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On the Performance of Sparse Recovery
Via ¢,,-Minimization (0 < p < 1)
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Abstract—It is known that a high-dimensional sparse vector x*
in R" can be recovered from low-dimensional measurements y =
Ax" where A™*"(m < n) is the measurement matrix. In this
paper, with A being a random Gaussian matrix, we investigate the
recovering ability of {,-minimization (0 < p < 1) as p varies,
where (,-minimization returns a vector with the least /, quasi-
norm among all the vectors x satisfying Ax = y. Besides analyzing
the performance of strong recovery where (,-minimization is re-
quired to recover all the sparse vectors up to certain sparsity, we
also for the first time analyze the performance of ‘“weak” recovery
of (,-minimization (0 < p < 1) where the aim is to recover all
the sparse vectors on one support with a fixed sign pattern. When
a(:= 2) — 1, we provide sharp thresholds of the sparsity ratio
(i.e., percentage of nonzero entries of a vector) that differentiates
the success and failure via /,-minimization. For strong recovery,
the threshold strictly decreases from 0.5 to 0.239 as p increases
from O to 1. Surprisingly, for weak recovery, the threshold is 2/3
for all p in [0, 1), while the threshold is 1 for (; -minimization. We
also explicitly demonstrate that (,-minimization (p < 1) can re-
turn a denser solution than (; -minimization. For any « € (0, 1), we
provide bounds of the sparsity ratio for strong recovery and weak
recovery, respectively, below which ¢, -minimization succeeds. Our
bound of strong recovery improves on the existing bounds when «
is large. In particular, regarding the recovery threshold, this paper
argues that ¢,-minimization has a higher threshold with smaller
p for strong recovery; the threshold is the same for all p for sec-
tional recovery; and ¢, -minimization can outperform ¢, -minimiza-
tion for weak recovery. These are in contrast to traditional wisdom
that ¢,,-minimization, though computationally more expensive, al-
ways has better sparse recovery ability than (, -minimization since
it is closer to {o-minimization. Finally, we provide an intuitive ex-
planation to our findings. Numerical examples are also used to un-
ambiguously confirm and illustrate the theoretical predictions.

Index Terms—Compressed sensing, £,-minimization, phase
transition, recovery threshold, sparse recovery.

1. INTRODUCTION

E consider recovering a vector x in R"™ from an m-di-
mensional measurement y = Ax, where A™*"(m <
n) is the measurement matrix. Obviously, giveny and A, Ax =
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y is an underdetermined linear system and admits an infinite
number of solutions. However, if x is sparse, i.e., it only has a
small number of nonzero entries compared with its dimension,
one can actually recover x from y under certain conditions. This
topic is known as compressed sensing and draws much attention
recently, for example, [7], [8], [18], and [20].

Given x € R", its support T is defined as T = {i €
{1,...,n}: z; # 0}. The cardinality |T'| of set T is the sparsity
of x, which also equals to the £y-norm ||x||g := [{i : z; # 0}].
We say x is pn-sparse if |T| = pn for some p < 1. Given the
measurement y and the measurement matrix A, together with
the assumption that x is sparse, one natural estimate of x is the
vector with the least £p-norm that can produce the measurement
y. Mathematically, to recover x, we solve the following £,-min-
imization problem:

min
xER™

|xllo st Ax=y. (1)
However, (1) is combinatorial and computationally intractable
except for small problems, and one commonly used approach is
to solve a closely related /1 -minimization problem

win fIx]; st Ax=y ()

where ||x||1 := ), |z;|. Equation (2) is a convex problem and
can be recast as a linear program, thus can be solved efficiently.
Conditions under which (2) can successfully recover x have
been extensively studied in the literature of compressed sensing.
For example, the restricted isometry property (RIP) conditions
[6]-[8] can guarantee that (2) accurately recovers the sparse
vector.

Among the explosion of research on compressed sensing
[1]-[3], [5], [14], [28], [34], [35] recently, there has been
great research interest in recovering x by £,-minimization for
0 <p<1[9],[10], [12], [13], [15], [24], [31] as follows:

Ax =y. 3)

min [|x[|, st
Recall that ||x||b := (3_; |zi|?) for p > 0. Though || - [|, is a
quasi-norm when p < 1 as it violates the triangular inequality,
|| - |IP follows the triangular inequality. We say x can be recov-
ered by £,-minimization if and only if it is the unique solution
to (3). Equation (3) is nonconvex, and finding the global min-
imum is in general computationally hard. Chartrand [9], Char-
trand [10], and Chartrand and Yin [12] employ heuristic algo-
rithms to compute a local minimum of (3) and show numeri-
cally that these heuristics can indeed recover sparse vectors, and
the support size of these vectors can be larger than that of the
vectors recoverable from /;-minimization. Then, the question
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is what is the relationship between the sparsity of a vector and
the successful recovery with £,-minimization (p < 1)? How
sparse should a vector be so that £,,-minimization can recover it?
What is the threshold of sparsity that differentiates the success
and failure of recovering by £,-minimization? Gribonval and
Nielsen [26] show that the sparsity up to which £,-minimiza-
tion can successfully recover all the sparse vectors at least does
not decrease as p decreases. Saab et al. [31] provide a sufficient
condition for successful recovery via £,-minimization based on
restricted isometry constants and provide a lower bound of the
support size up to which £,-minimization can recover all such
sparse vectors. A later paper [13] improves this result by con-
sidering a modified restricted p-isometry constant. Foucart and
Lai [24] provide a lower bound of recovery threshold by con-
sidering a generalized version of RIP condition, and Blanchard
et al. [4] numerically calculate this bound.

Here are the main contributions of this paper. For strong re-
covery where /,-minimization needs to recover all the vectors
up to a certain sparsity, we provide a sharp threshold p*(p) of the
ratio of the support size to the dimension which differentiates the
success and the failure of £,-minimization when a(= =) — 1.
This is an exact threshold compared with a lower bound of suc-
cessful recovery in previous results. When p increases from 0
to 1, p*(p) decreases from 0.5 to 0.239. This coincides with the
intuition that the performance of /,-minimization is improved
when p decreases. When a € (0, 1) is fixed, we provide a pos-
itive bound p*(a,p) for all @« € (0,1) and all p € (0, 1] of
strong recovery such that with a Gaussian measurement matrix
Am>n - f,-minimization can recover all the p*(a, p)n-sparse
vectors with overwhelming probability. p*(«, p) improves on
the existing bounds in large a region.

We also analyze the performance of £,,-minimization for weak
recovery where we need to recover all the sparse vectors on one
support with one sign pattern. To the best of our knowledge,
there is no existing result in this regard for p < 1. We char-
acterize the successful weak recovery through a necessary and
sufficient condition regarding the null space of the measurement
matrix. When o« — 1, we provide a sharp threshold p (p) of the
ratio of the support size to the dimension which differentiates the
success and the failure of /,-minimization. The weak threshold
indicates that if we would like to recover every vector over one
support with size less than pX (p)n and with one sign pattern,
(though the support and sign patterns are not known a priori),
and we generate a random Gaussian measurement matrix inde-
pendently of the vectors, then with overwhelmingly high prob-
ability, £,-minimization will recover all such vectors regardless
of the amplitudes of the entries of a vector. For ¢;-minimiza-
tion, given a vector, if we randomly generate a Gaussian matrix
and apply ¢ -minimization, then its recovering ability observed
in simulation exactly captures the weak recovery threshold; see
[17] and [18]. Interestingly, when o« — 1 and n is large enough,
we prove that the weak threshold p} (p) is 2/3 forall p € [0, 1),
and is lower than the weak threshold of ¢;-minimization, which
is 1. In this region, £;-minimization outperforms £,-minimiza-
tion for all p € [0, 1) if we only need to recover sparse vectors
on one support with one sign pattern. We also explicitly show
that £,-minimization (p € (0,1)) can return a vector denser
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than the original sparse vector while ¢;-minimization success-
fully recovers the sparse vector. Finally, for every a € (0, 1),
we provide a positive bound p},(c, p) such that £,-minimiza-
tion successfully recovers all the p} («, p)n-sparse vectors on
one support with one sign pattern.

The rest of the paper is organized as follows. We introduce the
null space condition of successful £,-minimization in Section II.
We especially define the successful weak recovery for p < 1
and provide a necessary and sufficient condition. We use an ex-
ample to illustrate that the solution of ¢;-minimization can be
sparser than that of ¢,-minimization (p € (0,1)). Section III
provides thresholds of the sparsity ratio of the successful re-
covery via £,-minimization for all p € [0, 1] both in strong re-
covery and in weak recovery when the measurement matrix is
random Gaussian matrix and « — 1. For a € (0, 1), Section IV
provides bounds of sparsity ratio below which £,,-minimization
is successful in the strong sense and in the weak sense, respec-
tively. We compare the performance of £,,-minimization (p < 1)
and the performance of /;-minimization in Section V and pro-
vide numerical results in Section VI. Section VII concludes the
paper. We only state the results in the main text; refer to the
Appendix for the proofs.

II. SUCCESSFUL RECOVERY OF /,,-MINIMIZATION

We first introduce the null space characterization of the
measurement matrix A to capture the successful recovery via
£,-minimization (p € [0, 1]). Besides the strong recovery that
has been studied in [4], [14], [24]-[26], [31], and [31], we
especially provide a necessary and sufficient condition for the
success of weak recovery in the sense that £,-minimization
only needs to recover all the sparse vectors on one support with
one sign pattern. For example, in practice, given an unknown
vector to recover, we randomly generate a measurement matrix
and solve the /1 -minimization problem, the simulation result of
recovery performance with respect to the sparsity of the vector
indeed represents the performance of weak recovery.

Given a measurement matrix A™*", let B"*("=m) denote
a matrix whose columns form a basis of the null space of A,
then we have AB = 0. Let B; (i € {1,...,n}) denote the
ith row of B. Let B denote the submatrix of B with T C
{1,...,n} as the set of row indices. Let T C {1,...,n} be
the complimentary set of 7. In this paper, we will study the
sparse recovery property of £,-minimization by analyzing the
null space of A.

We first state the null space condition for the success of strong
recovery via £,,-minimization [23], [26] in the sense that £,,-min-
imization should recover all the sparse vectors up to a certain
sparsity.

Theorem 1 [23], [26]: x is the unique solution to £,-min-
imization problem (0 < p < 1) for every vector x up to
pn-sparse if and only if

Bzl < [[Brezl; Q)

for every nonzero z € R"™~ ™, and every support 7" with |T'| <
pn.
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One important property is that if the condition (4) is satisfied
for some 0 < p < 1, then it is also satisfied for all ¢ € [0, p]
[15], [27]. Therefore, if £,-minimization could recover all the
pn-sparse vectors X, then £,-minimization (0 < ¢ < p) could
also recover all the pn-sparse vectors. Intuitively, the strong re-
covery performance of /,-minimization should be at least as
good as that of £,-minimization when 0 < ¢ < p < 1.

A. Weak Recovery for {,,-Minimization

Though ¢,-minimization (p < 1) should be at least as good
as {1-minimization for strong recovery, the argument may not
be true for weak recovery. For weak recovery, we would like
to recover all the vectors on some support 7" with some sign
pattern o, and o; € {1,—1} foreveryiinT.o; = 1lifa
vector is positive on index ¢, and o; = —1 if a vector is negative
on index :. Given any nonzero vector z € R"™ ™, we define
T~ :={ieT: Bizo; <0}, T := {i € T : Bjzo; > 0},
and T° := {i € T : B,z = 0}. Note that when B is given, T,
T, and T° depend on z, and they can be empty. In this paper,
for weak recovery, we consider recovering nonnegative vectors
on some support 1" for notational simplicity. In this case, 17"~
and 1" are simplified to be 7~ = {i € T : B;z < 0} and
Tt = {i € T : B;z > 0}. However, all the results also hold
for any specific support and any sign pattern.

We first state the null space condition for successful weak
recovery via /1-minimization as follows; see [21], [26], [32],
[36], and [38] for this result.

Theorem 2: For every nonnegative x € R™ on some support
T, x is the unique solution to ¢;-minimization problem (2) if
and only if

| Br-2|ly < |[|Br-z

l1 + [[Br+zll1 )

holds for all nonzeroz € R"~".

Note that for every nonnegative vector x on a fixed support
T, the condition to successfully recover it via £1-minimization
is the same, as stated in Theorem 2. Therefore, if one vector x
can be successfully recovered, all the other nonnegative sparse
vectors on 1" can also be recovered. Conversely, if some vector x
cannot be successfully recovered, then every other nonnegative
vector on 1" cannot be recovered either. However, the condition
of successful recovery via £,-minimization (0 < p < 1) varies
for different nonnegative sparse vectors even if they have the
same support. In other words, the recovery condition depends
on the amplitudes of the entries of the vector. Here we consider
the worst case scenario for weak recovery in the sense that the
recovery via £,-minimization is defined to be “successful” if
it can recover all the nonnegative vectors on a fixed support.
The null space condition for weak recovery in this definition
via /1 -minimization is still the same as that in Theorem 2. We
characterize the £,-minimization (p € (0,1)) case in Theorem
3 and the /y-minimization case in Theorem 4.

Theorem 3: Given any p € (0, 1), £,-minimization (3) can

successfully recover all the nonnegative vectors x € R™ on
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some support 7" if and only if the following condition holds for
every nonzero z € R"~™_If T'" is not empty, then

| Br- 2|l < [|Br-z

H (6)
and if T is empty, then

|Br-zlj < ||Br-z

b

Similarly, the null space condition for the weak recovery of
{op-minimization is as follows; we skip its proof as it is similar
to that of Theorem 3.

