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Generative Adversarial Networks
NVIDIA’s ProGAN 2.0 [Karras et al’19]
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Theorem (ZG-Kato’20, Sadhu-ZG-Kato’21)

Under same assumptions:
√

nWσ
1 (µn, µ)

d→ supf∈Lip1(Rd) Gσ
µ(f),

where Gσ
µ is a tight centered Gaussian process in ℓ∞

(
Lip1(Rd)

)
with

E

[

Gσ
µ(f)Gσ

µ(g)
]

= Covµ(f ∗ ϕσ, g ∗ ϕσ), ∀f, g, ∈ Lip1(Rd)

8/17



Limit Distribution Proof Outline

1 KR duality: Let Fσ :=
{
f ∗ ϕσ : f ∈ Lip1(Rd)

}
and write

9/17



Limit Distribution Proof Outline

1 KR duality: Let Fσ :=
{
f ∗ ϕσ : f ∈ Lip1(Rd)

}
and write

Wσ
1 (µ, ν) = sup

f∈Lip1(Rd)

∫

f ∗ ϕσ d(µ − ν) = sup
g∈Fσ

∫

g d(µ − ν)

︸ ︷︷ ︸

IPM wrt Fσ

9/17



Limit Distribution Proof Outline

1 KR duality: Let Fσ :=
{
f ∗ ϕσ : f ∈ Lip1(Rd)

}
and write

Wσ
1 (µ, ν) = sup

f∈Lip1(Rd)

∫

f ∗ ϕσ d(µ − ν) = sup
g∈Fσ

∫

g d(µ − ν)

︸ ︷︷ ︸

IPM wrt Fσ

=⇒ Emp. Wσ
1

:
√

nWσ
1 (µn, µ) =

√
n sup

g∈Fσ

1

n

n∑

i=1

g(Xi) − E[g(X)]

︸ ︷︷ ︸

=:(µn−µ)g

9/17



Limit Distribution Proof Outline

1 KR duality: Let Fσ :=
{
f ∗ ϕσ : f ∈ Lip1(Rd)

}
and write

Wσ
1 (µ, ν) = sup

f∈Lip1(Rd)

∫

f ∗ ϕσ d(µ − ν) = sup
g∈Fσ

∫

g d(µ − ν)

︸ ︷︷ ︸

IPM wrt Fσ

=⇒ Emp. Wσ
1

:
√

nWσ
1 (µn, µ) =

√
n sup

g∈Fσ

1

n

n∑

i=1

g(Xi) − E[g(X)]

︸ ︷︷ ︸

=:(µn−µ)g

⊛⊛⊛ Objective: Gn =
(√

n(µn − µ)g
)

g∈Fσ

w→ GP

9/17



Limit Distribution Proof Outline

1 KR duality: Let Fσ :=
{
f ∗ ϕσ : f ∈ Lip1(Rd)

}
and write

Wσ
1 (µ, ν) = sup

f∈Lip1(Rd)

∫

f ∗ ϕσ d(µ − ν) = sup
g∈Fσ

∫

g d(µ − ν)

︸ ︷︷ ︸

IPM wrt Fσ

=⇒ Emp. Wσ
1

:
√

nWσ
1 (µn, µ) =

√
n sup

g∈Fσ

1

n

n∑

i=1

g(Xi) − E[g(X)]

︸ ︷︷ ︸

=:(µn−µ)g

⊛⊛⊛ Objective: Gn =
(√

n(µn − µ)g
)

g∈Fσ

w→ GP ⇐⇒ Fσ is µ − Donsker

9/17



Limit Distribution Proof Outline

1 KR duality: Let Fσ :=
{
f ∗ ϕσ : f ∈ Lip1(Rd)

}
and write

Wσ
1 (µ, ν) = sup

f∈Lip1(Rd)

∫

f ∗ ϕσ d(µ − ν) = sup
g∈Fσ

∫

g d(µ − ν)

