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Generative Adversarial Networks
NVIDIA’s ProGAN 2.0 [Karras et al’19]
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3 Regularity: Cont. & monotone func. of σ + convergence of plans

⊛⊛⊛ Question: How about fast empirical convergence?
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Sobolev seminorm: ‖f‖Ḣ1,p(γ) := ‖∇f‖Lp(γ;Rd) = (
∫

Rd ‖∇f‖p dγ)1/p

Unit ball: Fq(γ) :=
{
f ∈ C∞

0 (Rd) : ‖f‖Ḣ1,q(γ) ≤ 1
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⊛⊛⊛ Question: How do Wasserstein distances and Sobolev IPMs compare?
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‖vt‖Lp(µt) dt : µ0 = P, µ1 = Q, ∂tµt +∇· (vtµt) = 0

}

◮ Take µt = (1 − t)P + tQ

2 Lower bound automatically holds after Gaussian smoothing w/ γ = Nσ

16/19



Smooth p-Wasserstein vs Sobolev IPM: Comparison

Theorem (Dolbeault-Nazaret-Savaré’09)

Let P, Q ∈ Pp(Rd) satisfy P, Q ≪ γ with dP
dγ ≥ c > 0. Then

Wp(P, Q) ≤ c−1/qp dγ,p(P, Q).

Comments:

1 Proof via Benamou-Brenier dynamical formulation

Wp(P, Q) = inf

{∫ 1

0
‖vt‖Lp(µt) dt : µ0 = P, µ1 = Q, ∂tµt +∇· (vtµt) = 0

}

◮ Take µt = (1 − t)P + tQ

2 Lower bound automatically holds after Gaussian smoothing w/ γ = Nσ

Theorem (Nietert-ZG-Kato’21)

For X ∼ P ∈ Pp∨2(Rd) with mean 0 and Q ∈ P(Rd),

W(σ)
p (P, Q) ≤ p eE[‖X‖2]/(2qσ2)d(σ)

p (P, Q).
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Smooth p-Wasserstein: Fast Empirical Convergence

Theorem (Nietert-ZG-Kato’21)

For P β-sub-Gaussian with β < σ/
√

2(p − 1): E

[

W
(σ)
p (Pn, P )

]

. n− 1

2 .
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1 Control derivative of smooth Sobolev class

=⇒ Class is P -Donsker (needs the sub-Gaussian assumption)

2 Derive limit distribution for
√

nd
(σ)
p (Pn, P )