Theorem 4: {y-minimization problem (1) can successfully
recover all the nonnegative vectors x € R" on support T, if
and only if

[Br-2llo < [|Br-z

lo @)
for all nonzero z € R~ ™.

For the strong recovery, the null space conditions of /;-min-
imization and /,-minimization (0 < p < 1) share the same
form (4), and if (4) holds for some p < 1, it also holds for all
q € [0, p]. However, for recovery of sparse vectors on one sup-
port with one sign pattern, from Theorem 2—4, we know that
although the conditions of ,-minimization (0 < p < 1) and
fp-minimization share a similar form in (6) and (7), the condi-
tion of /;-minimization has a very different form in (5). More-
over, if (6) holds for some p € (0, 1), it does not necessarily
hold for all ¢ € (0, p). Therefore, the way that the performance
of weak recovery changes over p may be quite different from
the way that the performance of strong recovery changes over p.
Moreover, the performance of weak recovery of /; may be sig-
nificantly different from that of £,,-minimization for p € (0, 1).
We will further discuss this issue.

B. The Solution of ¢1-Minimization Can Be Sparser
Than That of £,-Minimization (p € (0,1))

¢,-minimization (p € (0,1)) may not perform as well as
/;-minimization in some cases, for example, in the weak re-
covery which we will discuss in Sections III and IV. Here we
employ a numerical example to illustrate that in certain cases
£1-minimization can recover the sparse vector while /,-mini-
mization (p € (0, 1)) cannot, and the solution of ,-minimiza-
tion is denser than the original sparse vector.

Example 1: {,-minimization returns a denser solution than
{1 -minimization.

Let the measurement matrix A be a (6k — 1) X 6k matrix
with B € R%* as a basis of its null space, and 3; = 1 for all
i€ {l,....k}, 8; = —1foralli € {k+1,...,2k}, and
B; = 1/64 for all i € {2k + 1,...,6k}. Then, every vector
in the null space can be represented as h3, for some h € R.
Note that [|h]|1/2 = ZHE and ||nsr|l1 < ([32K] - 1)|h] <
|hB||1/2 for all T C {1,...,6k} with |[T| < ([33k] — 1)
and for all b € R, and ||hB4z|l1 = [53k]|h| > ||hB]1/2 for
all hif T = {1,..., [32K7}. Then, according to Theorem 1,
¢1-minimization can recover all the ([22k] — 1)-sparse vectors
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in R*, but fails to recover some [32k]-sparse vector. Simi-
larly, |h3]16:3/2 = 241, and [hrlI33 < (T3K] = DAl <
|hBI8:2/2 forall T C {1,...,6k} with |T| < ([2k] — 1) and
forall h € R, and ||hB33]|0:2 = [2k]|h| > |[hB||):2/2 for all
hif T = {1,..., [3k]}. Therefore, by Theorem 1, £ 5-mini-
mization can recover all the ([3k] — 1)-sparse vectors in RS,
but fails to recover some [ 3 k|-sparse vector. Therefore, in terms
of strong recovery, £ 5-minimization has a better performance
than /;-minimization as it can recover all the vectors up to a
higher sparsity.

Before discussing the weak recovery performance, we should
first point out that when the null space is only 1-D, the £,,-min-
imization problem for all p € (0, 1] can be easily solved. Let
x* denote the sparse vector we would like to recover, and let X
denote a vector that can produce the same measurements as x*,
and mathematically, Ax = Ax*. Then, every vector x such that
Ax = Ax* holds should satisfy x = x + i for some h € R.
Then, the £,,-minimization problem (p € (0, 1]) is equivalent to

1 < p
min [ + A5 ®)

Given x and B, ||x + hp||} is a function of h. Define set S =

—% Bi # 0}, let ¢ denote the number of different elements
in S, and let s; (i = 1,...,q) denote the ordered elements in
S,and s; < s;if 4 < j. Let Iy denote the interval (—oo, $1],
let T; denote the interval [s;, s;4+1] (¢ = 1,...,q — 1), and let
I, denote the interval [s,, +00). Note that for each interval I,
(0 <i < q), [Ix+ hB||} is concave on I; for every p € (0,1),
and ||x + hpB||; is linear on I;. Therefore, the minimum value
of |x + AB|b (p € (0,1]) on I; (1 < i < g — 1) should be
achieved at one of the endpoints of I;, either s; or s;41. Since
when h goes to —oo or 400, ||X + hB||E goes to +oo, then
the minimum value of ||x + AB|5 (p € (0,1]) on I; should
be achieved at s;, and the minimum value on I,; should be
achieved at s,. Thus, let x' =x+ s;Bforeveryi=1,...,q,
and let i* = argmini<;<, ||x'|[2, then x* " is the solution to
{£,-minimization problem. We call x*’s as “singular vectors.”
Therefore, to solve (8), we only need to find all the singular
vectors, and the one with the least £, quasi-norm (or /;-norm)
is the solution to £,,-minimization (or £; -minimization). If x\ =
x*, then we say x* can be successfully recovered.

Now consider the “weak” recovery as to recover all the non-
negative vectors on support 7 = {1,...,2k}. According to
Theorems 2 and 3, one can check that /;-minimization can in-
deed recover all the nonnegative vectors on support 7', however,
/. s-minimization fails to recover some vectors in this case.
For example, consider a 2k-sparse vector x* with z} = 9 for
all i € {l,...,k}, 2F = L forall: € {k+1,...,2k},
and z7 = 0 forall i« € {2k + 1,...,6k}. There are three
singular vectors in this case: x! = x*, x? = x* + £, and
x% = x* — 94. Since ||x!||; = 10k, ||x?||; = 10k + k/16, and
Ix3||1 = 10k + 9k/16, then x! is the solution of £;-minimiza-
tion, and x* is successfully recovered. Now consider ¢ 5-min-
imization, since ||x'||:2 = 4k, [|x2[|92 = (V10 4+ 0.5)k, and
Ix319:2 = (V/10 + 1.5)k, then x? is the solution of £, 5-min-
imization, and it is 5k-sparse. Thus, the solution of /¢ 5-mini-
mization is a 5k-sparse vector although the original vector x*
is only 2k-sparse. Therefore, £y 5-minimization fails to recover
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some nonnegative 2k-sparse vector x* while x* is the solu-
tion to /1-minimization, and the solution of /; 5-minimization
is denser than the original vector x*.

III. RECOVERY THRESHOLDS WHEN % — 1

In this paper, we focus on the case that the measurement ma-
trix A has independent identically distributed (i.i.d.) standard
Gaussian N(0, 1) entries. Then, for a matrix B™*(*=™) with
i.i.d. A(0,1) entries, the column space of B is equivalent in
distribution to the null space of A; refer to [8] and [37] for de-
tails. Then, in later analysis, we will use B to represent a basis
of the null space of A.

We first focus on the case that « = 7* — 1 and provide
recovery thresholds of ¢,-minimization for every p € [0, 1].
We consider two types of thresholds: one in the strong sense
as we require £,-minimization to recover all pn-sparse vectors
(Section III-A), and one in the weak sense as we only require
£,-minimization to recover all the vectors on a certain support
with a certain sign pattern (Section III-B). Since in our setup
the measurement matrix A has i.i.d. A'(0, 1) entries, the weak
recovery performance does not depend on the specific choice of
the support and the sign pattern. We call it a threshold as for any
sparsity below that threshold, £,-minimization can recover all
the sparse vectors either in the strong sense or the weak sense
when « is close enough to 1 and n is large enough, and for any
sparsity above that threshold, Z,-minimization fails to recover
some sparse vector no matter how large o and n are. These
thresholds can be viewed as the limiting behavior of £,-mini-
mization, since for any constant & € (0, 1), the recovery thresh-
olds of £,-minimization would be no greater than the ones pro-
vided here.

A. Strong Recovery

In this section, for given p, we will provide a threshold p*(p)
of strong recovery such that for any p < p*(p), {,-minimiza-
tion (3) can recover all pn-sparse vectors x with overwhelming
probability when « is close enough to 1. Our technique here
stems from [22], which only focuses on the strong recovery of
/1-minimization.

We have already discussed in Section II that the performance
of £,-minimization should be no worse than £,,-minimization for
strong recovery when 0 < g < p < 1. Although there are results
about bound of the sparsity below which £,-minimization can
recover all the sparse vectors, no existing result has explicitly
calculated the recovery threshold of £,-minimization for p < 1
which differentiates the success and failure of £,-minimization.
To this end, we will first define p*(p) in the following lemma,
and then prove that p*(p) is indeed the threshold of strong re-
covery in later part.

Lemmal: Let X1, Xs, ..., X, beiid. N(0,1) random vari-
ables and let Y7,Y5, ..., Y, be the sorted ordering (in non-in-
creasing order) of | X1|?, | X2|?, ..., |X,|? for some p € (0,1].

[pn]
For given p > 0, define S, as Z Y;. Let S denote E[S4], the

i=1
expected value of S7. Then there exists a constant p*(p) such
that lim Z8ed — 1

n— 00 2
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Fig. 1. Threshold p* of successful recovery with £,-minimization.

p* is a function of p, and in fact is strictly decreasing as stated
in Proposition 1.

Proposition 1: The function p*(p) is strictly decreasing in p
on (0,1].

Note that p*(p) goes to % as p tends to zero from (13) and
(14). We plot p* against p numerically in Fig. 1. We also obtain
that p*(1) = 0.239. . ., which coincides with the result in [22].

Now we proceed to prove that p* is the threshold of successful
recovery with £,,-minimization for p in (0, 1]. First, we state the
concentration property of S, in the following lemma.

Lemma?2: Foranyp € (0,1],1let Xy,..., Xy, Y1,...,Y,, S,
and S be as in Lemma 1. For any p > 0 and any 6 > 0, there
exists a constant ¢; > 0 such that when n is large enough, with

probability at least 1 — 2¢e=“'", |S, — E[S,]| < 6S.

Roughly speaking, Lemma 2 states that S, is concentrated
around its expectation £[S,] for every p. For our purpose in this
paper, the following two corollaries of Lemma 2 are important
for the later proof.

Corollary 1: For any p < p*, there exists a 6 > 0 and a con-
stant co > 0 such that when 7 is large enough, with probability
atleast 1 — 2e2", S, < (3 — §)S.

Corollary 2: For any ¢ > 0, there exists a constant cg >
0 such that when n is large enough, with probability at least
1 —2e7%" it holds that (1 — ¢)S < S; < (1+¢)S.

From the above two corollaries and applying the union bound,
one can easily show that with overwhelming probability the sum
of the largest [pn] terms of ;s is less than half of the total sum
S1 if p < p*. The following lemma extends the result to all the
vectors Bz simultaneously where matrix B"*("~™) has i.i.d.
Gaussian entries and z is any nonzero vector in R™ ™.

Lemma 3: Forany 0 < p < 1, given any p < p*(p), there
exist constants 0 < ¢4 < 1, ¢5 > 0, 6 > 0 such that when
a = ™ > c4 and n is large enough, with probability at least

1—e %™ annx (n—m) matrix B withi.i.d. N'(0, 1) entries has
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the following property: for every nonzero z € R"~"™ and every
subset 7' C {1,...,n} with |T| < [pn], || Br-z||}—| Brz|} >
05||z]l5-

We remark here that in Lemma 3 and all the following results
in this paper, when we say “with probability at least 1 — e=“"
for some constant ¢ > 0,” by “constant” we mean ¢ does not
depend on the measurement matrix A, but ¢ could depend on
other parameters in various occasions.

Lemma 3 indicates that when @ > ¢4 and n is large
enough, with overwhelming probability Y, . [(Bz)i|? —
Yier |(Bz)i[P > 6S||z||5 > 0 holds for every nonzero z and
every set T with |[T'| < [pn], then from Theorem 1, in this
case every [pn]-sparse vector x is the unique solution to the
{£,-minimization problem (3) with overwhelming probability.
We can now establish one main result regarding the threshold
of successful recovery via £,-minimization.

Theorem 5: For any 0 < p < 1, given any p < p*(p), there
exist constants 0 < ¢4 < 1, ¢5 > 0 such that when @ > ¢4 and
n is large enough, with probability at least 1 —e~™", an m X n
matrix A with i.i.d. V'(0, 1) entries has the following property:
for every x € R™ with its support T satisfying |T| < [pn], x
is the unique solution to the £,,-minimization problem (3).

We remark here that p*(p) is a sharp bound for successful re-
covery. For any p > p*(p), from Lemmas 1 and 2, for any z
in R™~™, with overwhelming probability the sum of the largest
[pn] terms of |B;z|P’s is more than the half of the total sum
S1, i.e., the null space condition stated in Theorem 1 for suc-
cessful recovery via £,,-minimization fails with overwhelming
probability. Therefore, £,-minimization fails to recover some
pn-sparse vector with overwhelming probability if p > p*(p).
Proposition 1 implies that the threshold strictly decreases as p
increases. The performance of £, -minimization is better than
that of /,,,-minimization for 0 < p; < p» < 1 in strong re-
covery as £,, -minimization can recover vectors up to a higher
sparsity.

B. Weak Recovery

We have demonstrated in Section III-A that the threshold for
strong recovery strictly decreases as p increases from 0 to 1.
Here we provide a weak recovery threshold for all p € [0,1)
when a — 1. As we will see, for weak recovery, the threshold
of £,,-minimization is the same for all p € [0, 1), and is lower
than the threshold of ¢; -minimization.

Recall that for successful weak recovery, £,,-minimization
should recover all the vectors on some fixed support with a fixed
sign pattern, and the equivalent null space characterization is
stated in Theorems 3 and 4.

Note that to simplify the notation, for the remaining part of
the paper, we will say a vector is pn-sparse or the size of the
support is pn instead of using the notation [pn|. However, the
support size should always be an integer.

