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Pricing Multi-period Dispatch Under Uncertainty
Ye Guo† and Lang Tong‡

Abstract—Price formation in the context of multi-period dis-
patch of electricity under operational uncertainty is considered.
General and partial equilibrium conditions for the locational
marginal price (LMP) is examined. It is shown that, when
the market participants are provided with limited forward
prices, no uniform price exists for the partial equilibrium
model in general. As a consequence, market participants have
incentives to deviate from the optimal economic dispatch.
Taking explicit accounts for ramping constraints, an extension
of LMP, referred to as temporal locational marginal pricing
(TLMP), is proposed that reflects both generation and op-
portunity costs of generators. Although discriminative, TLMP
and the optimal economic dispatch satisfy both the general
and partial equilibrium conditions for which, given the TLM P,
dispatch schedules generated individually by profit-maximizing
participants match the solution of the centralized social welfare
maximization. TLMP is then extended for ex post pricing.
The resulting incremental TLMP (iTLMP) is shown to provide
revenue adequacy for the system operator and price supportsfor
participants who offer sufficient ramping capability. Numerical
simulations are used to demonstrate the performance of LMP,
flexible ramping product (FRP), TLMP, and iTLMP.

Index Terms—Multi-period economic dispatch. Locational
marginal pricing. General and partial equilibrium.

I. I NTRODUCTION

Real-time operations in deregulated electricity markets are
based on asingle-period dispatch and pricing modelin which
the system operator clears and settles generations on an
interval-by-interval basis. A standard implementation isa
rolling-window dispatch that provides a look-ahead schedule
with only the immediate dispatch realized [1]. The realized
dispatch is priced one interval at a time although advisory
forward prices for the next few intervals may be provided.
The single-period prices are based on either an ex ante or ex
post pricing model; the former sets the locational marginal
price based on the look-ahead schedule; the latter is based
on the realized dispatch using, for example, an incremental
dispatch model. In absence of load uncertainty, such an
approach results in prices that are consistent with the bids
when the ramping capabilities of the generators match well
with ramping events in the net-load.

The remarkable growth in renewable generations presents
difficult challenges for the system operator to balance the
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highly volatile and stochastic net-loads. As highlighted in
[2], the net-load curves in the operating region of CAISO
have been trending toward a duck-shaped profile that contains
steep up and down ramps. In 2015, for example, “the 3-hour
ramp exceeded 5000 megawatts over 58% of the year, up
from only 6 percent of the year in 2011,” as reported in [3].

Volatility in net-load brings difficult challenges in schedul-
ing and pricing of generations. Without accurate forecasts,
heuristic techniques such as the rolling-window dispatch are
suboptimal and the standard single-period pricing a suspect.
Most significant is the lack of guarantee to provide adequate
price supports for the generators. Specifically, there is the
so-called missing money problem in which a truthful bidder
who follows operator’s dispatch signals may wind up loos-
ing money over the scheduling horizon. A rational market
participant therefore has incentives to deviate from dispatch
instructions.

One remedy for the missing money problem is supplement-
ing real-time pricing with out-of-market uplift payments [4].
Such an approach may have undesirable consequences from
an economics perspective; it makes market less transparent,
and the settlements used are often hard to justify.

An alternative is to improve upon current pricing schemes
with new mechanisms that take explicit consideration of
ramping issues. The hope is to find a pricing scheme that
better reflects the generation as well as the opportunity
costs associated with ramping while maintaining market
transparency. An example is theflexible ramp product(FRP)
[5] that treats ramping capability as a commodity with its
prices derived from the dispatch optimization. Although FRP
is well motivated, it is not clear whether it can achieve market
efficiency and remove incentives of generators to deviate
from generation instructions.

A. Summary of results

This paper aims to shed lights on the underlying issues
of efficiency and incentive compatibility associated with
the single-period dispatch and pricing models. To this end,
we apply an equilibrium analysis that helps to address the
question on whether a particular pricing scheme gives incen-
tives for market participants to deviate from the optimized
dispatch. We show that the standard locational marginal
pricing (LMP) does not satisfy the partial equilibrium con-
dition. This means that, if a generator is provided with
pricing signals one period at a time, there are incentives to
deviate. Indeed, no uniform price can achieve overall market
efficiency and satisfy the equilibrium condition in general
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when some of the ramping constraints are binding. This
analysis highlights the tension among the needs of achieving
market efficiency, providing incentive compatible pricing,
and maintaining transparency through uniform pricing.

