW Distance

Approach: Linearize quadratic term using auxiliary variables

SZ,E (.Ll, V) —

N

r

IL

Optimality at
a;;(m) = 0.5/ x;y;jdm
and define

= VM, (WM, (V)

Dy . = entry-wise bdd
Wy
d, X d,-sized matrices

| A€Dy,,,,

2
dnf [ —4llxllylldn — 8 1cica, (J xiyydm) — eHGm)

1sj=d,
. . 2 .
Lnf [ —4llxlPllyldr + 32 Zi:,fdx _Miﬁf Mw(ai._ faijxiyjdn) eH(m)

__________ 2V 2 — J_.z

: _ 2 T _
inf 32||A||2 +| . ({w)f(\ 4|x||? ||y|| — 32x Ay)dn eH(n),

|
N ==: CQ\(J(,)/) 1= IZ()TkgcA (11;1/)

Theorem (Zhang-G.-Mroueh-Sriperumbudur ‘23)

Fix e >0, (u,v) € IP4(]RdX) X 1P4(Rdy), and any M > \/Mz (u)M,(v), we have

So.e(U,v) = AiergMBZHA”% + EOTE,CA(.U; V)
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Sample Complexity of Entropic GW

Theorem (Zhang-G.-Mroueh-Sriperumbudur ‘23)

Fix €e > 0andlet (u,v) € SD(IRdx) X SD(IRdy) be 4-sub-Weibull with parameter g > 0. Then

BI1S. (1) — S 9] S, 8 w14 (2] 1

V) — , V > €  — —_

e\U e Un, Vn dx,dy \/ﬁ \/E \/ﬁ
S ?’gte + SZ: rate

centering bias
Comments:

* Optimality: Rate is parametric and hence minimax optimal
* Entropic OT: Rate matches that for EOT (assuming compact support or sub-Gaussianity)

* One-sample: When only u is estimated, rate is similar but with d,, instead of d,. V d,,
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Sample Complexity of Entropic GW: Proof Outline

Decomposition: Split S¢ into S; + S, ¢ and center empirical measures

0.2

[E“Se(.u» V) o Se(ﬁn: 1’)11)” =< [E“Sl(.u: V) o Sl(.an: 1’)n)l] + IE“SZ,E(.U: V) o Sz,e(ﬁn»ﬁn)” + ﬁ

S1 Analysis: Involves only estimation of moments ———> Rate is parametric =< 1/y/n

S, ¢ Analysis: Hinges on dual form + regularity analysis of optimal potentials

1. EOT reduction: |Sz,e(li; V) — Sy (fin, ﬁn)| < AS%p |EOTe,cA(M; v) — EOT ., (fin, ﬁn)| ®
€Dy

2. Dual potentials: VA € Dy, (p4,Y4) € F, X G for HOlder classes of arbitrary smoothness

3. Empirical processes: E[(K)] < E [sgg |(u — ﬁn)cpl] + E [i‘ég |(v — ﬁn)zpll <1/+/n
AN S
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From Stability Analysis to Convexity

Se(u,v) = S1(uw,v) + Argli)rllw{§2IIAII12: + EOTec, (V) }

Y

=:P(A)

Analysis: * Fréchet derivatives D®pa1 and D2y,

* Bound Ay (D2@pa1) < 64 & Apyin(D?®pa) = 32271/ M, () My (v) — 64

Theorem (Rioux-G.-Kato 23)

1. ForM = \/Mz (u)M,(v), all minimizers of ® are in Dy,

2. @ is strictly convex whenever € > 16\/M4(,u)M4(v)

3. ®is L-smooth on Dy, with L < 64V (3226_1\/1\/[4(,[1)1\/[4(1/) — 64)

17/21



First-Order Inexact Oracle Methods

min 32||Al| + EOT, ¢, (1, v)

A€Dy,

First-order methods: Gradient of objective at A € D,, depends on optimal EOT coupling 7

DCD[A] = 64A — 322 ij= —1X

Inexact oracle (Sinkhorn): 74 s.t. ”T[A — ﬁA”oo <o

» Gradient approximation D®, (7# instead of m#)