︸ ︷︷ ︸

IPM wrt Fσ

=⇒ Emp. Wσ
1

:
√

nWσ
1 (µn, µ) =

√
n sup

g∈Fσ

1

n

n∑

i=1

g(Xi) − E[g(X)]

︸ ︷︷ ︸

=:(µn−µ)g

⊛⊛⊛ Objective: Gn =
(√

n(µn − µ)g
)

g∈Fσ

w→ GP ⇐⇒ Fσ is µ − Donsker

2 Uniform derivative bound:
∥
∥Dkg

∥
∥

∞
≤ σ−|k|+1

√

(|k| − 1)!, ∀ g ∈ Fσ

9/17



Limit Distribution Proof Outline

1 KR duality: Let Fσ :=
{
f ∗ ϕσ : f ∈ Lip1(Rd)

}
and write

Wσ
1 (µ, ν) = sup

f∈Lip1(Rd)

∫

f ∗ ϕσ d(µ − ν) = sup
g∈Fσ

∫

g d(µ − ν)

︸ ︷︷ ︸

IPM wrt Fσ

=⇒ Emp. Wσ
1

:
√

nWσ
1 (µn, µ) =

√
n sup

g∈Fσ

1

n

n∑

i=1

g(Xi) − E[g(X)]

︸ ︷︷ ︸

=:(µn−µ)g

⊛⊛⊛ Objective: Gn =
(√

n(µn − µ)g
)

g∈Fσ

w→ GP ⇐⇒ Fσ is µ − Donsker

2 Uniform derivative bound:
∥
∥Dkg

∥
∥

∞
≤ σ−|k|+1

√

(|k| − 1)!, ∀ g ∈ Fσ

=⇒ Fσ is µ-Donsker: Gn
w→ Gµ (Gaussian process)

9/17



Limit Distribution Proof Outline

1 KR duality: Let Fσ :=
{
f ∗ ϕσ : f ∈ Lip1(Rd)

}
and write

Wσ
1 (µ, ν) = sup

f∈Lip1(Rd)

∫

f ∗ ϕσ d(µ − ν) = sup
g∈Fσ

∫

g d(µ − ν)

︸ ︷︷ ︸

IPM wrt Fσ

=⇒ Emp. Wσ
1

:
√

nWσ
1 (µn, µ) =

√
n sup

g∈Fσ

1

n

n∑

i=1

g(Xi) − E[g(X)]

︸ ︷︷ ︸

=:(µn−µ)g

⊛⊛⊛ Objective: Gn =
(√

n(µn − µ)g
)

g∈Fσ

w→ GP ⇐⇒ Fσ is µ − Donsker

2 Uniform derivative bound:
∥
∥Dkg

∥
∥

∞
≤ σ−|k|+1

√

(|k| − 1)!, ∀ g ∈ Fσ

=⇒ Fσ is µ-Donsker: Gn
w→ Gµ (Gaussian process)

3 Continuous mapping theorem:
√

nWσ
1 (µn, µ)

d→ sup
g∈Fσ

Gµ(g)

9/17



Smooth p-Wasserstein Distances

Definition (Smooth p-Wasserstein distance)

For σ ≥ 0 and µ, ν ∈ Pp(Rd), define Wσ
p (µ, ν) := Wp(µ ∗ γσ, ν ∗ γσ).

10/17



Smooth p-Wasserstein Distances

Definition (Smooth p-Wasserstein distance)

For σ ≥ 0 and µ, ν ∈ Pp(Rd), define Wσ
p (µ, ν) := Wp(µ ∗ γσ, ν ∗ γσ).

Structure: Everything carries over (metric/topology/stability/regularity)

10/17



Smooth p-Wasserstein Distances

Definition (Smooth p-Wasserstein distance)

For σ ≥ 0 and µ, ν ∈ Pp(Rd), define Wσ
p (µ, ν) := Wp(µ ∗ γσ, ν ∗ γσ).