Next we consider a generalization of LMP, referred to
as temporal locational marginal pricing (TLMP),that takes
explicit accounts for generators’ ramping capabilities and
their opportunity costs. As LMP, TLMP is also based on
the incremental costs of serving additional unit of demand or
providing additional unit of generation at a particular location
and time. Unlike LMP, TLMP removes the constraint that
all generations at the same time and location are priced
equally. Under TLMP, those generators that do not have
binding ramping constraints are priced uniformly by LMP
whereas generators having binding ramping constraints are
priced differently based on their offered ramping capabilities.

We show that TLMP is an optimal equilibrium price
in the sense that,for the given TLMP, if each generator
maximizes its profit individually and myopically in each time
interval, the resulting generation schedule matches that from
the centralized social welfare maximizing dispatch.

The fact that centralized social-welfare maximizing dis-
patch can be achieved in a decentralized manner via TLMP
one interval at a time is significant. This means that, if the
operator has perfect foresight of the future but the generators
have no foresight, price signals given to market participants
one interval at a time will not only lead to the optimal
dispatch for individual participants but also for the overall
social welfare optimization.

Next we consider the problem of ex post pricing for the
given realized sequence of dispatches. This is motivated by
the fact that neither the operator nor the market participants
have perfect foresights, and practical dispatches are in general
not optimal. Ex post pricing has been implemented by
system operators in the U.S. [1], and it has well documented
advantages and shortcomings [6]. In general, ex post pricing
motivates participants to behave consistently with their bids.
The main disadvantage, on the other hand, is that it lacks
economic justifications and often relies on parameters that
can only be set in an ad hoc fashion.

We apply an incremental dispatch technique to TLMP
and refer the resulting pricing as iTLMP. The innovation
of iTLMP is the specific way of setting the deviation pa-
rameter that ties the individual ramping constraints. This
leads to several properties important in practical applications.
Specifically, iTLMP guarantees revenue adequacy for the
operator. It solves partially the “missing money problem”
for the generator in that, a generator with sufficiently high
ramping capability is guaranteed to be compensated at levels
equal to or above its marginal cost of generation.

B. Related Work

This work is motivated by some of the recent discussions
among system operators [5], [7]–[10] on the need of ramping
products in response to the emerging net-load profiles as

results of renewable integrations, especially on the problem
of price support. See also a review of some of the ramping
products in [11]. The analytical tools used here are standard
LMP theory [12] and equilibrium theory [13], [14]. The
derivation of TLMP is an application of the well known en-
velop theorem applied to each energy resource separately, and
the derivation of iTLMP—the ex post version of TLMP—is
based on the incremental dispatch model [1]. Some of the
pricing issues related to the incremental dispatch model have
been discussed in [6], [15].

II. M ULTIPERIOD DISPATCH, LMP, AND EQUILIBRIUM

A. Multi-period economic dispatch

We begin with a simplified “one-shot” multi-period eco-
nomic dispatch model* , :

minimize
∑T

t=1

∑N

i=1 fit(Pit)

subject to for alli and t
∑N

i=1 Pit = P0t, (λt)
0 ≤ Pit ≤ P̄it, (ρ

it
, ρ̄it)

ri ≤ Pi(t+1) − Pit ≤ r̄i, (µ
it
, µ̄it)

(1)

whereP0t is the inelastic demand at timet, Pit, i = 1, · · · , N
the decision variables representing the dispatch levels for the
N generators,fit(·) the generation cost function assumed to
be convex.

There are three types of constraints in (1). The power
balance constraint with dual variables(λt), the individual
generation constraints defined by the capacities of generators
with dual variables(ρ

it
, ρ̄it), and the individual ramping con-

straints defined by ramping limits(ri, r̄i) with dual variables
(µ

it
, µ̄it). The ramping constraints apply to consecutive time

intervals, and it is this coupling of decision periods that
makes the pricing problem different from the standard LMP
model.

Although we do not include a network in the above
formulation, the results here can be generalized.

B. The Locational Marginal Price

The locational marginal pricing (LMP) is the prevailing
pricing mechanism used in deregulated electricity markets.
It is a uniform pricing scheme defined for eacht by the
marginal cost increase to serve demandP0t.