We define 2:° = 1 for all = # 0, and 0% = 0. To characterize
the recovery threshold of £,-minimization in this case, we first
state the following lemma.

Lemma4: Let X1, Xs, ..., X, beiid. N(0,1) random vari-
ables and 7" be a set of indices with size [T'| = pn for some
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p > 0. For every p € [0,1), for every e > 0, when n is large
enough, with probability at least 1 — e~“" for some constant
ce¢ > 0, the following two properties hold simultaneously:

¢ %pn(ﬂ —€) < ZieT:Xq-<0 | X < %pn(l‘ + €);

* (T=pn(p =€) < Yieqe [Xl? < (1= p)n(p+e);
where ;1 = E[|X|?], X ~ N(0,1).

The proof of Lemma 4 is based on concentration of measure,
and the arguments are similar to those in the proof of Lemma 2.
Lemma 4 implies that ) ;7. v, oo [ Xil? < >2;cpe | Xi|? holds
with high probability when |T'| = pn < 3n. Applying the net
arguments similar to those in the proof of Lemma 3, we can also
show that with overwhelming probability the statement holds
for all vectors Bz simultaneously where matrix B™* ("~ has
ii.d. Gaussian entries and z is any nonzero vector in R"~™.
Then, we can establish the main result regarding the threshold of
successful recovery with £,,-minimization from vectors on one
support with the same sign pattern.

Theorem 6: For any p € [0,1), given any p < pj, := 2,

there exist constants ¢; € (0,1), cs > 0 such that when o > ¢7
and n is large enough, with probability at least 1 — =", an
m x n matrix A with i.i.d. A/(0,1) entries has the following
property: for every nonnegative vector x on some support 7’
satisfying |T'| < pn, x is the unique solution to the £,-mini-
mization problem.

We remark here that p} is a sharp bound for successful
recovery in this setup. For any p > pZ, from Lemma 4,
with overwhelming probability that ), p.p , 0 |Biz|? >
> icre | Biz|P, then Theorems 3 and 4 indicate that the £,,-min-
imization (p € [0,1)) fails to recover some nonnegative
pn-sparse vector x on 7T in this case. Note that for a random
Gaussian measurement matrix, from symmetry one can check
that this result does not depend on the specific choice of the
support and the sign pattern. In fact, p, in Theorem 6 is the
weak recovery threshold for any fixed support and any fixed
sign pattern.

Surprisingly, the successful recovery threshold p;; when we
only consider recovering vectors on one support with one sign
pattern is % forallpin [0, 1) and is strictly less than the threshold
for p = 1, which is 1 [17]. Thus, in this case, /;-minimiza-
tion has better recovery performance than £,,-minimization (p €
[0, 1)) in terms of the sparsity requirement for the sparse vector.
Although the strong recovery performance can be improved if
we apply £,-minimization with a smaller p, £, -minimization can
indeed outperform £,-minimization forall p € [0, 1) in weak re-
covery if a is close to 1 and n is large enough.

It might be counterintuitive at first sight to see that the weak
threshold of £p-minimization is less than that of #;-minimiza-
tion, so let us take a moment to consider what the result means.
We choose recovering all nonnegative vectors on some support
T (|T'| = pn) for the weak recovery; the argument follows for
all the other supports and all the other sign patterns. The re-
sults about weak recovery threshold indicate that for any p €
(2/3,1), when n is sufficiently large and « is close enough to
1, for a random Gaussian measurement matrix A, #;-minimiza-
tion would recover all the nonnegative vectors on support 1" with
overwhelming probability, while £y-minimization would fail to
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recover some nonnegative vector on 7" with overwhelming prob-
ability. The failure of /y-minimization indicates that there exists
a nonnegative vector x on support 7" and a vector x’ on support
T’ such that || < |T|, and Ax = Ax’. Note that X’ could
have negative entries, or 77 may not be a subset of T'. There-
fore, if x is the sparse vector we would like to recover from
Ax, ¢p-minimization would fail since ||x’||o < ||x||o. However,
lIx|l1 < ||x'||1 should hold since ¢;-minimization can success-
fully return x as its solution. Of course, when x’ is the sparse
vector we would like to recover, £1-minimization would return
x and fail to recover x’. However, since ¢ -minimization would
recover all the nonnegative vectors on 7T, then either T SZ T
holds or x’ has negative entries. Therefore, when we consider
recovering nonnegative vectors on 7" for the weak recovery, x’ is
not taken into account, and £;-minimization works better than
£o-minimization. Thus, although the performance of ¢;-mini-
mization is not as good as that of £,-minimization (p € [0, 1))
in the strong recovery which requires to recover all the vec-
tors up to certain sparsity, £1-minimization can recover all the
pn-sparse (p > 2/3) vectors on some support with some sign
pattern, while for ¢,-minimization (p € [0, 1)), the size of the
largest support on which it can recover all the vectors with one
sign pattern is no greater than 2n/3. In a word, when we aim
to recover all the vectors up to certain sparsity, £,,-minimization
is better for smaller p, however, when we aim to recover all the
vectors on one support with one sign pattern, £;-minimization
may have a better performance.

IV. RECOVERY BOUNDS FOR FIXED %

We considered the limiting case that « — 1 in Section III and
provided the limiting thresholds of sparsity ratio for successful
recovery via {,-minimization both in the strong sense and
in the weak sense. Here we focus on the case that « is fixed
(0 < @ < 1). For any « and p, we will provide a bound p*(«, p)
for strong recovery and a bound p («, p) for weak recovery
such that £,-minimization can recover all the p*(«, p)n-sparse
vectors with overwhelming probability, and recover all the
pk (o, p)n-sparse vectors on one support with one sign pattern
with overwhelming probability. Note that the thresholds we
provided in Section III is tight in the sense that for any p > p*
in the strong recovery or any p > pj, in the weak recovery, with
overwhelming probability £,-minimization would fail to re-
cover some pn-sparse vector. However, p*(«, p) and p (a, p)
we provide in this section are lower bounds for the thresholds
of strong recovery and weak recovery, respectively, and might
not be tight in general.

A. Strong Recovery

From Theorem 1, we know that in order to successfully re-
cover all the pn-sparse vectors via £,-minimization, || Brz||) <
%||Bz||§ should hold for every nonzero vector z € R"™™,
and every set T C {1,...,n} with |T| < pn. The key idea
to obtain a lower bound p*(«, p) is as follows. We first calcu-
late a lower bound of || Bz||} for all z in S, where S is the unit
sphere in R™~™. Then, for any p, we calculate an upper bound
of || Brz||}) for all 7" with [T'| = pn and all z in S. Then, we
define p* (v, p) to be the largest p such that the aforementioned
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upper bound is less than half of the lower bound. According to
Theorem 1, £,,-minimization is now guaranteed to recover all
the p*(«, p)n-sparse vectors. The problem regarding character-
izing the lower bound and the upper bound here is that B has
i.i.d. N(0,1) entries, and therefore, for any z € S and any T
and for any constant ¢ > 0, there always exist a positive prob-
ability that Bz is less than ¢, and similarly a positive proba-
bility that Bz is greater than c. Thus, strictly speaking, no finite
value would be a lower bound of || Bz||}, nor an upper bound of
|| Brzl||}. To address this issue, we will look for a “lower bound”
of || Bz} for all z in S in Lemma 5 in the sense that the vio-
lation probability decays to zero exponentially, and likewise an
“upper bound” of || Brz|[} for all 7" with |T'| = pn and all z in
S in Lemma 6 such that the probability it is exceeded decays ex-
ponentially to zero. We want the “lower bound (upper bound)”
to be as large (small) as possible as long as its violation proba-
bility has exponential decay to zero, and we do not focus on the
decay rate here. We still define p*(«, p) to be the largest p such
that the “upper bound” is less than half of the “lower bound.”
We then show in Theorem 7 that £,-minimization can recover
all the p*(«, p)n-sparse vectors with overwhelming probability.

Lemma 5: For any « and p, there exists a constant
Amin (@, p) > 0 and some constant cg > 0 such that with proba-
bility atleast 1—e~ ", forevery z € S, || Bz[|} > Amin(c, p)n.

Lemma 6: Given any o, p and corresponding Apin (., p) > 0,
there exists a constant p*(«, p) > 0 and some constant c¢ig > 0
such that with probability at least 1 — e~ 1", for every z € S
and for every set T C {1,2,...,n} with |T| < p*(a,p)n,
| Brzll} < 2 Amin (0, p)n.

Together with Lemmas 5 and 6, we are ready to present our
result on bounds for strong recovery of £,-minimization with
given a € (0,1).

Theorem 7: Forany 0 < p < l,any 0 < « < 1, for
matrix A™*" (o = =) withi.i.d. V(0, 1) entries, there exists a
constant c;; > 0 such that with probability at least 1 — e™“1'",
x is the unique solution to the £,-minimization problem (3) for
every vector x up to p*(«, p)n-sparse.

Theorems 7 implies that for every & € (0,1) and every
p € (0,1], there exists a positive constant p*(«, p) such that
{,-minimization can recover all the p*n-sparse vectors with
overwhelming probability. Since p*(«, p) is a lower bound of
the threshold of the strong recovery, we would like the lower
bound to be as high as possible. Clearly, the value of p*(«, p)
depends on the “lower bound” of || Bz||} and the “upper bound”
of || Brz||b with |T| = pn for a given p. In order to improve
p*(a,p), we need to improve the “lower bound” of || Bz||} and
the “upper bound” of || Brz||}. Therefore, besides establishing
the existence of “lower (upper) bound,” we make some efforts
to increase (decrease) the “lower (upper) bound” while making
sure that the probability of violating these bounds has expo-
nential decay to zero. To be more specific, we first calculate
Amin(@,p) in Lemma 5 as a “lower bound” of || Bz|[5. The key
idea is as follows. Given any constant b > 0, we characterize
the probability that || Bz||) < bn holds for some z € S by
techniques like y-net arguments, the Chernoff bound and the

7261

0.45
0.4} | ——p=0.1
‘== p=0.3
0.35f 1= = =p=0.5
03| ——p=09
0.25F
a
3 02t
‘a
0.15¢
0.1r
0.05F
0
-0.05 : : : '
0 0.2 0.4 0.6 0.8 1
o

Fig. 2. p*(«,p) against « for different p.

union bound. Then, Anyin (e, p) is chosen to be the largest value
b such that the probability still maintains exponential decay to
zero. With the obtained Apin(c, p), we next calculate p*(a, p)
in Lemma 6. The idea is similar to that in calculating A ,in (v, p).
For any given p > 0, we calculate an upper bound of the prob-
ability that there exists some z € S and some support 1" with
|T| = pn such that || Brz|[b > Amin(a, p)n/2. Then, p*(a, p)
is chosen to be the largest p such that the probability still has ex-
ponential decay to zero. Refer to parts J and K of the Appendix
for the detailed calculation of Ay (e, p) and p*(«, p).

We numerically compute p*(«,p) by calculating first
Amax(@,p) in Lemma 9 from (43), and then Api,(«,p) in
Lemma 5 from (53), and finally p*(c,p) in Lemma 6 from
(58). Fig. 2 shows the curve of p*(«, p) against « for different
p, and Fig. 3 shows the curve of p*(«, p) against p for different
«. Note that for any p, lim,—1 p*(«,p) is slightly smaller
than the limiting threshold of strong recovery we obtained
in Section III-A. For example, when p = 0.5, the threshold
p*(0.5) we obtained in Section ITI-A is 0.3406, and the bound
p*(a,0.5) we obtained here is approximately 0.268 when «
goes to 1. This is because in Section III-A we employed a
finer technique to characterize the sum of the largest pn terms
of n i.i.d. random variables directly, while in Section IV-A
introducing the union bound causes some slackness.

Compared with the bound obtained in [4] through restricted
isometry condition, our bound p*(«, p) is tighter when « is rel-
atively large. For example, when p = 1, the bound in [4, Fig.
3.2(a)] is in the order of 1073 for all & € (0,1) and upper
bounded by 0.0035, while p*(«, 1) is greater than 0.0039 for all
« > 0.8 and increases to 0.1308 as & — 1. When p = 0.5, the
bound in [4, Fig. 3.2(c)] is in the order of 103 forall o € (0,1)
and upper bounded by 0.01, while here p*(«, 0.5) is greater than
0.011 for all & > 0.65 and increases to 0.268 as a — 1. There-
fore, although [4] provides a better bound than ours when « is
small, our bound p* improves over that in [4] when « is rela-
tively large.

Chartrand and Staneva [13] provide a lower bound of strong
recovery threshold for every « and very p. For example, they
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show that when n is large enough, £p-minimization can recover
all the {75-sparse vectors for given «. Their result is better than
ours when « is small. However, our bound is higher than that in
[13] when « is large. For example, when a = 0.5, Chartrand and
Staneva [13] indicate that a lower bound of recovery threshold
in terms of the ratio of sparsity to the dimension 7 is 0.5/119 =
0.004 for £o-minimization. Our result shows that p*(0.5,0.7) is
already 0.004, and p*(0.5,0.1) is as high as 0.0379, which is
approximately ten times the bound 0.5/119 in [13].

Donoho [17] applies geometric face counting technique to
the strong bound of successful recovery of £; -minimization [17,
Fig. 1.1]. Since if the necessary and sufficient condition (4) is
satisfied for p = 1, then itis also satisfied for all p < 1, therefore
the bound in [19] can serve as the bound of successful recovery
forall 0 < p < 1. Our bound p*(«, p) in Section IV is higher
than that in [17] when « is relatively large.

