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REFERENCES as well as a rich body of (emerging) literature. For example, [4] and

] i . ) [9] show that fractionally spaced CMA exhibits global asymptotic
(1] J. R. Treichler, I. Fijalkow, and C. R. Johnson, Jr., “Fractionally spaceg,nyergence to a setting that is intersymbol interference (ISI) free
equalizer. How long should they really be?PEE Signal Processing - . .
Mag., vol. 13, pp. 65-81, May 1996. under a set of conditions. This correspondence studies the robustness
[2] D.N. Godard, “Self-recovering equalization and carrier tracking in twoproperties of fractionally spaced CMA and the CM criterion when
dimensional data communication systemiEEE Trans. Communyol.  all but one of these conditions is satisfied—the so-called length
al gOJM“[;I(;ighiﬁ?.“é?q?;ﬁ;gt?gﬁ m‘r’b &?gﬁéring or detecting dalT&T condition. We seek to establish robustness properties for the case
Tech. J.,pp. 1685—1911, Oct. 1985, wher_e_the _flnlte number of fractionally spaced equalizer (FSE)
[4] Z.Ding, R. A. Kennedy, B. D. O. Anderson, and C. R. Johnson, Jr., “llicOefficients is less than that needed to remove all the ISI. Hence, there
convergence of godard blind equalizers in data communication systemsgicessarily exists an error in the equalized signal. When this so-called
IEEE Trans. Communyol. 39, pp. 1313-1327, Sept. 1991. ~length condition is not satisfied, we describe the deformation of the
[5] Z. Ding, C. R. Johnson, Jr., and R. A. Kennedy, "On the (non)existengey, oror surface and relate it to the deformation of the mean square
of undesirable equilibria of godard equalizerdEEE Trans. Signal . . .
Processingyol. 40, pp. 2425-2432, Oct. 1992. error (MSE) surface for multilevel, real, and complex signaling. The
[6] Y. Liand Z. Ding, “Convergence analysis of finite length blind adaptiv@nalysis presented here can be used with template channel models
equalizers,”|EEE Trans. Signal Processingpol. 43, pp. 2120-2129, to guide FSE length selection. Earlier versions of this work can be

Sept. 1995. . found in [2] and [3]. In addition, see [10] for baud-spaced results
[7] Y. Li, K. J. R. Liu, and Z. Ding, “Length- and cost-dependent local

minima of unconstrained blind channel equalizetEEE Trans. Signal when the Ieng.th condlj[lon is not satisfied. . .
Processingyol. 44, pp. 2726-2735, Nov. 1996. The sequel is organized as follows. Section Il describes the frac-

tionally spaced communication model and CM theory. Section Ill
describes two analysis approaches that decompose the combined
channel-equalizer into ISI-free and ISl-rich parts. Section IV uses
these two approaches and establishes relationships between CM and
MSE cost functions, and Section V contains concluding remarks. The
notation follows the convention that vectors (matrices) are designated
by lower (upper) case bold letters.)* denotes conjugation(:)”

denotes t iti # denotes Hermitian t )
T. J. Endres, B. D. O. Anderson, C. R. Johnson, Jr., and M. Greer?no es transposition, are) enotes Hermitian transpose

Robustness to Fractionally-Spaced Equalizer
Length Using the Constant Modulus Criterion

. ) ) Il. FRACTIONALLY SPACED CMA
Abstract—This correspondence studies robustness properties of the

constant modulus (CM) criterion and the constant modulus algorithm

(CMA) to the suboptimal but practical situation where the number of A, Fractionally Spaced Communication System Model

fractionally spaced equalizer coefficients is less than what is needed to L . . .

remove all intersymbol interference (ISI). Hence, there necessarily exists The communication system considered is a baseband, linear model

an error in the equalized signal. Relationships between CM and mean that samples the received signal at a fractibfi() of the baud inter-

squared error cost functions are established. val T'. We further assume that carrier and baud synchronization are
Index Terms—Adaptive equalizers, adaptive filters, adaptive signal accomplish_ed ind_eper_1dent_|y of _equa_lization; the channel is therefore
processiing, equalizers. modeled with a time-invariant finite impulse response (FIR) whose
coefficients are contained in a length-T'/L-spaced vectokx =
[eo e -+ cq—1]". Similarly, the equalizer is described by a length-
. INTRODUCTION N T/L-spaced vector of coefficients= [fo f1 --- fn_1]’.