Mathematically, let the total cost associated with dispatch
P = (Pit) be

C(P ) =

N
∑

i=1

∑

t

fit(Pit).

Let the primal and dual variable solutions of (1) beP ∗ =
(P ∗

it), andλ∗ = (λ∗
t ), etc. The LMP at timet is defined by

πLMP
t :=

∂

∂P0t
C(P ∗) = λ∗

t , (2)

* In a one-shot multi-period economic dispatch, the dispatchover the entire
scheduling horizon is solved together.
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where the second equality follows the envelope theorem.
Under LMP, the load paysπLMP

t P0t for its consumption in time
inverval t and generatori is paidπLMP

t Pit for its generation.
This scheme was considered earlier in [16].

C. Market Equilibrium

The multi-period economic dispatch and the associated
LMP come from a centralized bid-based clearing process:
the generators submit their bids{fit(·)}, the system operator
solves(1), computes the dispatchP ∗ = (P ∗

it), and sends the
dispatch signals to generators. Ideally, generators follow the
signal and generate collectivelyP ∗, and the operator settles
the market using the LMP(πLMP

t ) computed from (2).
The question arises whether, in such a setting, the gener-

ators would voluntarily follow the dispatch signalP ∗. This
question needs to be answered by an equilibrium analysis
that considers a decentralized setting in which, given prices
from the operator, whether a rational generator will produce
the same amount as determined by the operator.

Definition 1 (General equilibrium). Let Pi = (Pit, t =
1, · · · , T ) be a sequence of generations of generatori and
π = (πt) a sequence of prices over the entire scheduling
horizon. We say that priceπ and generation{Pi, i =
1, · · · , N} form a general equilibrium if they satisfy

1) Market clearing condition:
∑

i Pit = P0t for all t;
2) Individual rationality: for all i,

Pi = arg max
pt,t=1···T

{
∑

t(πtpt − fit(pt))

| − ri ≤ pt+1 − pt ≤ r̄i, 0 ≤ pt ≤ P̄it}.

We call an equilibrium optimal ifPi is also a solution of the
centralized multi-period economic dispatch problem (1).

With this definition, we have the following equilibrium
result for LMP [17].

Proposition 1 (LMP as an equilibrium pricing). The LMP
πLMP and the multi-period economic dispatchP ∗ forms an
optimal general equilibrium.

Note that, for the general equilibrium model, the individual
generator uses prices for the entire scheduling horizon to
determine its all the generations in one-shot. This model,
however, is not suitable for dispatch problems under load
uncertainty when it is not possible to provide the generators
with the price vector over the entire horizon. For a rolling
window dispatch, it is only reasonable to assume that only
the price for the current interval is available. We therefore
need a condition that applies to each individual time interval
rather than over the entire scheduling horizon.

Definition 2 (Partial equilibrium). Letπt be the price at time
t andPt = (P1t, · · · , PNt) a vector of generations from all
generators at timet. We say that priceπt and generationPt

form a partial equilibrium if they satisfy

1) Market clearing condition:
∑

i Pit = P0t for all t;

2) Individual rationality: for all i and t

Pit = arg max
0≤p≤P̄it

(πtp− fit(p)).

Note that, for the partial equilibrium model, the individual
generator uses only the current priceπt to determine its
generation at timet, ignoring the ramping constraints. Given
a set of price-dispatch pairs{(πt, Pt)}, if each (πt, Pt) is
a partial equilibrium, jointly they don’t necessarily forma
general equilibrium. It turns out that one can say the same
for the converse: if(π = (πt), P = (Pt)) forms a general
equilibrium, it is not necessary that every(πt, Pt) forms
a partial equilibrium. The following result shows a severe
limitation of the single period pricing assumed in the partial
equilibrium condition.

Theorem 1 (Disequilibrium of LMP). LetP ∗ = (P ∗
t ) be the

solution of the multi-period economic dispatch of (1). Assume
that the dual variables(µ

t
, µ̄t) are not all zero. Then there

does not exist a uniform priceπ = (πt) such that, for allt,
(πt, P

∗
t ) form a partial equilibrium.