B. Weak Recovery

Theorem 3 provides a sufficient condition for successful re-
covery of every nonnegative pn-sparse vector X on one support
T, which requires || By z[[} < || Bz} to hold for all nonzero
z € R™"™ ™, where given z, T~ = {i : B;z < 0}. We will use
arguments similar to those in Section IV-A to obtain a lower
bound p¥ («, p) of the weak recovery threshold. Given «, p and
p € (0,1), we will establish a “lower bound” of || Br-z||} for all
z € S in Lemma 7 in the sense that the violation probability of
this “lower bound” decays exponentially to zero, and likewise
establish an “upper bound” of || Bp-z||} in Lemma 8. If there
exists pX (a, p) > 0 such that the corresponding “lower bound”
of ||Brez||} is greater than the “upper bound” of || By -z}

P’
then p¥ («, p) serves as a lower bound of recovery threshold of

{£,-minimization for vectors on a fixed support with a fixed sign
pattern.

The techniques used to establish the “lower bound” of
|| Brez||b for all z € S is the same as that in Lemma 5. We
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state the result in Lemma 7, refer to part M of the Appendix for
its proof.

Lemma7: Givena,pandsetT C {1,...,n} with |T| = pn,
with probability at least 1 — e~“2" for some c12 > 0, for all
z € S, ||Brezlj < (1-p)Amax(7=5, p)n, and with probability
atleast 1 — e~ 12" for some cy3 > 0, forallz € S, || Brez|}) >
(1 - p))\min(%./p)n, where Apax(a, p) and Apin (o, p) are
defined in (43) and (53), respectively.

Given T with |T'| = pn, Lemma 7 provides a “lower bound”
of || Brz|[} which holds with overwhelming probability for all
z € S. Next we will provide an “upper bound” of || By z|? for
all z € S in Lemma 8. One should be cautious that the set 7'~
varies for different z.

Lemma 8: Given «, p and set T C {l,...,n} with
|T| = pn, with probability at least 1 — e~ 4™ for some
c14 > 0, forevery z € S, ||Bp-z|h < PAmax(a, p, p)n, for
some Apax(cv, p, p) > 0.

To improve the lower bound of weak recovery threshold,
given p, we want Apax(a,p, p) in Lemma 8 to be as small
as possible while at the same time the probability that
|Br-z|b > PAmax (@, p, p)n for some T with |T| = pn
and some z in S still has exponential decay to zero. Efforts
are made in part N of the Appendix to improve Apax(cv, p, p),
which can be computed from (70).

With the help of Lemmas 7 and 8, we are ready to present
the result regarding the lower bound of recovery threshold via
£,-minimization in the weak sense for given a.

Theorem 8: Forany 0 < p < 1, any 0 < « < 1, for matrix
A™X™ (m, = an) with i.i.d. (0, 1) entries, there exist con-
stants p (a,p) > 0 and c15 > 0 such that with probability at
least 1 — e~ 15", x is the unique solution to the £,-minimiza-
tion problem (3) for every nonnegative pZ (., p)n-sparse vector
x on fixed support 7.

Theorem 8 establishes the existence of a positive bound
pk (a,p) of weak recovery threshold. To obtain p¥ («, p), for
every p, we first calculate )\min((l’—:g, p) in Lemma 7 from
(53) to obtain a “lower bound” of || Brz} for all z in S and
calculate Apax(cv, p, p) in Lemma 8 from (70) to obtain an
“upper bound” of ||Bp-z||} for all z in S. We then find the
largest py,(cr, p) such that the “lower bound” of ||Brezl|} is
larger than the “upper bound” of || By z||b, or mathematically,
(71) holds. We numerically calculate this bound and illustrate
the results in Figs. 4 and 5. Fig. 4 shows the curve of p} («, p)
against « for different p, and Fig. 5 shows the curve of p¥ («, p)
against p for different «. When o — 1, pZ («, p) goes to 2/3
for all p € (0, 1), which coincides with the limiting threshold
discussed in Section III-B. As indicated in [20, Fig. 1.2], the
weak recovery threshold of /;-minimization is greater than
2/3 for all « that is greater than 0.9, since the weak recovery
threshold of /,,-minimization (p € [0,1)) when o — 1 is all
2/3, therefore for all @ > 0.9, the weak recovery threshold of
£1-minimization is greater than that of ¢,-minimization for all
p € [0,1).
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V. {1-MINIMIZATION CAN PERFORM BETTER THAN
£,-MINIMIZATION (p € [0,1)) FOR SPARSE RECOVERY

For strong recovery, if /;-minimization can recover all the
k-sparse vectors, then £,,-minimization is also guaranteed to re-
cover all the k-sparse vectors for all p € [0,1). However, for
weak recovery, the performance of /;-minimization is better
than that of £,,-minimization for all p € [0, 1) in at least the large
a region (o > 0.9), and the same result holds for all choices of
supports and sign patterns. Then, one may naturally ask why
{1 -minimization outperforms ¢,-minimization (p < 1) in re-
covering vectors on every specific support with every specific
sign pattern, but is not as good as £,-minimization in recovering
vectors on all the supports with all the sign patterns? We next
provide an intuitive explanation.

Let @« < 1 be very close to 1, let n be large enough, and
let A be a random Gaussian matrix. Then, with overwhelming
probability /1-minimization can recover all the vectors up to
pin-sparse and /,-minimization with some p € [0,1) can re-
cover all the vectors up to pjn-sparse, and we know p7 < pp
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from our discussion on strong bound. Note that since the lim-
iting threshold of strong recovery via £,-minimization increases
to 0.5 as p decreases to 0, then we have pj < p; < 0.5. How-
ever, if we only consider the ability to recover all the vectors
on one support with one sign pattern, with overwhelming prob-
ability /;-minimization can recover vectors up to pj’n-sparse,
while /,-minimization can recover vectors up to p;’'n-sparse.
From previous discussion about weak recovery threshold, we
know that when « is very close to 1, p}’ > % > py > % And
this result holds for any specific choice of the support and the
sign pattern. Therefore, we have py” > p;) > pp > pi. Weil-
lustrate the difference of /; and £,-minimization in Figs. 6 and
7. Let Q be the set of all m X n matrices with entries drawn
from standard Gaussian distribution, and the probability mea-
sure P(Q2) = 1. We pick p € (p3, p;) in Fig. 6. Since p < py’,
for any fixed support T; with |T;| = pn and any fixed sign pat-
tern o, with high probability ¢;-minimization can recover all
the pn-sparse vectors on T; with sign pattern o ;. Let E';J denote
the event that /1 -minimization can recover all the pn-sparse vec-
tors on support 7; with sign patter o;. There are (;l) different
supports, and for each support, there are 27" different sign pat-
terns. Then, P(E;J) is very close to 1 for every T; and o; as
shown in Fig. 6(a). Since we also have p > pj, then with high
probability strong recovery of ¢;-minimization fails, in other
words, /1 -minimization would fail to recover at least one vector
with at most pn nonzero entries. Let £/ denote the event that
{1 -minimization can recover all the pn-sparse vectors, then we
have

E= N By
i€{1,...,( ) ha€{1, 20}

Then, although P(E7’) is the same for all 7; and o; and is
very close to 1, P(F) is close to 0, as indicated in Fig. 6(a).
For £,-minimization, since p < pj, then with high probability,
{,-minimization can recover all the pn-sparse vectors. In
Fig. 6(b), E denotes the event that £,-minimization can recover
all the pn-sparse vectors, then

E= N E7
€1, () 1haE€{1, 207

where E;J denotes the event that £,,-minimization recovers all
the vectors on support T; with sign pattern ;. In this case,
P(E) is close to 1 as indicated in Fig. 6(b). In Fig. 7, we pick
p € (py s pt’). Then, given any support 7; and any sign pattern
0, £1-minimization can recover all the vectors on 1; with sign
pattern o; with high probability, while £,-minimization fails to
recover at least one vector on 7; with sign pattern o; with high
probability. Therefore, P(Eg?) is close to 1, while P(E7) is
close to 0 for any given T; and o ;. Therefore, if the sparse vec-
tors we would like to recover are on one same support and share
the same sign pattern, /;-minimization can be a better choice
than £,,-minimization for all p € [0, 1) regardless of the ampli-
tudes of the entries of a vector.

To better understand how the recovery performance changes
from strong recovery to weak recovery, let us consider another
type of recovery: sectional recovery, which measures the ability
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of recovering all the vectors on one support T'. Therefore, the re-
quirement for successful sectional recovery is stricter than that
of weak recovery, but is looser than that of strong recovery.
The necessary and sufficient condition of successful sectional
recovery can be stated as follows.

Theorem 9: {,-minimization problem (p € [0,1]) can re-
cover all the pn-sparse vectors x on some support 7" if and only
if

|Brz|l; < |Brz

2 ©)

for all nonzero z € R"~™.

The difference of the null space condition for strong recovery
and sectional recovery is that (9) should hold for every support
T for strong recovery, but only needs to hold for one specific
support T for sectional recovery. Though for strong recovery, if
the null space condition holds for p € [0, 1], it also holds for all
q € [0, p], and this argument is not true for sectional recovery.
Consider a simple example that the basis B of null space of
A contains only one vector in R* and T = {1,2}. If B =
[16, 16,1, 36], then one can check that ||Br|; = 32 < 37 =
| Bre |1, but || Br||0:2 =8 > 7 = || Bre||§:2. If B =[1,4,1,9],
then || Brl|l1 < ||Bre||1, and || Br||9:2 < ||Br<||§:3. Therefore,
the null space condition of successful sectional recovery holds
for p does not necessarily imply that it holds for another g # p.

Using the techniques as in Section III-B, one can show that
when o — 1 and n is large enough, the recovery threshold of
sectional recovery is 1/2 for all p € [0, 1]. We skip the proof
here as it follows the lines in Section III-B. To summarize, re-
garding the recovery threshold when o — 1, £,,-minimization
(p € [0,1]) has a higher threshold for smaller p for strong re-
covery; the threshold is 1/2 for all p € [0, 1] for sectional re-
covery; and the threshold is 2/3 for all p € [0,1) and is 1 for
p = 1 for weak recovery. We can see how recovery performance
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changes when the requirement for successful recovery changes
from strong to weak.

VI. NUMERICAL EXPERIMENTS

We present the results of numerical experiments to explore
the performance of /,-minimization. First, we consider the spe-
cial case that the null space of the measurement matrix is only
1-D. In this case, we can in fact compute the recovery threshold
easily.

Experiment 1. Recovery thresholds when measurement
matrices have 1-D null space.

The null space of the measurement matrix A is only 1-D, and
let vector B denote the basis of the null space of A. Then, ABisin
the null space of A for every A € R, and every vector in the null
space of A can be represented as A for some A € R. Thus, the
strong recovery threshold and the weak recovery threshold of
£;-minimization and ,-minimization can be directly computed
by Theorems 1-3, since we only need to check whether the null
space condition holds for both 8 and —f. From Theorem 1,
the strong recovery threshold of £,-minimization (p € (0,1])
is the integer k£ such that the sum of the largest k£ terms of
|BilP(i € {1,...,n}) is less than ||]|} /2 and the sum of the
largest k& + 1 terms of |3;|? (¢ € {1,...,n}) is greater than or
equal to [|B[[% /2. For weak recovery, we consider recovering all
the nonnegative k-sparse vectors on support 7' = {1,...,k}.
From Theorem 2, the weak recovery threshold of /;-minimiza-
tion is the largest integer k such that both ||B7— |1 < ||B7- |1 +
|B7+[[1and [|Br+[l1 < [|Bze[l1+|B7- |1 hold. From Theorem
3, the weak recovery threshold of £,-minimization is the largest
integer & such that both [|B7- ||} < ||Br.|5 and ||Br+5 <
l|Bre|l5 hold.

We generate one hundred random Gaussian matrices
A499x500 " and for each random matrix A, we compute its
corresponding strong (and weak) recovery threshold of /; (and
£,)-minimization. For each p between 0 and 1, we count the
percentage of random matrices with which /; (and /,)-min-
imization can recover all the pn-sparse vectors in the strong
sense (and in the weak sense). Fig. 8 shows the strong recovery
thresholds for different p and Fig. 9 shows the weak recovery
thresholds. We can see that the strong recovery threshold
strictly decreases as p increases. However, the weak recovery
threshold of /;-minimization is close to 0.9, which is greater
than the weak recovery threshold of £,,-minimization for every
p < 1L

Except for special cases like Experiment 1, (3) is indeed non-
convex and it is hard to compute its global minimum. In fol-
lowing experiments, we employ the iteratively reweighted least
squares algorithm [11], [12] to compute the local minimum of
(3), refer to [12] about the details of the algorithm.

Experiment 2. £,-minimization using IRLS [12]

We fix n = 200 and m = 100, and increase p from 0.01 to
0.5. For each p, we repeat the following procedure 100 times.
We first generate an nn-dimensional vector x with pn nonzero en-
tries. The location of the nonzero entries are chosen randomly,
and each nonzero value follows from standard Gaussian distri-
bution. We then generate an m x n matrix A with i.i.d. N'(0, 1)
entries. We let y = Ax and run the iteratively reweighted least
squares algorithm to search for a local minimum of (3) with p
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Fig. 9. Weak recovery threshold with 499 x 500 Gaussian matrix.

chosen to be 0.2, 0.5, and 0.8, respectively. Let x* be the output
of the algorithm, if ||x* — x||o < 10~*, we say the recovery of
x is the successful. Fig. 10 records the percentage of times that
the recovery is successful for different sparsity pn. Note that the
iteratively reweighted least squares algorithm is designed to ob-
tain a local minimum of the £,,-minimization problem (3), and
is not guaranteed to obtain the global minimum. However, as
shown in Fig. 10, it indeed recovers the sparse vectors up to
certain sparsity. For ¢y 2, £o.5 and £y g-minimization computed
by the heuristic, the sparsity ratios of successful recovery are
0.25,0.24, and 0.15, respectively.