Structure: Everything carries over (metric/topology/stability/regularity)

Statistical aspects: Fast empirical convergence & limit distributions?

10/17



Smooth p-Wasserstein Distances

Definition (Smooth p-Wasserstein distance)

For σ ≥ 0 and µ, ν ∈ Pp(Rd), define Wσ
p (µ, ν) := Wp(µ ∗ γσ, ν ∗ γσ).

Structure: Everything carries over (metric/topology/stability/regularity)

Statistical aspects: Fast empirical convergence & limit distributions?

Recall: Wσ
1 (µn, µ) = sup

g∈Fσ

(µn − µ)(g) IPM structure key for analysis

10/17



Smooth p-Wasserstein Distances

Definition (Smooth p-Wasserstein distance)

For σ ≥ 0 and µ, ν ∈ Pp(Rd), define Wσ
p (µ, ν) := Wp(µ ∗ γσ, ν ∗ γσ).

Structure: Everything carries over (metric/topology/stability/regularity)

Statistical aspects: Fast empirical convergence & limit distributions?

Recall: Wσ
1 (µn, µ) = sup

g∈Fσ

(µn − µ)(g) IPM structure key for analysis

⊛⊛⊛ Issue: Wp is not an IPM for p > 1

10/17



Smooth p-Wasserstein Distances

Definition (Smooth p-Wasserstein distance)

For σ ≥ 0 and µ, ν ∈ Pp(Rd), define Wσ
p (µ, ν) := Wp(µ ∗ γσ, ν ∗ γσ).

Structure: Everything carries over (metric/topology/stability/regularity)

Statistical aspects: Fast empirical convergence & limit distributions?

Recall: Wσ
1 (µn, µ) = sup

g∈Fσ

(µn − µ)(g) IPM structure key for analysis

⊛⊛⊛ Issue: Wp is not an IPM for p > 1

⊛⊛⊛ Strategy: Relate Wp to an IPM & leverage proof techniques
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(

1
p + 1

q = 1
)

and
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d w/ lin. func. ℓ(f) :=
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Definition (Sobolev IPM = dual Sobolev norm)

For µ, ν ∈ P(Rd): ‖µ − ν‖Ḣ−1,p(ρ) = sup f∈C∞

0 :
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∫
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Let µ, ν ∈ Pp(Rd) satisfy µ, ν ≪ ρ with dµ
dρ ≥ c > 0. Then

Wp(µ, ν) ≤ pc−1/q‖µ − ν‖Ḣ−1,p(ρ).
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0
‖vt‖Lp(µt) dt : µ0 = µ, µ1 = ν, ∂tµt +∇· (µtvt) = 0

}

◮ Take µt = (1− t)µ+ tν & vt = v

2 Lower bound automatically holds after Gaussian smoothing w/ ρ = γσ

Theorem (Nietert-ZG-Kato’21)

For X ∼ µ ∈ Pp∨2(Rd) with mean 0 and ν ∈ P(Rd),

Wσ
p (µ, ν) ≤ p eE[‖X‖2]/(2qσ2)

∥
∥(µ − ν) ∗ γσ

∥
∥

Ḣ−1,p(γσ)
.
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Smooth p-Wasserstein: Fast Empirical Convergence

Theorem (Nietert-ZG-Kato’21)

For µ β-sub-Gaussian with β < σ/
√

2(p − 1): E
[
Wσ

p (µn, µ)
]
. n− 1

2 .
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Ḣ−1,p(γσ)

1 Bound derivatives of smooth Sobolev class {f ∈ C∞
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Theorem (Shapiro’90, Römisch’04)

Let N be a normed vector space (NVS) and

1 (Xn)n∈N ⊂ D ⊂ N s.t.
√

n(Xn − u)
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2 Φ : D → R is a functional

3 Φ is Hadamard directionally differentiable at u w/ derivative Φ′
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2 Φ : D → R is a functional

3 Φ is Hadamard directionally differentiable at u w/ derivative Φ′
u.