* First-order method under convexity [d’Aspremont ‘08]

——> Computes EGW cost and (approx.) coupling

TA

YT

Algorithm 1 Fast gradient method with inexact oracle

Fix L = 64 and let aj = k—;l, and 7, = ki-i-‘%
k<0
Ay 0
Go + I)Q)pid
W() — OZOGO
while thppll’lg condltlon is not met do
B + SlgH(Ak — 1Gk) min (% ’Ak — L_l(;k
C, « Ms~1gn( L='W},) min (% |L_1Wk| . 1)
Ak+1 < %Ck + (1 — Tk)Bk
Gri1 < DPpa, )
Wi < Wi+ o 1Grpt
k+—k+1
: return B,

IR O ANl e

= = =
T

1)
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Global Convergence Guarantees (Convex)

: 2
Argzl)I}/IBleAIIF + EOT, ¢, (1, v)

Theorem (Rioux-G.-Kato ‘23)

If ® is convex and L-smooth on D,, with global min B,, then B;, from Algorithm 1 satisfies

2L||B, ||

®(By) — ¢(B,) < &+ Dk +2)

+ 0(M$§)

Comments:
* Optimality: Optimal complexity of 0(1/k2) for smooth constrained opt. [Nesterov ‘03]

* Non-convex regime: Via smooth non-convex opt. with inexact oracle [Ghadimi-Lan “16]

L Adapts to convexity of @ (yields improved rates if convex)
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Numerical Results

Fast Gradient Method Mirror Descent
Convergence Rate [Rioux-G.-Kato ‘23] [Scetbon-Peyré-Cuturi 23]
—==~. 3 ] — d=1 3 | — d=1
100 _ --..___._._..... 10 ? —— d—16 10 ? — d—16 /
h ] d=64 ] d=64 /
10-3 - 102  l d=128 102  l d=128 ./'
i — ow? 1 —- ow?)
i E 10! E E 10! ?
1076 ° . m .
E 10° E E 10° E
1079 H — @(By) — ®(B") : ;
- O(k™2) 107" o 107" g
I| 1 1 LI l[ 1 1 LI L L] ll] ; ;
10V 10t 102 10-2 102
k E E
T I | I I I I T
25 27 29 211 25 27 29 211
N N
Time = iteration X Sinkhorn Time = iteration X cost update
=k x O(N?) =k x O(N?)
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Numerical Results

Fast Gradient Method Mirror Descent
Convergence Rate [Rioux-G.-Kato ‘23] [Scetbon-Peyré-Cuturi 23]
S~ 3 | — d=1 3 ] — d=1
100 - ""--...____ 10 ? — d=16 10 ? — d=16
=~ ] d=64 N d=64
3 102  — d=128 102 § — d=128
1077 1 —- owv® 1 — o
e 3 101 ? @ 10! ?
1076 — ° . m ]
£ 100 4 E 100 o
107° 4 — @(Bx) — ®(B") ; ;
-—- O(k™?) 10-! E| 107! 3
I| 1 1 | L ll 1 1 LI ll] ; ;
10Y 10t 102 102 102
f ] ]
| | | | | | | |
25 27 29 211 25 27 29 211
N N
Time = iteration X Sinkhorn Time = iteration X cost update
=k x O(N?) =k xdxO0(N?)
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Summary

Gromov-Wasserstein Distance: Quantifies discrepancy between mm spaces
* Applications in ML and beyond for heterogeneous data

* Foundational statistical & computational questions open °

Contributions: Duality, empirical rates, and algorithms o

* Dual form that connects to EOT
* First sample complexity result for EGW (quadratic cost over Euclidean spaces)
* First algorithms with convergence rates (global optimality under convexity)

* Duality and empirical rates also derived for non-entropic GW

A] Zhang, Goldfeld, Mroueh, Sriperumbudur, “Gromov-Wasserstein distances: entropic regularization, duality, and sample
complexity”, ArXiv: 2212.12848

[B] Rioux, Goldfeld, Kato, “Entropic Gromov-Wasserstein distances: stability, algorithms, and distributional limits”, ArXiv:

2306.00182
Thank you!
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