3 Use comparison to obtain fast empirical convergence

All structural and statistical properties of W
(σ)
1 transfer to W

(σ)
p

17/19



Smooth Distances for Generative Modeling

Smooth Generative Models: MDE wrt smooth distance

18/19



Smooth Distances for Generative Modeling

Smooth Generative Models: MDE wrt smooth distance

1 Generalization: W
(σ)
p
(
P , Qθ̂n

)− infθ W
(σ)
p (P , Qθ) . n− 1

2 , ∀d

18/19



Smooth Distances for Generative Modeling

Smooth Generative Models: MDE wrt smooth distance

1 Generalization: W
(σ)
p
(
P , Qθ̂n

)− infθ W
(σ)
p (P , Qθ) . n− 1

2 , ∀d

2 Limit distributions: Asymptotic dist. of MDE and empirical error

18/19



Smooth Distances for Generative Modeling

Smooth Generative Models: MDE wrt smooth distance

1 Generalization: W
(σ)
p
(
P , Qθ̂n

)− infθ W
(σ)
p (P , Qθ) . n− 1

2 , ∀d

2 Limit distributions: Asymptotic dist. of MDE and empirical error

3 Inequalities: Web of relationships between smooth distances

18/19



Smooth Distances for Generative Modeling

Smooth Generative Models: MDE wrt smooth distance

1 Generalization: W
(σ)
p
(
P , Qθ̂n

)− infθ W
(σ)
p (P , Qθ) . n− 1

2 , ∀d

2 Limit distributions: Asymptotic dist. of MDE and empirical error

3 Inequalities: Web of relationships between smooth distances

=⇒ Compatible for high-dimensional learning and inference

18/19



Smooth Distances for Generative Modeling

Smooth Generative Models: MDE wrt smooth distance

1 Generalization: W
(σ)
p
(
P , Qθ̂n

)− infθ W
(σ)
p (P , Qθ) . n− 1

2 , ∀d

2 Limit distributions: Asymptotic dist. of MDE and empirical error

3 Inequalities: Web of relationships between smooth distances

=⇒ Compatible for high-dimensional learning and inference

Future Goals: More distances, kernel, and efficient algorithms

18/19



Smooth Distances for Generative Modeling

Smooth Generative Models: MDE wrt smooth distance

1 Generalization: W
(σ)
p
(
P , Qθ̂n

)− infθ W
(σ)
p (P , Qθ) . n− 1

2 , ∀d

2 Limit distributions: Asymptotic dist. of MDE and empirical error

3 Inequalities: Web of relationships between smooth distances

=⇒ Compatible for high-dimensional learning and inference

Future Goals: More distances, kernel, and efficient algorithms

⊛⊛⊛ More distances: f -divergences and other IPMs

18/19



Smooth Distances for Generative Modeling

Smooth Generative Models: MDE wrt smooth distance

1 Generalization: W
(σ)
p
(
P , Qθ̂n

)− infθ W
(σ)
p (P , Qθ) . n− 1

2 , ∀d

2 Limit distributions: Asymptotic dist. of MDE and empirical error

3 Inequalities: Web of relationships between smooth distances

=⇒ Compatible for high-dimensional learning and inference

Future Goals: More distances, kernel, and efficient algorithms

⊛⊛⊛ More distances: f -divergences and other IPMs

⊛⊛⊛ More kernels: Optimize over choice of smoothing kernel

18/19



Smooth Distances for Generative Modeling

Smooth Generative Models: MDE wrt smooth distance

1 Generalization: W
(σ)
p
(
P , Qθ̂n

)− infθ W
(σ)
p (P , Qθ) . n− 1

2 , ∀d

2 Limit distributions: Asymptotic dist. of MDE and empirical error

3 Inequalities: Web of relationships between smooth distances

=⇒ Compatible for high-dimensional learning and inference

Future Goals: More distances, kernel, and efficient algorithms

⊛⊛⊛ More distances: f -divergences and other IPMs

⊛⊛⊛ More kernels: Optimize over choice of smoothing kernel

⊛⊛⊛ Efficient algorithms: Fast computational methods
.

.

.

18/19



Smooth Distances for Generative Modeling

Smooth Generative Models: MDE wrt smooth distance

1 Generalization: W
(σ)
p
(
P , Qθ̂n

)− infθ W
(σ)
p (P , Qθ) . n− 1

2 , ∀d

2 Limit distributions: Asymptotic dist. of MDE and empirical error

3 Inequalities: Web of relationships between smooth distances

=⇒ Compatible for high-dimensional learning and inference

Future Goals: More distances, kernel, and efficient algorithms

⊛⊛⊛ More distances: f -divergences and other IPMs

⊛⊛⊛ More kernels: Optimize over choice of smoothing kernel

⊛⊛⊛ Efficient algorithms: Fast computational methods
.

.

.

Global framework for high-dimensional inference rooted in theory
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Classic Wp: Metric on Pp(Rd) with lots of applications

◮ W-GAN for generative modeling (p = 1)

◮ Empirical approximation is slow n−1/d

Smooth W
(σ)
p : Convolve distributions w/ Gaussian kernel

◮ Inherits metric structure of Wp & duality

◮ Well-behaved function of smoothing parameter & recovers Wp in limit

◮ Fast n−1/2 empirical convergence in all dimensions

◮ Limit distribution for
√

nW
(σ)
1 (Pn, P ) in all dimensions

Smooth MDE: Generative modeling w/ performance guarantees

◮ Attain competitive performance

◮ Consume fewer resources

◮ Backed up by (almost useful) generalization bounds

Thank you!
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