Experiment 3. Strong recovery versus weak recovery

We also compare the performance of £,-minimization and
£1-minimization both for strong recovery in Fig. 11 and for
weak recovery in Fig. 12 when « is large. We employ the
trial version of MOSEK [30] to solve £1-minimization and still
employ the iteratively reweighted least squares algorithm to
compute a local minimum of £,-minimization. We fix n = 60
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Fig. 10. Successful recovery of pn-sparse vectors via £,,-minimization.

and m = 58 and independently generate 100 random matrices
A™*™ with i.i.d. N(0,1) entries and evaluate the performance
of strong recovery and weak recovery. For each matrix, we
increase p from 0.2 to 1. In weak recovery, we consider recov-
ering nonnegative vectors on a fixed support 7' = {1, ..., pn}.
For a given p, we generate 1000 vectors and claim the weak
recovery of pn-sparse vectors to be successful if and only if
all the vectors are successfully recovered. For each vector x,
z; = |zi| (i € T), and 2; is generated from A/ (0, 1) with prob-
ability 0.5, and NV (1000, 1) with probability 0.5. As discussed
in Section II, the condition for successful weak recovery via
£1-minimization is the same for every nonnegative vector on
T, therefore for a fixed matrix A, if #;-minimization recovers
all the vectors we generated, it should also recover all the
nonnegative vectors on 7'. £,,-minimization (p € [0,1)), on the
other hand, can recover some nonnegative vectors on 1" while at
the same time fails to recover some other nonnegative vectors
on T'. Therefore, since we could not check every nonnegative
x on T, {,-minimization (p < 1) can still fail to recover
some other nonnegative vector on 7' even if we declare the
weak recovery to be “successful.” In strong recovery, for each
p, we generate 1000 vectors and claim the strong recovery
to be successful if and only if all these vectors are correctly
recovered. For each such random pn-sparse vector x, we first
randomly pick a support T with |[T'| = pn, and then for each
z; (1 € T), z; is generated from A (0, 1) with probability 0.5,
from A/ (1000, 1) with probability 0.25, and from N (—1000, 1)
with probability 0.25. The average performance of 100 random
matrices for strong recovery is plotted in Fig. 11, and the
average performance of weak recovery is plotted in Fig. 12.
Note that we only apply iteratively reweighted least squares
algorithm to approximate the performance of /,-minimization,
therefore the solution returned by the algorithm may not always
be the solution of £,-minimization. Simulation results indicate
that for strong recovery, the recovery threshold increases as
p decreases, while for the weak recovery, interestingly, the
recovery threshold of /;-minimization is higher than any other
{£,-minimization for p < 1.



7266

Percentage of Successful Strong Recovery

Q
0.2 0.3 0.4 0.5 0.6

Fig. 11.

0.9

0.8
0.7
0.6
0.5
0.4
0.3
0.2
0.1

Percentage of Successful Weak Recovery

0 1
0.3 0.4 0.5 0.6 0.7 0.8 0.9

p

Fig. 12. Successful weak recovery of pn-sparse vectors.

VII. CONCLUSION

This paper analyzes the ability of /,-minimization
(0 < p < 1) to recover high-dimensional sparse vectors
from low-dimensional linear measurements where the mea-
surement matrix A™*™ has i.i.d. standard Gaussian entries.
When o« = m/n — 1, we provide a tight threshold p*(p) of
the sparsity ratio separating the success and failure of strong
recovery which requires to recover all the sparse vectors. p*(p)
strictly decreases from 0.5 to 0.239 as p increases from 0 to 1.
For weak recovery which only needs to recover sparse vectors
on some support with some sign pattern, we first provide an
equivalent null space characterization of successful weak re-
covery, then prove that the threshold of sparsity ratio separating
the success and failure of £,,-minimization is 2 /3 forallp < 1,
compared with the threshold 1 for ¢;-minimization. For any
a < 1, we provide a bound p*(«,p) of sparsity ratio below
which strong recovery via /,-minimization succeeds with
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overwhelming probability, and our bound p*(«,p) improves
on the existing bounds in the large « region. We also provide
a bound p} («, p) of sparsity ratio below which weak recovery
succeeds with overwhelming probability.

Throughout the paper, we assume that the measurements y =
Ax are exact, and it would be interesting to consider the case
that the measurements are noisy, i.e.,y = Ax+ e where e is the
vector of noise. Moreover, we assume that x is exactly sparse,
i.e., most of its entries are exactly zero. The extension of results
to approximately sparse vectors whose coefficients (if ordered)
decay rapidly is also worth pursuit.

APPENDIX

A. Proof of Theorem 3

Proof: Necessary part. Suppose the condition fails for
some z, then there are two cases: 1) T is empty, and 2) T is
not empty for that particular z.

First, consider the case 7' is empty, then we have
|Br-zl|l, > ||Br-zl[) since we assume the condition in
Theorem 3 fails for z. Define a vector x as follows. Let z; = 0
for every ¢ in T, let x; = —B;z for every ¢ in T~. Let z; be
any positive value for every 4 in T°. Then, according to the
definition of x, we have

||x+Bz||§
= ||xz- + Br-z|p + (%70 + Brozll + || Brezl|}
=0+ [Jxro|l} + || Brez|l}
= |15 — lIxz- |15 + | Br-zll}
= [x|[5 = |Br-zll; + || Brzll}

< I3

Since ||x + Bz|[2 < ||x]|2, (3) cannot successfully recover x,
which is a contradiction.

Second, consider the case that 7't is not empty. Then,
| Br- 2[5 > ||Br-zl||} since we assume the condition in The-
orem 3 fails for z. Let 6 = || Bp-z||) — || Br-z||};, > 0. Define a
vector x as follows. Let z; = O forevery ¢ in 1, letx; = —DB;z
for every ¢ in T, and let x; be any positive value for every
in T°. For every i in T, since p € (0, 1), we can pick z; > 0
large enough such that ||x7+ + Br+z|[5 — ||x7+ |5 < §. Then

lIx + Bzl = 0+ [|xr+ + Br+ 2l + [[xzol[j + || Brez|;
0
<lxr+llp + 5 + [xroll; + || Brezll;
o
= lxr+llp + 5 + lxroll; + 1 Br-2ll; = 6

o
= il - 5.

Thus, ||x + Bz|]5 < [|x]|7, x is not a solution to (3), which is
also a contradiction.
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Sufficient part. Assume the null space condition holds, then
for any nonnegative x on support 7', and any nonzero z €
R™~™, we have

Ix + Bzl|lj = llxr+ + Br+ 2|} + [[xr- + Br-z([

+ lIxzolly + | Brezli;
> |lxr+ + Brezlly + lxo-[I; — [[Br-2|l}

+ lxrll? + | Breall? (10)

where the inequality follows from the triangular property that
|x; + B;z|? > |x;|P — | B;z|P holds for all ¢ and all p € (0, 1).

If T is not empty, then ||x7+ 4+ Br+z|2 > ||xp+ |2 since
B;z > 0 forevery i in T, and B;z and x; have the same sign.
Since we also have ||By-z[[p < ||Brez[} from assumption,
therefore by (10), we have ||x + Bz|[> > ||x||5. If T'F is empty,
then || By 2| < || Brezl[} from assumption, therefore by (10),
we also have ||x + Bz[[? > ||x|[5. Thus, ||x + Bz||} > [|x[}}
for all nonzero z € R™~ "™, then x is the solution to (3). O

B. Proof of Lemma 1

Proof: Let X ~ N(0,1) and let Z = | X|. Let f(z) and
F(2) denote the probability density function (pdf) and cumula-
tive distribution function (cdf) of Z, respectively. Then

_ [ 2/me 3 it 2>0

io={y an

F(z) = {erf(z/ﬂ) = Jo V2 me 3 e, if220
07 le < 0

Define g(t) = ftoo 2P f(2)dz. g is continuous and decreasing
n [0,00], and g(0) = E[Z?] = 2, limy_, g(t) = 0. Then,
there exists z* such that g(z*) = g(o) ,ie.,

/Z a? f(z)dx — /OO 2P f(x)dx = (13)
0 z*

Define

(14)

We claim p* has the desired property.
Let

Z Y, = ZYl{pr}

1:Y; >2*P

where 1 is the indicator function. Then
Z El{)/’izz*p} =F Z |X7|p1{|X1 p>z*p}‘|
i=1

i=1
=nkK [Zpl{ZZz*}] = n/

2%

E[T..|=E

2P f(2)dz = ng(2").

Let h be the smallest integer such that Y, > 2*P and
Y1 < 2*P, then T, = Z;I:l)/i' We also have that
h = Z:L:l 1{|4\'i|1)22>»p} = E?:l 1{|Xi|22*}' Note that
P(|X;| > 2z*) =1 — F(2*) = p*, thus h follows the Binomial

7267

distribution B(n, p*). Then, its expectation E[h] = p*n, and
the variance E[(h — p*n)?] = np*(1 — p*).
We claim that

h— [p*nll|S,-
.- — S| < %. (15)
[p*n]
To see this, consider three different cases, h = [p*n],
h > [p*n] and b < [p*n]. If h = [p*n], then

T.. = S, and (15) holds trivially. If » > [p*n], then
T« — Sp-| = Zﬁ:fﬁ*n'|+1 Y;. Note that for every ¢ > [p*n],
Yi < Y7peny < S,¢/[p*n], then (15) follows. If b < [p*n],
then [T« — S,| = Z[f,:ﬂl Y;. Since Y; > Yj foralli < j,
then El[pwh’ﬂl Yi/(Tp*n] = h) < I, Yi/h, which leads to
S Y/ (Ton] = ) < S Y/ [p*n] = S, /To'n],
and (15) follows. Combining three cases, we conclude that (15)
always holds. Then

Ellh = Tp*n][Sp]

B[[T.. - 5

]

IN

[p*n]
\/E[(h — [pn])2]E [52.]
< (16)
[p*n]

where the second inequality follows from the Cauchy—Schwarz
inequality. We have

E[(h - [p*n])?]
= E[(h = p*n)*] + 2(p*n — [p*n])E[h — p*n]
+(p*n = [p*n])?
<mnp*(l—p")+ 1.
Besides

E[SL] < E[S}] = <Z|X|p>
=FE ZIX EEIPRb b el

1,51F#]
= nE[IXIQP] +n(n—1)(E[|X]")?
where the third equality follows since X7, Xo,..., X, arei.i.d.
N (0, 1) random variables. Then, from (16), we have

BT = S|

< V(p (= p*) + D@E[XPP] + n(n — D(E[X]P])?)
= [p*n]
= O(v/m).

Since E[|T.+ — Sy

] is upper bounded by O(\/n), E[T,-] =

ng(z*), and S = ng(0), we have
lim M — lim M + lim M
9(z") 1
= +0=- O
9(0) 2
C. Proof of Proposition 1
Proof: From the definition of z* in (13), we have
H(z",p):= / a? f(z)dx — / a? f(zx)de =0  (17)
0 z*
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where f(-) and F(-) are defined in (11) and (12). From the
implicit function theorem

= _ Gy
— T 8H
dp Bzf
_ Jy aP(Inz)f(z)de — [ aP(Inz) f(z)ds
2 () |
L. = —f(z*). From the chain rule, we
know dd”p = j’z) dz thus
dp* foz* a?(Inz) f(z)de — [ 2P (Inz) f(z)da 18
[ 227 o
Note that

'/0 2P(Inz) f(z)dz < /OOO 2P (In 2*) f(z)dx
:/ 2P (lnz*) f(z)dx
< /00 2 (lnz) f(z)dx 19)

where the equality follows from (17). Then, the numerator of
(18) is less than 0 from (19), thus %2 < 0. O

D. Proof of Lemma 2

Proof: Let X = [Xy,...,
only differ in coordinate 4, then for any p, |S,(X) —
[| X;P — | X/|P|. Thus, for any X and X’

15,(X) = S,(X) < D IXP - |XiPL.
X #X]

X,]T. If two vectors X and X'
Sp(X7)] <

Since || X;|P — |X!]P| < |X; — X[JP for all p € (0,1]

[5p(X) = S,(X) < D 1X; = X" (20)

From the isoperimetric inequality for the Gaussian measure
[29], for any set A € R™ with measure at least a half, the set
Ay = {x € R™ : d(x, A) < t} has measure at least 1 — ¢+ /2,
where d(x, A) = infyc 4 ||x—y]||2. Let M, be the median value
of S, = 5,(X). Define set A = {x € R" : S,(x) < M,},
then

Pld(x,A) <t)>1—e /2,
We claim that d(x,A) < ¢t implies that S,(x) < M, +
nl=P/2p If x € A, then S,(x) < M,, thus the claim
holds as n'~P/2t? is nonnegative. If x ¢ A, then there exists
x’ € A such that ||x — x||]2 < t. Let w; = 1 for all ¢ and let
v; = |a; — x}|P. From Holder’s inequality

1-p/2 p/2
Z i — 23" < <Z |“i|2/(2_p)) (Z |vi|2/p>

< n(lfp/Q)(tQ)P/z — p(I=p/2)yp 1)
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From (20) and (21), |S,(x) — S, (x)| < n(*=P/2)¢?_ Since
x ¢ Aand X' € A, then S,(x) > M, > S,(x'). Thus,
S,(x) < M, +n=P/2)¢? which verifies our claim. Then

P (8,(x) < M, +n0/2)

