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distributions s.t.  J(p,v) =0 <= pu=v

Inference/learning tasks: Optimize/threshold/evaluate a divergence

Example: Implicit generative modeling to learn vy =~ u € P(R%)

@ Map Z ~ vz € P(RP), p < d, to R? space via transformation uﬁ?ﬁz

= Generative model: vy(-) := [, yggl)z(-|z)dyz(z)

Latent Space Target Space
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0
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Generative Adversarial Networks
NVIDIA’s ProGAN 2.0 [Karras et al'19]
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In practice: We don't have u, v € P(R?) but samples

o Samples: Xi,..., X, "< pand vi,....,Y, Ky
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—> Can we approximate W, (i, v) = Wy (n, vn)7?

Theorem (Dudley’69, Boissard-Le Gouic’14, Niles Weed-Bach’19,..)
For u,v € Py(RY) and d > 2p: E[|Wp(u, v) — Wy (pn, vn)|] < n-i

Core issue: For u < Leb(RY): W, (pp, 1) 2 n"i as.

@ Implication: Too slow for d > 1 (real-world data)!

@® Question: How to preserve Wasserstein structure but alleviate CoD?
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Definition (ZG-Greenewald’20)
For 0 > 0, the smooth 1-Wasserstein distance between p and v is

WT(M?”) o= Wl(/J, * Yo, V¥ 70')7
where v, := N(0,0%1,) is a d-dimensional isotropic Gaussian.

Interpretation: X ~pu, Y ~vand Z1,Zs ~ 7,
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@ KR duality: WS (1, v) = supeyp, ey [ £ (i —v) %
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© Regularity: Cont. & monotone func. of o + convergence of plans
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where G, is a tight centered Gaussian process in €2 (Lipy (R)) with
E [G5(£)G5(9)] = Covu(f * 9o, 9% 95),  Vf, g, € Lipy (RY)

Comments:
@ Wy limit dist. known only for d =1 (W1 (pin, 1) = || Fn — F| 11 (w))
o Extensions: One- and two-sample cases under null and alternative
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® Objective: G, = (v/n(un — M)g)ge}_ % GP <= F, is u — Donsker

Q@ Uniform derivative bound: ||DFg||_ < o *+1/([R[=T)I, Vge F,

= F, is pu-Donsker: Gn, — G, (Gaussian process)

© Continuous mapping theorem: | v/nW9 (uy,, )—> sup G,(g)
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Definition (Smooth p-Wasserstein distance)
For o > 0 and p,v € Pp(RY), define WG (11, 1) := Wy (11 % Yo, v % Vo). J

Structure: Everything carries over (metric/topology/stability /regularity)

Statistical aspects: Fast empirical convergence & limit distributions?

o Recall: WY (p, ) = sup (pn, — 1)(g) IPM structure key for analysis
9g€Fs

® lssue: W, is not an IPM for p > 1

® Strategy: Relate W, to an IPM & leverage proof techniques

10/17
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Setup: Sobolev space and dual space

© Sobolev seminorm: |71, = IV fllo(rze) = (s V17 dp) /"
@ Homogen. Sobolev space: H'”(p) =completion of C5° wrt (R PR
o Dual space: H19(p) = topological dual of H?(p) (% + % = 1) and

L] - = su {
1€l gz La(p) fec%: (f)

”fHHLpggSl
Identify: Finite signed Borel measure £ on R? w/ lin. func. £(f) := [ fd¢

Definition (Sobolev IPM = dual Sobolev norm)

For v € P(RY): lpp = vl g-1p(p) =5  pecge: [ fd(u—v).
||jW|f{1»q(p)551

® Question: How do Wasserstein dist. & dual Sobolev norm relate?
11/17
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Theorem (Dolbeault-Nazaret-Savaré’09)
Let p,v € Pp(RY) satisfy pu,v < p with j—’; >c¢>0. Then

Wo (1, v) < pe V= vll g1,

Comments:

@ Proof via Benamou-Brenier dynamical formulation

Wolss) = ot { [ el A0 o = s =, O+ 9 () =0
> Take iy =(1—t)p+tv & vy=v

©Q Lower bound automatically holds after Gaussian smoothing w/ p = 7,

Theorem (Nietert-ZG-Kato’21)

For X ~ p € Ppy2(RY) with mean 0 and v € P(R?),

o 2 0.2
W7 () < pePIXIV G (1 —v) wyo | -
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Theorem (Nietert-ZG-Kato’21)
For . -sub-Gaussian with 3 < //2(p —1): E[Wg (tin, )] S nz.

Pf Idea: Hinges on comparison W9 (1, ) Spo ||(n— 1) * 70||H_1,p(7 )

@ Bound derivatives of smooth Sobolev class {f € C5° : || f|| 1.0 < 1} @0

= Class is p-Donsker (under sub-Gaussian cond.)

Q Gives \/n||(ttn — 1) * Yo || - Lo () limit distribution & sup-norm bound

1

[” 1) ol g1 S 772
© Apply comparison to obtain parametric empirical convergence for W7
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Approach: Extended functional delta method in normed spaces

Theorem (Shapiro’90, Romisch’04)
Let N be a normed vector space (NVS) and

Q (Xp)nen CDC N sit. Jn(Xn—u) 3 X
Q ®:D — R s a functional

Q @ is Hadamard directionally differentiable at u w/ derivative ®!,.

Then /n(®(X,) — ®(u)) > &, (X).

® Key step: Find NVS st \/n(u, — p) * v, converges & ® =W, is HDD

14/17
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Derivation: Take NVS as dual Sobolev space H‘l’p(,u * Vo)
@ Smooth emp. process: Previously seen convergence in H~17(,)
> Show /n(jin — 1) * Yo — G, in H=VP(1u % v,) via translation
Q Func.: For D, := H "2 (uxy,) N {h = (n— p1) * 7o, 1 € Pp(RY)}
» Set @: D, — Ras ®(h) :=Wy(1* 7o + hy p*ys) = W5 (0, 1)
> Observe that Wg (pin, 1) = ®((1tn — 1) * 7o)
© Derivative: For locally Lipschitz ® Hadamard DD = Gateaux DD
» Comparison implies ®(h) < [|All -1.5(jyur, ) & Derive Géteaux DD
Theorem (Villani’'03 for p = 2, ZG-Kato-Nietert-Rioux’21)
For u € Pp(RY), h € H=YP(u) with h < p and i+ h € Pp(R?), we have
o1
1){?01 XWP(M + Ah, p) = ||h||H—1,p(u)-
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Theorem (ZG-Kato-Nietert-Rioux’21)
For i € Py(RY) B-sub-Gaussian with 3 < o //2(p — 1), we have

d
\/EWZ(M’IM M) — sup Gu(g)v
geCge:
||!J||H1,q(u*a,o)§1

where G, = (G(g))gecse is a centered Gaussian process whose paths are

linear and continuous wrt the Sobolev seminorm || - ||H1,q(#*%).

Comments:
@ More results: One- and two-sample cases under null and alternative
o Asymptotic normality: For both results under alternative (HDD linear)

@ Bootstrap: Prove consistency of the nonparametric bootstrap

All structural and statistical properties of WY transfer to W)
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Goal: Solve OPT := infy Wy (1, vg) exactly (find 6*)
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