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(

PX , Q
(θ)
Xd

)

⊛⊛⊛ Both perspectives coincide if δ(·, ·) is the 1-Wasserstein metric

⊛⊛⊛ Wasserstein GAN achieves SOTA performance [Arjovsky et al’17]
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Operational Meaning: Minimize work of transporting P to Q

Robustness to Supp. Mismatch: W1(P, Q) < ∞, ∀P, Q ∈ P1(Rd)

Metric:
(

P1(Rd), W1

)

is metric space (metrizes weak* convergence)
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S
(ǫ)
c (P, Q) is strongly convex optimization problem

Two-sample statistical efficiency (for certain costs):

Theorem (Genevay et al’19)

For C∞ and L-Lipschitz cost c, and any d ≥ 1, ǫ > 0:

E

∣

∣

∣S
(ǫ)
c

(
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) − S
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∣

∣

∣ . e
c
ǫ

(

1 + 1
ǫ⌊d/2⌋

)

n− 1
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Gaussian-Smoothed Optimal Transport

Definition (ZG-Greenewald’19)

For σ ≥ 0, the Gaussian-smoothed OT (GOT) between P and Q is
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where Nσ , N (0, σ2Id) is a d-dimensional isotropic Gaussian.
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X ⊥ Z1 =⇒ X + Z1 ∼ P ∗ Nσ

Y ⊥ Z2 =⇒ Y + Z2 ∼ Q ∗ Nσ

=⇒ W1 distance between smoothed distributions

GAN-Compatibility: GOT is W1 but between convolved distributions

KR Duality: W
(σ)
1 (P , Q) = sup‖f‖Lip≤1 Ef(X + Z) − Ef(Y + Z)
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Corollary (ZG-Greenewald’19)

Let Pn, P ∈ P(Rd), n ≥ 1. Then: W
(σ)
1 (Pn, P ) → 0 iff W1(Pn, P ) → 0

⊛⊛⊛ GOT induces exact same topology as classic Wasserstein
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Comments:

In words: Not only opt. values converge, but also optimizers

σ = 0: Gaussian-smoothed opt. plans converge to W1 opt. coupling.

Proof Idea: Γ-convergence (CoV) & Tightness of Π(µ, ν) (Topology)
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Gaussian-Smoothed OT - Summary

GOT preserves fav. properties & alleviates main deficiency

Next-Generation GANs:

Attain competitive performance

Consume fewer resources

Backed up by (useful) sample complexity guarantees

Ongoing Work:

Empirical: GOT-GAN design & test

Algorithmic: Enhanced alg. tailored for GOT structure

Theoretical:
√

nW
(σ)
1 (P̂n, P

)

limiting dist., hypothesis testing, etc.
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Recap

Generative Adversarial Networks: SOTA generative models

◮ Two perspectives: ‘minimax game’ and ‘min statistical distance’

◮ Under 1-Wasserstein metric both coincide

◮ Wasserstein GANs produce outstanding empirical results

Curse of Dimensionality: Approximate distributions from samples

◮ Empirical approximation under Wasserstein metric is slow n−

1

d

◮ Entropic OT: partial solution but not a metric nor GAN compatible

Gaussian-Smoothed OT: Convolve distributions w/ Gaussians

◮ Inherits metric structure from Wasserstein & GAN compatible

◮ Well-behaved function of noise parameter & recovers Wasserstein in limit

◮ Fast n−

1

2 convergence of empirical approximation in all dimensions

Thank you!
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