> Pld(x,A) <t)>1—e"/2 (22)
Similarly
P (S,(x) > M, - a0/ ) > 1 - 7020 23)
Combining (22) and (23)
P (|sp(x) —M,| > n<1—P/2>tp) <272 (4

The difference of E[S,] and M, can be bounded as follows:
|E[Sp] - Mp| < E“Sp - MPH
= [ PUSya) = Mol = iy
0

Note that ¢ := f 2¢=35"/" s is a finite constant for all
p € (0,1]. Asp > 0and S = nE[|xl|p], thus for any 6 > 0,
en(1-%) < %S when 7 is large enough.
Lett = (165n(5=1)5 = (L§5E[|2,[P])7 /n, from (24) with
2
probability at least 1 — 2¢~2 (28Ell=: ") 7 n_ IS, — M,| < $68.
Thus, |S, — E[S,]| < |S, — M,| + |M, — E[S,]| < 65 with
probability at least 1 — 2e~“'™ for some constant c; . O

E. Proof of Corollary 1

Proof: From Lemma 1 we know that for every ¢ > 0, there
exists M large enough such that

1
E[S,] < (5 + e) s (25)
for all n > M where S = E[S;]. Then, E[Y;_ [p* n]+1Y] =
S — E[S,] > (3 — €)S. Since E[Y ] " n]+1Y] is a sum-
mation of n — [p*n] terms, and E[Y],.,1] > E[Y;] for all
i > [p*n], then we have
E [Yipem] 2 v [Z?:W"Hlyi}
[p*n]] = n—[p*n]
1_¢s 1_4ds

Z (2 6) Z (2 6) . (26)

n— [p*n] n

Then, for any p < p*, for every € > 0, when 7 is large enough

[p"n]
E[S,] = E[S,] - Z ElYi]
i=[pn]+1
< E[Sp-] = ([p*n] = [pn])E [Yipe 1]

# )5 (T - T 3295

Js-lre D))

|
+



WANG et al.: ON THE PERFORMANCE OF SPARSE RECOVERY VIA ¢,,-MINIMIZATION (0 < p < 1)

where the first inequality holds since each Y; with ¢ < [p*n]
has expectation at least as large as E[Y[,-,1], and the second
inequality follows from (25) and (26). Then, for any p < p*, we
can pick e > 0 small enough such that E[S,]/S < (3 +¢) —
(p* —p—1)(3 —€) < 5 — 26 for a suitable § > 0 when 7 is
large enough. The result follows by combining the above with
Lemma 2. O

F. Proof of Lemma 3

Proof: For any given v > 0, there exists a y-net X in
R™™ of cardinality less than (1 4+ %)"‘m [29]. A y-net Y isa
set of points in R™~™ such that ||v*|| = 1 for all v* in ¥ and
for any z € R™~™ with ||z||y = 1, there exists some v* such
that ||z — v¥||s < 7.

Since B has i.i.d N(0,1) entries, then Bv* has n i.i.d.
N(0,1) entries for every v*. From Corollaries 1 and 2, we
know that given any p < p*, for some 6 > 0 and for every
€ > 0, there exists co > 0 and c3 such that with probability at
least 1 — 2e=%2" — 2¢~ " we have

S,(BvF) < (% - 5) S 27)

and

(1-€¢)S < Si(BvF) < (1+¢)S (28)
both hold for one vector v* in X. Then, applying union bound,
we know that (27) and (28) hold for all vectors in ¥ with prob-
ability at least

1—(142/y)" ™(2e7 2" 4 2e 7). (29)
Let o = m/n, then as long as « is large enough, say greater
than ¢y := 1 — %, then (29) is greater than 1 — e~ 5™
for some constant ¢; > 0.

For any z such that ||z||o = 1, there exists vy in X such that
lz—voll2 £ ~, < v.Letz; denote z— v, then l|z1 —y1v1]|2 2
72 < 1y < 2 for some v; in X. Repeating this process, we
have

z = Z’}/jVj

720

(30)

where yo = 1,v; <+ and v; € ¥. Thus, for any z € R"~™,

we have z = [|z|]2 3,50 75V;-
For any index set T with |T'| < [pn]

p

1Brallh = llzlls | Y v Brv;
20 ,

< llzlls Y A" 1Brv;l
i20

< S||z|12’1_726
2(1 =)
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where the first inequality holds from the triangular inequality
and the fact that v; < +7. The second inequality holds with
overwhelming probability by (27) and (29)

p
|1Bz|lp = ||zll% || >~ Bv;
720 »
> Jlzlly | 1Beolly = > A7 1BV,
i1
> |lzlly | 1Bvollh = D47 1Bv;l}
21
> Jlzlls [ (1—€)S =Y +P(1+)S
21
1297 — ¢
> Sllzlly———
-

where the first inequality holds from the triangular inequality
and the third inequality holds with overwhelming probability by
(28) and (29). Thus, || Brez|[2 — || Brz|ls > S|z} 225~
holds with probability at least 1 — e~ ™. For the given ¢
from Corollary 1, we can pick v and e small enough such that

| Brezll} — || Brall} > 65||zf5. -

G. Proof of Lemma 4

Proof: We first consider the case that p = 0. Now
p = E[X|°] = 1, where X ~ WN(0,1). We have
ZieT:X,<0 |X1|p = ZieT 1{X,<0}~ Since P(Xi < 0) =05
independently for all 7 in 7', then E[}", . 11x,<0}] = pn/2,
and from the Chernoff bound, we have

P (Z 1{Xi<0} > (1 + e)pn/2> < €_€2fm’/2
i€T
and

P (Z 1{Xi<0} > (1 — g)pn/2> < B_EQP"/2.

€T

It is easy to see that with probability one » . .. [X;|P =
Yiere L{x,20y = (1 — p)n holds. Therefore, Lemma 4
follows for p = 0.

Now we consider the case that p € (0,1). Let X =
[X1,..., Xu]" Let Sp-(X) = Y icrux, <0 | Xil?. For any X
and X'

|S7-(X) = Sr-(X')|

S X ) = X

€T €T

< IX 1 v cop — IXIP L x|
€T

<X - X 31)
€T
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where the first inequality follows from the triangular in-
equality. To see why the second inequality holds, we consider
three different cases. If both X; < 0 and X < 0 hold, then
X1 g, <0y = | X7 L (x0 <0y = 1Kl = X0JP] < | X=X
where the inequality holds since p € (0, 1). If both X; and X
are nonnegative, then clearly ||.X;[P1(x, <oy —|X{[P1{x/<0}| =
0 < |X; — X/P. If only one of X; and X is nega-
tive, we assume X; < 0 without loss of generality, then
Xl L, <0y — X2 L <oy = [Xal? < X, — XJP. where
the inequality holds since X; < 0 and X/ > 0. Combining the
three cases, we know that [|X;[P1x, <oy — [X{[PLlix<oy| <
|X; — X[|P always holds, thus the second inequality in (31)
holds.

From the isoperimetric inequality for the Gaussian measure
[29], for any set A € R™ with measure at least a half, the set
A = {x € R" : d(x,A) < t} has measure at least 1 —
e /2 where d(x,A) = infyea ||x — y||2. Let Mp— be the
median value of S7- = Sp-(X). Define set A = {x € R™ :
St-(x) < Mp-}, then

Pld(x,A) < t)>1—e /2,
We claim that d(x,A) < t implies that Sp— (x) < Mp- +
(pn)—P/2tP If x € A, then Sp—(x) < My—, thus the claim
holds as (pn)'~?/?t? is nonnegative. If x ¢ A, then there exists
x' € A such that ||x — x/||s < ¢t. Foriin T, let u; = 1 and let
v; = |x; — x}|P. From Holder’s inequality

1-p/2 p/2
Z i — 23" < <Z |“i|2/(2_p)) (Z |vi|2/p>

€T i€T 1€T

< (pn)(lfp/2)(t2)p/2 - (pn)(lfp/Z)tp. (32)

From (31) and (32), |[Sr— (x) — Sy (x')| < (pn)—2/2)¢p,
Since x ¢ A and X’ € A, then Sy-(x) > Mp- > Sp—(X).
Thus, Sp—(x) < Mg + (pn)(=P/2¢ which verifies our
claim. Then

P (S7-(x) < My + (pn) 1 72/22) > P(d(x, 4) < 1)

>1-e /2 (33)

Similarly

P(Sp-(x) 2 My = ()0 70/20) > 1 - 72 34)
Combining (33) and (34)

P (1Sp- () = Mp-| > (p) 1 72/20) < 2e77/2 35)

The difference of E[S;-] and My- can be bounded as
follows:

|E[Sy-] = My | < E[|Sr- = Mr-|
:/0 P(|S7-(x) = Mp-| > y)dy

< / Qe ¥Y? (ﬂn)(k;)dy
0

= (pn)(l_g)/ 2e~
0

W=
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(2

Note that ¢ := fooo 2¢=35"/" ds is a finite constant for all
p € (0,1]. Since p > 0, for any € > 0, c(pn)(1=%) < epn/4
when n is large enough.

Let ¢ = (i)%\/p_n, from (35) with probability at least 1 —
2e=3()7 P |S1_ — My | < epn/4. Thus, |Sp- — E[Sp-]| <
|Sp- — Mp—| + |Mp- — E[Sp-]| < epn/2 holds with proba-
bility at least 1 —2e~1" for some constant d; . Since E[Sp-] =
pupn/2, where p = E[|X|P], then

>

1€T:X;<0

1
5P(n =€) <

1
[ Xil? < Spn(p+e)
holds with probability at least 1 — 2e~%".
Similarly, we can prove that with probability at least 1 —
2¢~ %" for some dy > 0

(L—pn(p—e) < > |XilP < (1= p)n(p+e)
eTe

holds. Then, by a simple union bound, the above two statements
hold at the same time with probability at least 1 — 2e~%" —
2¢~ %" thus Lemma 4 follows. O

H. Proof of Theorem 6

Proof: From Lemma 4, applying similar arguments in the
proof of Lemma 3, we get that when @ > ¢7 for some 0 < ¢7 <
1 and n is large enough, with probability 1 — e~“™ for some
cg > 0:

© S =€) < Vierpvo |BivIF < Spnp+ )

* (T=pn(p =€) < Xieqe [BivlP < (1= p)n(p+€)
hold for all the vectors v in a y-net X at the same time. Let S be
the unit sphere in R™~™. Pick any z € S, from (30); we have
z = ijo vjv;, where vo = 1, v; € ¥ for all j and ; < 7.

Givenz,letT- ={i € T : B;z < 0}.Forany iin T~

P

> iBiv;

720

= E v Bivj + E v Biv;
7:B;v;<0 7:B;v; >0
P

Y. B

j:Biv;<0

< Y APIBwvP
§:Biv; <0

|Biz|" =

p

IA

where the first inequality holds as B;z < 0. Then

IBr-zllb < Y > APBiv,l?

i€T— j:B;v;<0

SZ Z ’yjP|BiVj|p

€T j:B;v;<0

= Z’yjp Z |BiV]'|P (36)
7>0 1€T:B;v;<0

< pn(u+e) 37)
— < pn €
21— )"
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where the last inequality holds with overwhelming probability.
We also have

P

||BTCZ

=1 > vBrev;

>0
1= P

> || Brevollh =Y 47 || Brevi|

i>1
> (L=p)n )= > P = p)nlp+ )
7j>1
= 2" — €
>(1- P)nﬁ (38)

where the second inequality holds with overwhelming
probability.

Combining (37) and (38), we have for every z € S,
|Breally— | Br-allp > 125 (1= 3p =217 (1= p) = £(1=5))
holds at the same time with overwhelming probability. Then,
with overwhelming probability, for every nonzero z € R"~™,
we have || Breal2 — || Br-allh > [lall3 125 (1 - $p— 2y7(1 -
p) = (1= 5)). Forany p < 2, we can pick v and € small
enough such that the right-hand side is positive. The result
follows by applying Theorems 3 and 4. O

L. Upper Bound of || Bz||} for all z € S

Lemma 9: Given any « and p, there exists a constant
Amax(c,p) > 0 and some constant ¢;6 > 0 such that
with probability at least 1 — e~ “¢™, for every z € S,
|Bz]]5 < Amax(c, p)n.

To help improve the lower bound of the recovery threshold,
we would like \,ax (v, p) to be as small as possible, while at
the same time, the probability that || Bz||} exceeds Amax(cv, p)n
for some z in S still has exponential decay to zero. Therefore,
in the following proof, besides establishing the existence of
Amax(@,p), we make some efforts to reduce the value of
Amax(c, p), and Apax(c, p) can be computed following the
lines and finally through (43).

Proof: Define ¢pax = = maxges ||Bz|[?, then for any
nonzero vector z, || Bz[[5 < ||z||bcmaxn. Let i1 be a y-net of
S with cardinality at most (1 + 2/~)"~™ [29] and v > 0 to be
chosen later, and define

_1 BzllP

n = max||Bz|}.
Then, from the definition of ~y-net, for every z € S, there ex-
ists z € ¥; such that ||z — 2’| < ~. Note that for every

z €S, ||Bz|ly < IIBZ’H? + 1Bz =2} = [1BZ'[I} + [z —
z'||5 1B, ZH 2 < mn 4 YP cmaxn, where the first inequality
follows rom the trlangular inequality and the second inequality

follows from the definition of 1 and cp,ax. Then, cpaxn < nn+
YP Cmax™, Which leads to

Cmax S 77/(1 - ’Yp)~ (39)

To characterize cnax, We first characterize 7. For any a >
E[|X|?] where X ~ N(0,1), we calculate the probability that
|Bz||5 > an for some z in ¥;. Note that Vz € S, B;z (i =
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1,...,n) are i.i.d. A'(0,1) random variables where B; is the
1th row of B. Then

P(n>a) =P (3z € &s.t. || Bz > an)

< > P(IBzlly > an)

zZEY,
< n—m _ . —tan |: tz7 |Biz‘pi|
< (1+2/v) min e E e

=(1+ 2/7)(1_”)?1 Itn>1(1)1 e—tan (E [etl‘Ylp:| )n

— o((1a) log(1+2)+min;>o (log(E[e" X)) —at))n

(40)

where X ~ N(0, 1), the first inequality follows from the union
bound, and the second inequality follows from the Chernoff
bound.