An example of such disequlibrium is given in Example 1.
The disequilibrium result highlights a fundamental lim-

itation in uniform pricing of multi-period dispatch under
uncertainty. Uniform pricing has been a pillar of deregulated
wholesale market design; it symbolizes the notion of market
transparency. Yet, if a uniform pricing is usedone interval
at a time,generators have incentive to deviate and market
efficiency cannot be achieved.

III. T EMPORAL LOCATIONAL MARGINAL PRICE

We now present the derivation of TLMP and its properties.
As a generalization of LMP, the TLMP model prices each re-
source separately, resulting in a nonuniform pricing scheme.
A related but different scheme was presented in [16].

Consider a system with one inelastic load andN gen-
eration resources. At each timet, TLMP defines a vector
πt = (πit, i = 0, · · · , N) of prices withπ0t being the price
of demand andπit the price of theith generator.

Under the multi-period economic dispatch model (1), let
C(p) be the cost of dispatchP = p. As in LMP, the TLMP
for resourcei is defined by the marginal cost of serving or
receiving resourcesi.

Definition 3. The TLMP of resourcei at timet for resource
i to receive (as a load) or provide (as a generator)pit = P ∗

it

is defined by

πit =
∂

∂pit
C(P ∗), i = 0, 1, · · · , N.

Here we use the convention that the price of consuming
power is positive and the price for providing power is
negative.

Treating thepit as aparameterin the optimization set at
pit = P ∗

it, it follows immediately from the envelop theorem
that TLMP can be computed as follows.
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Proposition 2 (TLMP). The TLMP associated with the multi-
period economic dispatch (1) is given by

πit =

{

λt i = 0,
−λt −∆it i = 1, · · ·N.

(3)

whereλt is the LMP at timet for all resources and∆it the
ramping price for generatori defined by

∆it = µ̄it − µ̄i(t−1) − µ
it
+ µ

i(t−1)
. (4)

TLMP in (3) has a natural decomposition entirely ana-
logues to the decomposition of LMP into energy and con-
gestion prices. This expression also offers an insight into
how TLMP discriminates generators based on their ramping
capabilities. All resources that do not have binding ramping
constraints are priced uniformly byλt whereas resources with
ramping constraints are priced based on their offered ramping
limits (ri, r̄i). Note that the shadow prices of ramping limits
(rit, r̄it) is precisely(µ

it
, µ̄it).

The following theorem summarizes properties of TLMP
by allowing non-uniform pricing in the equilibrium analysis.

Theorem 2 (Efficient market equilibrium). The TLMP π
defined in (3) and the optimal dispatchP ∗ = (P ∗

it) from
(1) satisfy the following conditions:

1) Optimal market clearing:
∑

i

P ∗
it = P0t, t = 1, · · · , T.

2) Individual rationality: for all t andi, P ∗
it is the solution

of resourcei’s individual profit optimization

P ∗
it = arg max

0≤p≤P̄it

{|πit|p− fit(p)}. (5)

3) Revenue adequacy of the system operator:
∑

t

π0tP0t ≥
∑

i,t

|πit|P
∗
it.

4) Price support: The TLMP of a generator is higher than
its marginal cost of generation, i.e.,

|πit| ≥
d

dp
fi(P

∗
it), ∀i > 0, ∀t.

The notion of market equilibrium used above is one of
partial equilibrium but allowing discriminative pricing. This
is significant in that, if generatori is givenπit, not knowing
what is ahead, it is optimal for generatori not to deviate
from dispatchP ∗

it.
Incidentally, because we have relaxed the uniform pricing

requirement, a direct consequence of the above is that(π, P ∗)
also forms ageneral equilibriumfor the entire scheduling
horizon because(P ∗

i1, · · · , P
∗
iT ) is the solution of the indi-

vidual multi-periodprofit maximization:

max
(pit)∈Pit

∑

t

(

|πit|pit − fi(pit)

)

.

Resource Capacity (MW) Marginal cost ($/MW) Ramp limit
Gen 1 500 25 500
Gen 2 500 30 50

TABLE I: Generation parameters.Generation capacity
are in MW. Costs are in $/MW.

Example 1 (Two-generator two-period economic dispatch).
Consider the two generator example with parameters shown
in TABLE 1.

The dispatch signals and LMP/TLMP prices are listed in
TABLE II, assuming the initial dispatch is zero for both
generators.