The constant modulus (CM) criterion and its stochastic gradientThe T-spaced combined channel-equalibe= Cf is a length®
descent [the constant modulus algorithm (CMA)] were originallyector that maps the baud-spaced source sequéigdo the baud-
proposed by Godard for QAM signals in [6] and developed indepespaced equalizer outpytk) by defining the’ x N matrix C as a
dently by Treichler and Agee for FM signals in [11]. CMA resembleblock Toeplitz channel convolution matrix. For example, with= 2
the least mean squares (LMS) algorithm in numerous ways without
relying on a training signal; therefore, it has seen broad deployment [ o
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assumes that the baud instances are coincident with channel coéffirther, letC,,, C,, andC be the convolution matrices associated

cientscy, ¢s3, - -+, co—1. The matrixC is referred to as the channelwith vectorsec,., c,, and c, respectively (see Section II-A). The
convolution matrix associated with channel veotor combined channel equalizer can be written as
B. Constant Modulus Criterion h=Cf= gﬁl_ﬁ"'gf_f, ®)
The constant modulus (CM) cost function for dispersion of order b hyp
p = 2 in [6] is expressed as By choosingf as a Wiener setting for channel,., which achieves
perfect equalization, vectdt,, = C,.f contributes no error to the

2 2
Torr = E{(y(R)I" = )7} ) equalized signal. Vectdi, = C,f, however, is the effect of channel
where y(k) are the FSE output samples that are coincident Wilferturbations outside the FSE time span and contributes error to the
symbol instances, and is the CM dispersion constant (or Godardequalized signal.
radius) defined as = E{|s(k)|*}/E{|s(k)|*}.
The constant modulus algorithm (CMA) is the stochastic, gradiegt. Equalizer Truncation

search rule that descends this cost surface by updating the FSE ) )
coefficients (at baud instances) according to A related approach to that above is to consider the effect of

) . discarding equalizer coefficients from the ISI-free setting. With a
£k +1) = £(k) + p(v = ly(B)[")y (k)" (F) () few new definitions, the combined channel-equalizer response can be
where ;2 is a small, positive, tunable step size, am@k) = decomposed into a term that achieves perfect equalization and one
[r(k) r(k—1) »(k—2) -« r(k— N +1)]" is a regressor that contributes ISI due to violation of the length condition, as in (5).
vector of received samples. It is shown in [4] and [9] that under |at fT — [fj f1T fl_l]T be an ISI-free setting for channe)
set of conditions, adapting a FSE using CMA in (3) exhibits globalhich is of sufficient length to achieve perfect equalization. Define
asymptotic convergence to an ISl-free setting; i.e., the asymptotig, |ength:v vectorsf, andf such thatf, = £f 4+ £ vector

combined channel-equalizer response is on avetage es, Where  o,qiainar coefficients off! in the same positions as they occurred
es represents a pure delay and, therefore, contains a single nonzergt . . S ", P

o . 2 o . in £ with zeros in the remainingy — M positions, and vectorf
coefficient of unit value in its(é6 4+ 1)st position. The equalizer

is said to achieve perfect equalization. The conditions to achief@ntains theV — M taps oft" that are not irfy in the same positions
perfect equalization include a requirement that the equalizer length they occurred i with zeros in the remaining/ positions. For
be sufficiently long, i.e., essentially matching the time span &+@mple, one such partitioning is
the channel impulse response. In this perfect case, the global T
minima settings of the CM cost function equal (within a phase £, = 7 fT fT 00 --- 0
. . . . 0 J1 Jar—1
shift) the Wiener or zero-forcing solutiortf = (C*C)~'C"e; Ty S
that minimize the MSE cost function for all possible choices of o
6 (including polarity). We will use this equivalence between the . T T 1
CM minima and Wiener settings to study the deformation of the = M v = - (6)
CM error surface and its relationship to the MSE surface when the M zeros
number of FSE coefficients is less than that needed to achieve perfedthe combined channel-equalizer response for the truncated equal-
equalization. Our analysis approaches decompose the combiinest f, can be written as
channel-equalizer response (for a FSE that does not satisfy the length

o : L _ _ gl P
constraint) into a part that achieves perfect equalization and one that h=Cfi =Cf + Cf . (7
contributes ISI. h,,  h,

