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Goal: Learn a model Qg ~ P € P(RY) to approximate data distribution

Method: Complicated transformation of a simple latent variable
o Latent variable Z ~ Q7 € P(RP), p < d

@ Expand Z to RY space via (random) transformation Qg?fz

= Generative model: Qy(-) := [z, Qg?fzﬂz)d@z(z)

Latent Space Target Space

Minimum Distance Estimation: Solve |0* € argmin§(P,Qy)
0
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Comments:
@ Robust to support mismatch: W, (P, Q) < o, VP, Q € P,(R%)
o Metric: <Pp(Rd),Wp) is metric space (metrizes weak convergence)
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0 Q=Qp (Y =go(Z) gen. sample) Z

Discriminator Net
dy

Real or
Fake?

o f=d, (Lip, constraint)

Generator Net

Yo

I Generated Sample I I

= |mfWi(P, Q) =inf - sup (R)E[d«,o(X)]—E[dp(ge(Z))]
@ dp€Lipy (R4
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Generative Adversarial Networks
NVIDIA’s ProGAN 2.0 [Karras et al'19]
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o {X;}, areiid. samples from P € P(R?)

n
@ Empirical distribution P, := % > Ox,
i=1

== Inherently we work with W1 (P, Q)

Optimization: Can solve infyg W, (P, Qy) approximately
Find 0, st. Wi (P, Q; ) < infg Wi (P, Qp) + €

Generalization: W, (P, Qén) — OPT <2W; (P,,P) +¢

—> Boils down to empirical approximation question under W,
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Empirical Approximation in High Dimensions

Question: What can we say about Wy (P, P)?

Theorem (Dudley’69)
Ford >3 and P € P;(RY) with P < Leb(R%):

1

E[W,(P,, P)] < n~4

@ Implication: Too slow given dimensionality of real-world data

® Question: How to preserve Wasserstein structure but alleviates CoD?
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where N, := N(0,02%1,) is a d-dimensional isotropic Gaussian.

Interpretation: X ~ P, Y ~Q and Z1,Z5 ~ N,
X172y = X+Z1~PxN, & Y 1Zy —= Y+2Zy~Q*N,

Zl~N0
\_/\_/1 Channel __Y\{l(_g_)__
T TR
Y@ DY + 2~ Q1
ZZ"’NU
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Smooth 1-Wasserstein Distance

Definition (Goldfeld-Greenewald’20)
For 0 > 0, the smooth 1-Wasserstein distance between P and (@ is
W (P,Q) 1= Wi (P + Ny, Q  No),

where N, := N(0,02%1,) is a d-dimensional isotropic Gaussian.

Interpretation: X ~ P, Y ~Q and Z1,Z5 ~ N,
X172y = X+Z1~PxN, & Y 1Zy —= Y+2Zy~Q*N,

Retains KR duality: ng) is W1 but between convolved distributions:

WO(P,Q) = sup E[f(X+2)] ~E[f(Y + 2)]
f€ELipy (R)
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Key Idea for Pf.: Use characteristic functions ®p(t) = Ep[e?X] and:

_o2?

Dp.n, (t) = Pp(t)Du, (t) together with pr (t) =e” 2 #0, Vi

Corollary (ZG-Greenewald’20)
Let P,, P € P(RY), n > 1. Then: W\”)(P,, P) — 0 iff Wy(P,, P) — 0 J

® ng) and W; induce same topology
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O limg—o Wi”(P,Q) = Wi (P.Q)
Q lim,_ oo Wga) (P,Q) # 0, for some P,Q € Py (Rd)

Pf. Items 1-2: Use dual form to derive stability lemma:

Lemma (ZG-Greenewald’20)
For o1 <02+ Wi™(P,Q) S W[ (P,Q) SW{™(P,Q) +2,/d(03 — o}) J

Pf. Item 3: W7 (6, 6,) = Wy (N (2, 0%1y), N (y, 021y)) = ||z — ]|
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where Ggg) is a tight centered Gaussian process in (> (Lip;(R?)) with

E [Ggf)(f)Gg) (9)] = Covp(f * ¢a,9* ¢s), Vf.g,€ Lip(RY)

Comments:

—-1/2

@ Limit distribution shows n rate is sharp

@ Wy limit dist. known only for d = 1 (W1 (P, P) = || F\, — F[11(w))