To obtain a good upper bound of 77, we would like to find the
smallest a such that the upper bound of P(n > a) in (40) still
exponentially decays to zero; note that we do not care about
the decay rate here. To solve the minimization problem in the
right-hand side of (40), note that log( E[e!/¥1"]) is the cumulant
generating function and is known to be convex [16] with respect
to ¢, then log( E[e!!X1"]) — at is also convex, and its minimum is
achieved where its first derivative with respect to ¢ is 0. Define
t* := arg mtin[log(E[e”X‘p]) — at], then we have

_ dflog (B ")) — ai]
dt =
B[xpe 7]

TR "

(41)

Equation (41) determines ¢* given a. The derivative of ¢* with
respect to a is

dt* ﬂ -
da — \ dt*

B[ X E

(B [e"X])”

[Xpre ] - (5

[Xprer )

Note that (E[|X[Pet XI"])2 = (E[et'1X17/2

(X Pt IXIP/2))2 < Elet XI"]E[| X|?Pet 1X17], where the
inequality follows from Cauchy—Schwarz inequality and
the fact that the functions e’ |X1” and |X[?Pe? IXI” are not
linearly dependent. Thus, % > 0. Since when a = E[|X?],

d
we have t* = 0 from (41), then when a > E[|X|P] we
have t* > 0. Thus, when a > FE[|X?], it holds that
t* = argmingso(log(E[e!™!"]) — at). Given a, we can

numerically compute t* by (41) and plug it into (40) to
obtain an upper bound of P(n > a). Then, the question is
how small can a be while the exponent on the right-hand
side of (40) is still negative. Note that given -y, the exponent
on the right-hand side of (40) is negative when a is large
enough. To see this, if we let t = 2(1 — «)log(1 + 2/v)/a,
then log(F[e!XI"]) — at goes to —2(1 — a)log(1 + 2/7)
as a goes to infinity. Thus, when a is sufficiently large,
mingso log(E[e!X1"]) —at < —(1 — a)log(1 + 2/y) < 0,
in other words, the exponent on the right-hand side of (40)
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is negative. Pick a(a,p,v) such that the exponent on the
right-hand side of (40) is negative for all a > a(«,p,~), and
positive for all ¢ < a(a,p,y) — € for a very small ¢ > 0.
Therefore

(1-a)log <1 + %)
+1;n>i(1]1 (log (E [etlxlp}) —a(a, p, 'y)t) <0. (42)

Then, there exists some constant c¢;g > 0 such that

P(n > a(a, p,v))
< (1) log(1+2)+mins o (log (Ble' ¥ ) —a(a.p.7)t))n

— g~c1en
Then, the probability that || Bz|[? > % holds for some
z € Sis
P ( max || Bz|2 > alap, ) _ p o> a(a,p,7)

z€S p 1— P 1— P
< P n > a(a7p7 ’Y)
- 1-— "yp - 1-— fyp
S PRt

where the first inequality follows from (39). Thus, for all v €
(0,1), a(a,p,y)n/(1 — 4P) can be viewed as an upper bound
of ||Bz|| for all z € S in the sense that the probability that
|Bz|s > a(a,p,v)n/(1 —~P) for some z € S decays expo-
nentially to zero for every -y in (0, 1). Since we would like such

an upper bound to be as small as possible, we let

/\max(avp) = min d(ap77)/(1 _,yp) (43)
~¥€(0,1)
then with probability at least 1 — e~“¢" for some

c16(@, Py Amax) > 0, forevery z € S, ||Bz||§ < Amax7 holds.
Thus, the statement follows. O
J. Calculation of Amin(c,p) in Lemma 5

Given « and p, define

1 1
Cmax = 5 2112 ||BZ||Z = g I;leag,( “BZHg

where the second equality holds by compactness. Thus, for any
vector z, || Bz||} < ||z||hcmaxn. Define

1
Cmin = — min || Bz|f}.

Pick a y-net X9 of S with cardinality at most (1 + 2/y)"™™
[29] and v > 0 to be chosen later, we define
0= min | Bl
= — min ||Bz|]?.
n z€3z p
Then, for every z € S, there exists z’ € X such that ||z —
Z'||2 < ~. We have
1Bzl > [|1B2'[l; — |B(z = 2')[I} > 61 — 7" cmaxn (44)
where the first inequality follows from triangular inequality and

the second inequality follows from the definition of cp,,x. Since
(44) holds for every z in S, we have

(45)

. p
Cmin 2 0 — Y Cmax-
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We aim to find a value Ap;n(, p) as large as possible such
that ¢nin > Amin(@, p) still holds with overwhelming proba-
bility. We will calculate a “lower bound” of § and an “upper
bound” of c¢yax, and then obtain a “lower bound” of ¢y, by
(45).

We first consider the lower bound of 6. For any constant b >
0, we will calculate the probability that 6 is less than b. We want
to obtain a value b large enough but this probability still decays
exponentially to 0. And we treat such a value as the lower bound
of 6. Given any constant b > 0

P(0 <b) =P (3z € Ty s.t. || Bzt < bn)

< > P (Bl < bn)
A

< (4 2prmemp [ B0 s

=1+ 2/,V>(1—a)net};nE |:e_t|X|p:| Vi 0

— (((1=a) log(142/7)+log(Ble X "N4b)n 5
(46)

where X ~ N(0,1), and the first inequality follows from the
union bound. The second inequality follows from the Chernoff
bound and the fact that P(||Bz[|}, < bn) is the same for all
z € Yo since B has i.i.d. (0, 1) entries. Note that

E [eilelP} = \/2/7/(;00 et e 2% gy
75—%\/2/_7r/00o eV TN gy (47)
\/2/—7T/00o eV dy
t5/2/xl(1/p)/p

where (47) holds from changing variables using x = ¢~ » vy, and

N

IN

i

(48)

-1 .,
the inequality follows from the fact that e~ 3(t7PY) < 1 forall
1
y > 0.Whent > 1,thent” » < 1, then from (47), we have

E [e‘thlp} > t_%\/2/7r/ eV 3 gy,
0

Since fooo e V'3V’ dy exists and is positive, then combining
(48) and (49), we have whent > 1

E [e—th‘P} e (t—%) .
Since (46) holds for all ¢ > 0, we let t = v P(1=2+€) 5 1 for
any € such that 0 < € < « and let b = 1/¢, then from (46), we

have
P (8 < 770-049) < o0 512/ 1410800,

(49)

Note that since ¢ > 0, when ~ is sufficiently small, we have

(1 - a)log <1 + %) +log(O(y' ) +1<0. (50)

Therefore, when v < ¢ for some small enough ¢ > 0, there
exists © > 0 (depending on  and ¢€) such that

P (9 < 7P<1—“+‘>) < e, (51)
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Thus, for every € € (0, «) and for all v < ¢ with some ¢ de-
pending on ¢, the probability that § < 4?(1=>+€) decays expo-
nentially to zero, though the decaying rate depends on € and +y.

Lemma 9 indicates that there exists Apax (e, p) and ¢16 > 0
such that

P(Cmax < /\max(a7p)) Z 1- efcwn' (52)

Then, after characterizing 6 and ¢, separately, we are ready
to characterize cp;,. We have

P (Cmin < pr(lfoﬁ»s) - 'Yp/\max(avp))
<P (9 — P emax < ’7p(1_a+6) - 'VP)‘maX(avp))

<P (9 < wp(l‘““)) + P(Cmax = Amax(@,p))
S e—K,'n, + e—(‘un

where the first inequality follows from (45), and the last in-
equality follows from (51) and (52). Then, for every € € (0, «),
for all v < &(e), there exists constant ¢cg > 0 (depending on
e and ) such that P(cpin < 4Pt — 4P A (a,p)) <
e~ ™. Given Apax(a, p), let

max p(l—a+te) _

pArﬂaX a? -
0<e<a,0<v<E(e) K ( p)

(53)

Note that since 1 —a+e < 1,yP1=a+) _~PX > () when v
is sufficiently small, therefore Ay,;, > 0, and Lemma 5 follows.

)\min(a7 p) =

K. Calculation of p*(a,p) in Lemma 6
For any givensetT C {1,2,...,n} with |[T| = pn (0 < p <
1), define

1
Amax = — max||BTz||§.
n zeS

Since B has i.i.d. Gaussian entries, then the distribution of d,,.«
is the same for any 7" with |T'| = pn. Given a y-net X3 of S with
cardinality at most (14 2/v)™ ™ and v > 0 to be chosen later,
define

1
7 = — max || Brzl[}.
n z€33
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Then, for every z € S, there exists zZ € X3 such
that ||z — 2’|l < ~. Then, for every z € S, we have
| Brz|lb < [|Brz'||5 + || Br(z — 2')||5 < 7n + yPdmaxn. That
means dpyaxn < 7n + YPdyaxn, which implies

dmax S T/(l - ’Yp> (54)

Given Apin(@,p) (denoted by A, here for simplicity), in
order to obtain p*(«,p) in Lemma 6, we essentially need to
find the largest p such that the probability that dpax > Amin/2
holds for some support 7" with |T'| = pn can still decay expo-
nentially to 0. From (54), we first consider the probability that

T > Amin(1 — 7?)/2 holds for a given set T’
P(7 > Anin(1 —~4P) /2, given T')
=P (Hz € Y3 s.t. || Brz|h > Anin(1 — ’yp)n/2)
/\min 1—9F)n
5 2 (1Bl > 2l 200

ZEY3

P )\min(l - ,yp)n
S p(Smap > 2ol 20)

2E€%; ieT

(142/7)" " min e™Amn (=002 [etZieT |Bizlp}
>

IN

IN

= (L4 2/)07 0 iy = (1= (pp [ )

t>0
((1—a) log(1+2 ) +min(p log(E[e" 1" ) = tAmin (1-77)/2))n
—e t>0

(55)

where X ~ N (0, 1), the first inequality follows from the union
bound and the second inequality follows from the Chernoff
bound. Note that since B has i.i.d. A/(0,1) entries, (55) holds
for any T as long as |T| = pn.

Now consider the probability that ||BTz||§ > %)\minn for
somez € S and T with |[T'| = pn, as shown in (56) at the bottom
of the page, where the first inequality follows from the union
bound, the second inequality follows from (54), and the third
inequality follows from (55) and the fact that () < 2mH(),
where H(p) = —plog(p) — (1 — p)log(1 — p).

To obtain a good upper bound of P(3z € S,3T,s.t. |T| <
pm, ||BTz||§ > Aminn/2), we first would like to solve the

P(3z € 8,37, st. |T| = pn, | Brz|h > Aminn/2) <

P(3z € Ss.t. || Brz|l) > Aminn/2,

forgivenT C {1,2,...,n} and |T| = pn)

<"

e

P(dmax > /\min/27 giVCIl T)
P(7/(1 =) 2 Amin/2, given T')

P(1 > Amin(1 —~2P)/2, given T')
H(p)e((l_“) log(1+2/7)+min(p log (B! X1 )=t A min (1=77) /2))n

(H(p) log 2+(1~0) log(1+2/7)+min(p log(E[e"! X" ) ~tAmin (1=97)/2))n

(56)
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minimization problem on the right-hand side of (56). Note
that log(E[et!X1"]) is the cumulant generating function
and is known to be convex [16] with respect to . Then,
plog(E[e!X1"]) — tAmin(1 — 4?)/2 is also convex, then its
minimum is achieved where its first derivative with respect to ¢
is 0. Define t* := arg min(p log(E[e!¥1"]) = tAmin(1—77)/2].
We have

d [plog (E [e"™1"]) = tAmin(1 — 77)/2]

0= dt o=t
‘x|
_ % — Amin(1 = A7)/2
which is equivalent to
(1 = 99) [ 5] -

2 [[X[pet 15T

Equation (57) determines t* given p, Apmin, and . The
derivative of t* with respect to p is shown in the equa-
tion at the bottom of the page. Note that (E[| X|Pe* 1X1°])2 =
(Bl X2 (X |pet XV < Bl XU B[ X |Pret X7,
where the inequality follows from Cauchy—Schwarz inequality
and the fact that functions e ¥1” and | X|?¢et” X1 are not lin-
early dependent. Therefore, from (58), we know % < 0. Since
when p = Apin(1 — %)/ (2E[| X ?]), one can obtain from (57)
that t* = 0, therefore when p < Amin(1 — +*)/(2E[| X 7)),
the corresponding t* is always positive. Thus, when
p < Amin(l — ?)/(2E[|X|?]), t* defined in (57) is the
solution to minsso(plog(E[e!™1]) — tAmin(1 — 4?)/2).
Given p, v, and «, we can numerically compute t* by
(57) and plug it into (56) to obtain an upper bound of
P3z € §,3T,s.t. |T| < pn, || Brzll} > Aninn/2).

Now that given « and Ay, for any p, (56) provides an upper
bound of the probability that there exists some z € S and some
T with |T| = pn such that || Brz[[} > Ayian/2 holds. The
next question is how large p could be such that this upper bound
still decays exponentially to zero. The largest p is indeed the
p*(a, p) we would like to calculate.