The vectorh,, is redefined from the approach in Section Ill-A as

h,, = CfT, and this vector is still ISI-free. Similarly, vectdr, is

A. Channel Perturbation redefined from the previous section hs = Cf, and it contributes

dﬂ to the combined channel-equalizkr

SOur goal is to determine the effect &f, in (5) and (7) on the
cost function by exploiting the fact that,, in (5) and (7) are

Il§l-free. Recognize that neithérnor f; are length-constrained CM

minima for channet. Thus,f or f; can serve as an upper bound in a

performance sense for the optimal solution of any cost function. We

will compare the CM and MSE cost functions.

I1l.  ALGEBRAIC ANALYSIS APPROACHES

The first approach taken in addressing the robustness of a
receiver to under modeling is to consider those channel coefficient:
that are outside the time span of the FSE as channel perturbati
in order to study the CM cost incurred from these perturbati
coefficients. Let = [¢o ¢1 --- ¢ _1]T be the length® fractionally
sampled channel impulse response vector. Define two leRgth
vectorsc,, andc, such thatc = ¢,, + c,; vector ¢, contains
M (M < @) consecutive taps of in the same positions as they
occurred inc with zeros in the remainingg — M positions, and IV. UNDERMODELED CM AND MSE COST FUNCTIONS
vectorc, contains the) — M taps ofc that are not inc,,, in the Using the approaches from Section Ill, the combined channel-
same positions as they occurred dnwith zeros in the remaining equalizer response for an under modeled FSE is writteth as

M positions as in h,, +h,, whereh,, is ISI-free, andh, is not ISI-free. Since the CM
T global minima are equivalent to the Wiener settings within a phase
=100 -+ 0 ca cam - A 00 - 0 shift, the coefficients oh,,, can be written as
C CA CAHl CAFM—1 Y ’
Azeros Q—M —Azeros e’ 1=6
m; = T (8
T 0, i #6
cpi=|co c1r =-- can 00 --- 0 capayr catmp o0 cou| . whered is an arbitrary phase shift due to the CM criterion’s phase
Mzeros insensitivity. [Observe that andye’® give the same CM cost in (2).]

(4) Similarly, definep; as the coefficients of vectdr, or p; € h,. Note
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that ps = 0 by construction for the channel perturbation approacFhe analogous result for QAM signaling with a complex receiver is
described in Section llI-A, as long a¥ is the minimum length

that achieves perfect equalization for the length-channelc,,. Ademigam

In general, howeverps # O for the equalizer truncation approach | 5.5 5 _5j9 2,250 4 4
described in Section 111-B. We next describe the effect ofithen the rs(a2) e + (p5)*e™” + dlps]”)
CM cost function by using (8) and the decompositign= m.; + p;,
where h; € h. The change in CM cost from a perfect setting 12( _jo
is calculated aS\Jow = Josihen, b, — JoM sy, Where + DZ# lpil* ((a2) 2ks)) | + (pre’’ + pse %)
JoMihze, = (02)*(k2 — k) is the CM cost at a global, ISI- bt
free setting that is nonzero for multilevel signaling. The normalized 2021 |2 22 2
. . . 2 Vs 3 + 4 s :
source kurtosis isi; = E{|s|'}/(¢2)* and is a measure of source () s (@5) i_;# i

“compactness,” and? is the source variance. This analysis is written
out for PAM signaling, and the result for QAM signaling is then
presented without derivation but follows in an analogous manner to
the PAM derivation.