9 Wga) has a stable limit (characterized) in all d!
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Limit Distribution Proof Roadmap

@ KR Duality: Let F, := {f * ¢, : f € Lip;(R%)} and write
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® Objective: G, = (Vn(P, — P)g) 5 — GP <= F, is P — Donsker

© Uniform derivative bound: HDkgHOO <o L /K[ =), Yge F,

=—> F, is P-Donsker: G, = Gp (Gaussian process)

© Continuous Mapping Theorem: \/ﬁwga)(Pn,P) LN su}) Gp(9)
g€ o
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Definition (Smooth p-Wasserstein distance)

For o > 0 and P,Q € P,(R%), define WS (P, Q) := W, (P * N, Q *N,,).J

Structural Properties: Everything goes through

© Metric: (Pp(Rd),Wp) metric space & topologically equivalent to W,

Q Stability: ’W P,Q) = Wy(P,Q)| < 20\/d+2(p — 1)

© Regularity: Cont. & monotone func. of o + convergence of plans

® Question: How about fast empirical convergence?
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Dimension-Free Rate:

Theorem (Nietert-ZG-Kato’21)
For any d > 1, 0 > 0 and sub-Gaussian P: E[WZ(,U) (P, P)} < n"%

Pf Idea: Elementary arguments
Q [Prop. 7.10, Villani'03]: For p > 0: WhH(P,Q) < 27 [||z]|P d(P—-Q)(x)
» Proven via maximal (TV) coupling

@ Emp. RHS: E|[|z[Pd(P,— P)(x)] < L [[|z]|y/Varp(po (z — X)) dz

@ Issue: Rate is dimension-free but suboptimal in p

® Question: Can we get the right dependence?
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o Sobolev seminorm: |1 |71,y = |1V f sz = (o |97 d) "7
o Unit ball: Fy(7) := {f € C°(R?) : || fll ragyy < 1} with 2+ 2 =1

Definition (Sobolev IPM)
The pth order Sobolev IPM is:  d, (P, Q) := supscr, () Erp[f] — Eql[f]. J

® Question: How do Wasserstein distances and Sobolev IPMs compare?
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Comments:

© Proof via Benamou-Brenier dynamical formulation

1
Wp(P, Q) = inf {/0 H/UtHLp(Mt) dt : Mo = P, H1 = Q, &gut +V. (vtut) = 0}

> Take uy = (1 —¢)P +tQ

Q Lower bound automatically holds after Gaussian smoothing w/ v = N,
Theorem (Nietert-ZG-Kato’21)
For X ~ P € Pyya(R?) with mean 0 and Q € P(RY),

o E[|| X |2]/(2q02) 4(o

VV,(, )(p’Q) < p ElIXIF)/ (29 )dé )(p’Q)‘
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For P (3-sub-Gaussian with 5 < o/\/2(p — 1): IE[ U) Pn,P)} < nz.

Pf Idea: Hinges on comparison WS (P, Q) <,.» d(P, Q)
© Control derivative of smooth Sobolev class

—> Class is P-Donsker (needs the sub-Gaussian assumption)
© Derive limit distribution for \/ﬁd,(f)(Pn,P)

© Use comparison to obtain fast empirical convergence

All structural and statistical properties of ng) transfer to WI(,U)
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© Inequalities: Web of relationships between smooth distances

— Compatible for high-dimensional learning and inference

Future Goals: More distances, kernel, and efficient algorithms
® More distances: f-divergences and other IPMs
® More kernels: Optimize over choice of smoothing kernel

® Efficient algorithms: Fast computational methods

’Global framework for high-dimensional inference rooted in theory
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Summary

o Classic W,: Metric on P,(R?) with lots of applications
> W-GAN for generative modeling (p = 1)

» Empirical approximation is slow n~1/¢

@ Smooth ng): Convolve distributions w/ Gaussian kernel
> Inherits metric structure of W), & duality
> Well-behaved function of smoothing parameter & recovers W, in limit
> Fast n~'/2 empirical convergence in all dimensions
> Limit distribution for \/ﬁwga)(Pn,P) in all dimensions

@ Smooth MDE: Generative modeling w/ performance guarantees
P Attain competitive performance
» Consume fewer resources

> Backed up by (almost useful) generalization bounds

Thank you!

19/19