Note that given «, p, and A, for every «, as p goes to 0,
H(p) goes to 0, and 1;n>i(r)1(p log(E[e!X1"]) — tAmin(1 — 7)/2
goes to —oo, thus, there exists p(a,p,y) > 0 such that the
exponent on the right-hand side of (56) is negative for all
p < p(a,p,v), and is positive for all p > p(«,p,vy) + € for
some very small ¢ > 0. In other words, for each v, P(3z €
S, 3T, st |T| = pla,p,v)n, [| Brz|b > Aminn/2) < e™" for
some positive ¢ depending on . We then optimize j(a, p, )
over v € (0,1), and let
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then with probability at least 1 — e~“*°™ for some c1¢ > 0, for
every z € S and for every set T C {1,2,...,n} with |T'| <
p*(a,p)n, ||Brz||h, < Aminn/2 holds simultaneously. Then,
Lemma 6 follows.

L. Proof of Theorem 7
Proof: Let S be the unit sphere in R™~"™. Then

P(Strong recovery succeeds to recover vectors up to
p* (v, p)n-sparse)
=P <‘v’ nonzero z € R" ™ VT with |T| = p*(a, p)n,

IBrall; < 3115l

=P <Vz € S, VT with |T| = p*(a, p)n,
Irally < 53l )

>P <Vz € §,VT with |T| = p*(«, p)n,

1
Il < 3wt [l > A1)

>1-P(Iz€S, st ||Bzl]} < Anin(e, p)n)
— P (3z € §,3T with |T| = p*(a,p)n s.t.
1Bzl > Amin(e, p)n/2)

—con —cion

=1l-c¢ —e (58)
where the first equality follows from Theorem 1, and the second
equality holds since for any nonzero z € R"™™, z/||z||2 €
S. From Lemma 5, we know there exists cg > 0 such that
P(3z € S, st [|Bz|lb < Amin(a,p)n) < e ", and from
Lemma 6, we know there exists ¢;p > 0 such that P(Jz €
S.3Ts.t. || Brz|? > $Amin(a,p)n) < e™0", then there ex-
ists ¢c11 > 0 which depends on «, p and A, such that the
right-hand side of (58) is greater than 1 — e~“"'". Therefore,
{,-minimization can recover all the p*(«, p)n-sparse vectors

with probability at least 1 — e~ 11", O

M. Proof of Lemma 7

Proof: Let o o=n

15 Define cf.
m [p. Let Xy be a y-net of S with
cardinality at most (1 + 2/v)"~™ and ~y be the value where
Amax(@/,p) is achieved in (43). We use Apmax to denote
Amax (¢, p) for simplicity here in the proof. Then, from (43),

we have

maxges ||Brez

prlasp) = max pla.p,7) Amax = (', p,7)/(1 = 47) (59)
dt* (dp>_l B 2 (E [|X|Pet 1X17])?
dp  \dt* Amin(1 = 77) ((E [|X[pet X)) — B [et"IX1) B [|X IQPef*‘X"’]) '
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where according to (42), a(/, p, ) has the property that

(1 —a’)log <1 + %)
+iy (o (£ [e"]) -

Combining (59) and (60), we have

(1 —a’)log <1 + %)

+ min (log (E [elel”]) — Amax(1 — 7p)t) <0. (61)

a(a’,p,)t) < 0. (60)

Define

= Brezl||?
V= gy ma IBreall

Then, by arguments similar to those that lead to (39), we have

max_n/( )

We first show that with overwhelming probability,
||BTCZ [P < (L = p)Amaxn for all z in S, or equivalently,
Crnax < )\max Note that

P(c .. > Amax

lna.x — )

< P(n'/(1-
—P(3Z€E4St ||BT’

<Y P(IBrezlt > (1

ZEY,
9 n—m FE etzf€7'{‘ IBiZIP:‘
< Z
- <1 + 7) rtn>10n et(1=p) Amax (1—77)n

(e 2\ Bl
o +; rtn>l(r)1 et(1—=p) Amax (1—77)n

(1=p)n (=2 1og(1+;>+?1>1§(log(E[e”A‘”])—

Y?) > Amax)
|p (1 - p))‘max(l - ’Yp>n)
- p))‘max(l - ,yp)n)

max (1=77)t))
=e

(1=p)n((1—a’) log(1+%)+1in>ig(10g(E[€”X‘p])—/\max(l—vp)t))

(62)

where X ~ N(0,1). Combining (61) and (62), we conclude
that there exists ¢ > 0 such that P(c) . > Amax) < 7127,
Therefore, with probability at least 1 — e 2", forall z € S,
| Brez|lb < (1 - p))\max(o/,p)n holds.

Similarly, define ¢}, = 7=y, Minzes [|Bz|}. Let 35 be
a y-net of S with cardinality at most (1 + 2/4)"~™ and 7 be
the value where Apin(c’, p) is achieved, note that from (53) we
have

min

Amin(a/,p) = 4PI2F9) 473 ",p)

max(a
for some € € (0, ). From (50), we also have that

(1—a')log(1+2/4) +log(O(3' =) +1<0. (63)
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We use Apmin and Amax to denote Apmin(a
for simplicity. We define

",p) and Ayax(c, p)

1
' = ———— min ||Brz|]}.
z

(1= p)n zess

Using the same arguments as those for (45), we have

Cmin 2 0/ - ’chinax'
We next show that with overwhelming probability,
||BTCZ |1" > (1 — p)Aminn for all z in S, or equivalently,
. > Amin. Note that the probability that ¢/, < Apmin 18

min

P(cipin < Amin)
=P (clmin < :yp(lfa’+6) _ :Yp/\max)
<P (0/ — AP < ,A}/P(lfa’%) _ ’AYP)\max)
< P (1 <3079 4 Pl 2 M)
<P (8 <qp0m+9) 4 emonn (64)
where the last inequality follows from P(c) .. > Amax) <

e=°12" To calculate P(# < 42—+ note that

P(g/ < ;?p(l—o/-i—e))
=P (Elz € Y5 8.t. ||Brez

b < (1= )37 ="+

<> P <Z |BizlP < (1~ pw(la’mn)

2E55 ieTe

AN p(—alte)

< (1 N T) AP (Ble—7 X177y (1o
5

_ ((=)n((1=a") og(1+2) Hog(Ble

— (1=p)n((1=a’) log(1+2)+Hlog(O(3'~*"+)+1)

_:,*P(lfﬂq’f)‘)qp

D+1)

(65)

where X ~ N(0, 1), the first inequality follows from the union
bound, the second inequality follows from the Chernoff bound,
and the last equality follows from (49). Combining (63) and
(65), we have

P (0 <40 < emen (66)

for some positive £ > 0. Thus, from (64) and (66), we have

P(clyin < Amin

—Kn —cian —ci3n
Cmin > ) S € +e S e

for some c13 > 0. Then, with probability at least 1 — e~“13",
forallz € S, ||Brez||} > (1 — p)Amin(a’, p)n. O

N. Calculation of S\max(a,p, p) in Lemma 8

Proof: Define ¢max = — max,es ||Br-z||8. Let X be a

v-net of S with cardinality at most (1 +2/v)"~™ and v > 0 to

be chosen later, and define 77 = pin maxgey, || Br-z[|}. Then,
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from (3Q), foranyz € S,z = ijo ~;v; holds, where yp = 1,
v; < v’ and v; € Y¢. From (36), we have

1Br-zllf < Y477

720

>

1€T:B;v;<0
<> yPijpn

i>0
=npn/(1=7")

|Biv;[?

(67)

where the second inequality follows from the definition of 7).
Since (67) holds for every z € S, then éyaxpn < fpn/(1—+7P),
which leads to ¢iax < 77/(1—+").Forany givenz € S, define a
random variable S; for each 7 in 7', and S; is equal to 1 if B;z <
0 and equal to 0 otherwise. Then, || Bp-z|b = 3. . | Biz[P S;.

Given v, for any a, we will characterize the probability that
Cmax 18 greater than a/(1 — +?). We will find the smallest value
of a such that this probability still exponentially decays to zero,
and take the corresponding a/(1 — «?) as an upper bound of
Cmax- Note that

i i i i
P<Cma"2 1—7P> SP<1—7P S 1—7P>

=P} > a) = P (3z € Sg s.t. |Br-2|% > apn)
< > P(IBr-2l5 > apn)

FASIN

2 n—m
= 1+—> P BinSiZELpTL
(142 <Z| |

€T

< <1+-z>(Lﬂwnnnn£fik”XPS]ym
— tapn
0% t>0 etap

= (=) log(1+3)+pmineso(log(Ele' X" —at)n  (cg)

where X ~ N (0,1),S =1if X < 0and S = 0 otherwise.

To solve the minimization problem in the right-hand side
of (68), note that log(E[e!'XI"]) is the cumulant gener-
ating function and is convex [16] with respect to ¢, then
log(E[e!1XI"S]) — at is also convex, and its minimum is
achieved where its first derivative with respect to ¢ is 0. Define
t* := arg min,[log(E[e!X1"5]) — at], then we have

d [log (E [eX1"5]) — at]

- dt fe=t-
E[|X[PSet’ XS]

T E[erRrs]

(69)

Equation (69) determines ¢* given a. The derivative of t* with
respect to a is

dt*
da

(ay
CIERL)

E[et" XIPS] B[| X |20.52¢t 1X1PS] — (B [| X [pSet"1X17S] )2
>0
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where the inequality follows from Cauchy-Schwarz in-
equality. Since when a = E[|X|PS], t* = 0 from
(69), then when a > FEJ[|X|PS], we have t* > 0. Thus,
t* = mingso(log(E[etX1"]) — at) when @ > E[|X|?S]. Given
a, we can numerically compute ¢* by (69) and plug it into (68)
to obtain an upper bound of P(émax > ﬁ)

Then, the question is how small can a be while the expo-
nent on the right-hand side of (68) is still negative. Given -,
the exponent on the right-hand side of (68) is negative when a
is large enough. To see this, note that if ¢ = 2(1 — «) log(1 +
2/v)/(ap), then log( E[e!!X1"S]) —at goes to —2(1—a) log(1+
2/v)/p as @ goes to infinity. Thus, when a is sufficiently large,
pmingso(log(E[e!X1"5]) — at) < —(1 = a)log(1l + 2/7).
Therefore, the exponent on the right-hand side of (68) is nega-
tive when a is large enough. Thus, we can pick @(«, p, p,y) such
that the exponent on the right-hand side of (68) is negative for
all @ > a(a,p, p,7), and positive for all « < a(a,p,p,v) — €
for some small enough € > 0. Therefore

(1 —a)log (1 + %)
+p rtn>161 (log (E [ethlpSD - &(a,p,p,v)t) < 0.

Then, there exists some constant c14 > 0 such that

- a(a
P (> 02220

< ((1=a) log(1+2)+pmin, o (log(Ble’ X" ) ~a(a.p.p,7)t)n
= e~ UM,

Thus, forall v € (0,1), a(«, p, p,v)pn/(1—~P) can be viewed
as an upper bound of || Bp-z|| for all z € S in the sense that the
probability that || By 2[5 > a(a, p, p,v)pn/(1 —~P) for some
z € S decays exponentially to zero. Since we would like such
an upper bound to be as small as possible, we let

Y - a’(a7p7p7’7)
Amax(@,p,p) = min ——————= 70
(@.p:) ve@©1) 1 —=~P 70
then with overwhelming probability, ¢p.x < S\max(m D, ),
or equivalently, for every z € S, [|[Br-zllf < (1 —
P)Amax (@, p, p)n. Thus, Lemma 8 follows. O

O. Proof of Theorem 8

Proof: We first consider the case that there exists some
pi (c, p) (denoted by p, for simplicity here in this proof) such
that p%, > p*(«, p), where p*(a, p) is the lower bound of strong
threshold in Theorem 7, and the following inequality holds:

_ %
p;ku)‘rnax(avp7 P:L) S (1 - p;ku))‘min <a it

1_%71;). )

We will show that such p¥ indeed has the property that Theorem
8 states, i.e., it is a lower bound of weak recovery threshold.
Now consider the probability that £,-minimization can re-
cover all the p} n-sparse x on one fixed support 7' with one
fixed sign pattern. From Theorem 3, we know that || By -z||} <
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|| Brez||} for all nonzero z € R™~™ is a sufficient condition for
the success of weak recovery, thus

P(Weak recovery succeeds up to p;, n-sparse)
> P (V nonzero z € R"™™, || Br-z|} < || Brezl?)
=P (Vz €S, |Br-z|5 < || Br-z||?)

> p (vZ € 5. \1Br-2lll, < 9 huas(ct, . %), and

o — *
IBr-all > (1= Sbhain (221 )

1—p3’
> 1 —e M T (72)
where the first equality holds since for any nonzero z € R"~™,
z/||z]|2 € S, and the second inequality follows from (71). From
Lemma 7, we know there exists ¢;3 > 0 such that P(Vz €
57 ||BT‘Z||£ > (1 - pTu))‘min(l - 11:p()i7p)) >1- 6_013n7
and from Lemma 8, we know~ there exists ci4 > 0 such that
P(Vz € 8| Br-alt < piAma(c,p.pl)) 2 1 - emouen,
then the third inequality of (72) holds from the union bound.
Thus, there exists c;5 > 0 such that with probability at least
1—e~5™ {,-minimization problem can recover all p; n-sparse
vectors on fixed support T" with fixed sign pattern, then Theorem
8 holds.

Now consider the case that there is no pf, > p*(«,p) sat-
isfying (71), where p*(«,p) > 0 is the lower bound of strong
threshold in Theorem 7, then we can simply define p («, p) :=
p*(a, p). Since pf,(a,p) is a lower bound of strong threshold
and then a lower bound of weak threshold, thus Theorem 8
follows. O
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