P—-1 —
ka(02)? lefl +2(e)* ) Z lpi 2] } (14)

1=0 (=0, (#i

Observe that (13) and (14) are grouped according to powers of
the perturbation elements, and each contains quadratic, cubic, and
quartic contributions. We next perform a similar analysis on the MSE

The CM cost function for a white, equiprobable PAM sourcgost function and relate (13) and (14) to the MSE cost incurred due
sequence can be expanded from the form in (2) and written in ter@@Sunder modeling.

of the combined channel-equalizer response as (see [7] or [8])

A. Deformation of CM Cost Function

B. Relation to MSE

JCM|PAM
) In order to compare the deformations of the CM and MSE cost

P-1 P
:( (n,—Zthh —i—mZh —I—SZ Z 1n2n;

1=0 (=0, (#1i

functions due to an under-modeled FSE, the MSE cost function for
a white, zero-mean, equiprobable source sequence is expressed as

©) Juse = E{|y(k) — s(k — ﬁ)|2}

. : . . 15
a real signal source and real signal processing at the receiver. Hence, (15)

m,_1f0rz_5and7n,_0Vz;é61

Consider three terms of (9) separately. The second central mombRWY: 1€tting i = m; 4 p; with § = 0 in (8) implies that the MSE
can be written as cost changes from zero to

. . . P—1
We will use the relatiorh; = m; + p; and se® = 0 in (8) to reflect — 02 <Z hif? = bt — hs + 1>.

P-1
P—1 P—1

y 2 2
Z hP = (mi+p)® =1+2ps+ Y pi. (10) Adsse = o} ; il (16)
i=0 i=0
Compare (16) with (13) and (14); when the are small (for

Similarly, for the fourth central moment example, from small equalizer coefficients, which are neglected (see

P—1 P—1 Section IlI-A) or from small channel perturbations outside the FSE
> bl =1+ 4ps + 6p5 + 4pi + Zpl. (11) time span (see Section I1I-B), the cubic and quartic contributions of
i=0 = (13) and (14) are negligible, and the quadratic terms dominate. In this

case, the CM cost incurred is approximately a scaled version of the

In addiiton, for the double sum in (9) MSE cost incurred. Defining, as the kurtosis of a Gaussian source

P-1 P— P-1 P-— distribution (which equals 3 for real signaling and 2 for complex
Z Z RIR =2(1+ 2ps) Z i+ Z Z pivi. signaling), this relation between the deformations in the CM and
i=0 1=0, I#£i i=0, i#£§ i=0 1=0, I#i MSE cost functions is expressed as

12 9
( ) AJom =~ 20’;(Kg — HS) - AJMSE.- (17)
Now, collecting terms (10)—-(12) and substituting into (9) to form

‘ n this case, the MSE of the under-modeled CM receiver may be
Jom|PAM|h=h,,+h,, the CM cost incurred from an under mod-

approximately upper bounded 602 (r, — 1))~ - AJem, where

eled FSE is upper bounded due to optimality Bycmipan = A oy is calculated according to (13) or (14). Fig. 1 uses he-
JenPanth=hp+h, = JonPAMIh=e,, OF spaced, microwave channel model designated as channel 3 of the
P SPIB database at http://spib.rice.edu with 16-QAM signaling. The
Adempan = 4y (02202 + (02)2(6 = 2x.) Z p? top plot is the channel impulse response magnitudes. The middl_e
06 plot corresponds to the channel perturbation approach described in

+ ps |4k (02) s + 12(02)? Z p? truncation approach described in Section 1I-B. The solid line in these

=0 i# plots is(2¢2(r, — 1)) "' - AJou, and the dotted line is the MSE in
P_1 P_1 } (16) both versus FSE length. The line of constant MSE is a threshold

P_1 } Section IlI-A, whereas the lower plot corresponds to the equalizer

+ |rs(a2)? Z Y+ 3(02)? Z Z p2p; for which CMA is transferred to a decision directed (DD) algorithm,

i=0 i=0 (=0, (#i which corresponds to a symbol error rate betweert add 107
(13) for 16-QAM. Observe that far fewer FSE coefficients are needed to
reach this threshold than are needed for perfect equalization. For both
1The case wheré = 7 (or ms = —1) is shown to be equivalent in [1]. analysis approaches, the dashed and dotted lines become inseparable
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Fig. 1. Top plot is the channel impulse response magnitudes, middle plot is MSE of CM (solid) and MSE (dotted) versus FSE length for the analysis
approach in Section IlI-A, and bottom plot is the same for the approach in Section IlI-B.