Resource Dispatch LMP TLMP Dispatch LMP TLMP
P ∗

i1
πLMP
i1

πTLMP
i1

P ∗

i2
πLMP
i2

πTLMP
i2

Gen 1 380 25 25 500 35 35
Gen 2 40 25 30 90 35 30
Load 425 25 25 590 35 35

TABLE II: TLMP for the two generator two period
example. Dispatches are in MW. Prices
are in $/MW.

The difference between LMP and TLMP manifests itself in
the pricing of generator 2. For LMP, the generator is under-
paid in the first interval and over-paid in the second. For
TLMP, the generator is paid at its marginal cost for both
periods. Even without knowing the price att = 2, there is
no incentive for it to deviate from the dispatch of 40.

IV. EX POST TEMPORAL LOCATIONAL MARGINAL PRICE

We now extend the TLMP model to ex post pricing. This
is motivated by that, when there is significant uncertainty,an
implementation of multi-period dispatch is rarely optimal.
Ex post pricing aims to price realized dispatches in such a
way to provide a level of consistency with the submitted
bids. In doing so, ex post pricing has an effect to encourage
generators to follow the dispatch signals. Here we adopt the
incremental economic dispatch framework used in practice
[1] and modify it for the TLMP pricing model.

The incremental dispatch model considers the perturbation
around the realized dispatch in the following optimization:

minimize
∑

i,t cit∆Pit

subject to
∑

i ∆Pit = 0, (λt)

and for all i and t = 1, · · ·T
ri ≤ Pi(t+1) +∆Pi(t+1)

−(Pit +∆Pit) ≤ r̄i, (µ
it
, µ̄it)

0 ≤ Pit +∆Pit ≤ P̄it, (ρ
it
, ρ̄it)

−Bi ≤ ∆Pit ≤ B̄i, (η
it
, η̄it)

(6)

where the decision variables are∆Pit. This of course de-
pends on the sizes of the neighborhood defined by(B, B̄).

From the above incremental dispatch model, we define the
induced (ex post) TLMP (iTLMP) as follows.
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Definition 4 (iTLMP). For a given realized dispatch se-
quence(Pit), the induced (ex post) price(πit) from the
incremental dispatch model (6) is defined as

πit =

{

λt i = 0,
−λt −∆it i = 1, · · ·N.

(7)

∆it = µ̄it − µ̄i(t−1) − µ
it
+ µ

i(t−1)
. (8)

whereλt, µ̄it, µit
are dual variables of (6).

Intuitively, if the realized dispatch(Pit) is sufficiently
closed to the optimal dispatch(P ∗

it), then the solution of the
incremental dispatch leads to the optimal dispatch, and the
resulting multipliers match to those in the optimal dispatch
model. Then thePit is priced the same way as in the ex
ante model. On the other hand, if some generator deviates
significantly from the dispatch signal, its role in setting the
ex post price diminishes.

The performance iTLMP depends on the parametric
choices of the upper and lower bounds(Bit, B̄it) on ∆Pit.
We show next that a special choice of(Bit, B̄it) results in
some of the desirable properties.

Theorem 3(Properties of iTLMP). Consider the incremental
dispatch model (1). Let(Bit, B̄it) =

1
2 (rit, r̄it). Then

1) Operator’s revenue adequacy:

∑

t

π0tP0t ≥

N
∑

i=1

∑

t

πitPit;

2) Price support: for all i and t, if Pit − P ∗
it < r̄it/2

and P ∗
it > 0, then resourcei receives no less than its

bidding price at timet.

A key feature of iTLMP is that generators with higher
ramping capabilities are more likely to be eligible to partic-
ipate in the price setting and be adequately supported.

V. CONCLUSION

We consider in this paper the problem of pricing multi-
period dispatch when there is load uncertainty. Our goal
here is to highlight a fundamental conflict among achieving
efficient dispatch, market transparency, and individual ratio-
nality. The root of this conflict is that, in the presence of
uncertainty, only partial information can be used in dispatch.
Pratical tradeoffs have to be made. To this end, we have
considered a form of discriminative pricing—TLMP and
its ex post pricing extension iTLMP. The advantage of
TLMP is that it achieves efficiency and market equilibrium
simultaneously. The price paid is the use of discriminative
pricing that has market transparency issues.
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