Then
√

n
(
Φ(Xn) − Φ(u)

) d→ Φ′
u(X).

⊛⊛⊛ Key step: Find NVS st
√

n(µn − µ) ∗ γσ converges & Φ = Wp is HDD

14/17



Smooth p-Wasserstein: Limit Distribution (Cont.)

Derivation: Take NVS as dual Sobolev space Ḣ−1,p(µ ∗ γσ)
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◮ Show
√

n(µn − µ) ∗ γσ
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3 Derivative: For locally Lipschitz Φ Hadamard DD = Gâteaux DD

◮ Comparison implies Φ(h) . ‖h‖Ḣ−1,p(µ∗γσ) & Derive Gâteaux DD

Theorem (Villani’03 for p = 2, ZG-Kato-Nietert-Rioux’21)

For µ ∈ Pp(Rd), h ∈ Ḣ−1,p(µ) with h ≪ µ and µ + h ∈ Pp(Rd), we have

lim
λ↓0

1

λ
Wp(µ + λh, µ) = ‖h‖Ḣ−1,p(µ).
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Theorem (ZG-Kato-Nietert-Rioux’21)
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d→ sup
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‖g‖
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where Gµ = (Gµ(g))g∈C∞
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is a centered Gaussian process whose paths are
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Comments:

More results: One- and two-sample cases under null and alternative

Asymptotic normality: For both results under alternative (HDD linear)

Bootstrap: Prove consistency of the nonparametric bootstrap

All structural and statistical properties of Wσ
1 transfer to Wσ

p
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◮ Generative modeling, testing, nonparametric mixture estimation, etc.

◮ Empirical approximation is slow n−1/d

Smooth Wσ
p : Convolve distributions w/ Gaussian kernel

◮ Inherits structure of Wp (metric, topology, duality)

◮ Well-behaved function of smoothing parameter & recovers Wp in limit

◮ Fast n−1/2 empirical convergence in all dimensions

◮ Comprehensive limit distribution theory for empirical
√

nWσ
p in all dim.

Key open question: Efficient computation

◮ Optimal transport btw Gaussian mixtures?

◮ Compactly supported smoothing kernels?

Thank you!
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) ≤ infθ W1
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Generalization: W1
(
µ, νθ̂n

)− OPT ≤ 2W1 (µn, µ) + ǫ

=⇒ Boils down to empirical approximation question under W1
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1 For λ ≪ 1 dynamic formulation simplifies:

Wp(µ+λh, µ) = inf
µt,vt:

∂tµt=−∇·(µtvt)
µ0=µ, µ1=µ+λh

∫ 1

0
‖vt‖Lp(µt) dt

µt≈µ+tλh
vt≈v
=

17/17



Directional Derivative: Proof Outline

Objective: Show that limλ↓0
1
λWp(µ + λh, µ) = ‖h‖Ḣ−1,p(µ)
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‖v‖Lp(µ)+o(λ)

2 Let u be a weak solution to −∆uρ = µ − ν:
∫

f d(µ − ν) = −
∫

f∆u dρ =

∫

∇f · ∇u dρ ≤ ‖∇f‖Lq(ρ)‖∇u‖Lp(ρ)

v=∇u
=⇒ ‖µ−ν‖Ḣ−1,p(ρ) = sup

‖∇f‖Lq(ρ)≤1

∫
f d(µ − ν) = inf

v:
µ−ν=−∇·(ρv)

‖v‖Lp(ρ)

3 Conclude:

limλ↓0
1

λ
Wp(µ+λh, µ)
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=⇒ ‖µ−ν‖Ḣ−1,p(ρ) = sup

‖∇f‖Lq(ρ)≤1

∫
f d(µ − ν) = inf

v:
µ−ν=−∇·(ρv)

‖v‖Lp(ρ)

3 Conclude:

limλ↓0
1

λ
Wp(µ+λh, µ) = limλ↓0

1

λ

(
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