10°

ho

-5 ; | I

1 L 1 1 1 1

!
0 20 40 60 80 100 120 140 160 180 200
System Delay (number of baud intervals)

Fig. 2. Top plot is the channel impulse response magnitudes, middle plot is the MMSE versus system delay, and bottom plot evatiatess a
measure of CM and Wiener minimum proximity for all possible system delays.

when they are less than this threshold. Results for other databat®ys in a tight neighborhood of the Wiener solution. In each of
channels look similar. This behavior suggests a small deformationthese plots, the system delay chosen is the one that minimizes the
both error surfaces due to under modeling so that the CM minimuMSE.
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C. System Delay Dependence equalizer length is shorter than that needed to remove all the ISI.
It is well established that the system delyin the combined Relationships between CM and MSE receivers have been established

channel-equalizer can influence MSE performance with variations @fd evaluated using empirically derived channel models. Our results
several orders of magnitude being typical. We now study the effeiddgest that there exist CM local minima in close proximity to
of system delay on the CM cost function by describing the relatiBose MSE local minima that correspond to better-performing system
depth between CM local minima associated with different systeft¢lays. The analysis presented here can be evaluated with template
delays and approximating these local minima settings for the specfif@@nnel models and used in establishing design guidelines for FSE

case of BPSK signaling.

length selection. Our results can be combined with [5], which

1) Relative Depth of CM Local MinimaFor the equalizer trunca- @PProximates stochastic jitter of CMA to demonstrate that a longer

tion approach in Section llI-B, the coefficients is, in general, FSE
nonzero. Notice that (13) and (14) are grouped according to the
power of thep, and that the cubic contributions are proportional to
ps. This proportionality can be interpreted as indicating the relative
depth between CM local minima. For example, when jsthare, in

does not necessarily outperform a shorter FSE (see [3]).
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system delays, it is the differences in the cubic contributions, which
are proportional t@s, that determine the relative CM and MSE costs
for these different delays. This observation may influence equalizer
initialization strategies that attempt to start adaptation in the region
of convergence of a desirable local minima. (1]

2) Proximity of CM and MSE Local Minima as a Function of
6. Since the CM cost function depends on the fourth-order momerp)
of the equalizer vector, in general, there does not exist a closed-form
expression for the CM local minima settings. By approximating the
CM cost function with a second-order Taylor series expanded ab01[|§]
the length-constrained Wiener settings, a closed-form estimate of the
CM local minima can be found. This estimate is of the form of
the original length-constrained Wiener setting plus a “perturbation”
vector. We use this result to infer performance of the CM local*
minima for the various system delays.

For noiseless BPSK signaling, the gradient vector of the true CMs)
cost function is the lengtfi{ vector whoseth element iS).Jon /0 f:
and is calculated in [8] a¥+¢(Jom) = CY Ah, whereA is the P x P
matrix with main diagonal elements; = (1231 ' h7 — 4 — 8h?)
and zeros elsewhere. The Hessian matrix is Mex M matrix
whosei, jth element is92Jam /9 £:0f; and is calculated in [8] as [7]
H;(Jeum) = CTUC, whereW = (12317 ' 17 — 4)Ip 4 24hh’ —
24diaghh”), with diag:) extracting the main diagonal from its
matrix argument.

Let f; be the lengthdZ Wiener solution for channe! with system
delay 6. Note thatCf: is not ISI-free sinceM does not satisfy [9]
the length condition. The second-order Taylor series expanded about
eachfy has a unique minimum that serves as an estimate to the tr['i@]
CM local minimum associated with system delayThese estimates
have the formfey = f; + p, wherep is the “perturbation vector”

p = —[He(Jom)e:] " - Ve(Jow))e; - This perturbation vector can [11]
be used to gauge the proximity of CM and Wiener local minima.
For examplep = p''p is evaluated for all possible system delays
on microwave channel 3 of the SPIB database in Fig. 2 f@i/a-
spaced equalizer with/ = 128 coefficients. The top plot shows
the magnitude of the channel impulse response coefficients, the
middle plot shows the minimum MSE (MMSE)—that associated with
f7—versus system delay, and the bottom plot shpwsgrsus system
delay. Results for other database channels look similar. This figure
suggests that there exist CM local minima in closer proximity to the
better Wiener settings than the worse ones. It also suggests that these
better CM local minima exist within a small neighborhood of the
better Wiener settings.

(6]

(8]

V. CONCLUSION

This correspondence has examined the robustness properties of the
fractionally spaced CM criterion to the practical situation where the
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