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Motivation and Past Work

@ The two-encoder multiterminal source coding problem [Berger,
1978], [Tung, 1978].
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— > Encoder 2

(X?a X;v Yn) € 7;(71) (PX17X2P;\X1,X2)
o Ahlswede-Kdrner problem (1975)

@ Cooperation can dramatically boost performance of a network.
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AK Problem with Cooperation - Definition

Without cooperation [Ahlswede-Kérner, 1975]
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AK Problem with Cooperation - Definition

Without cooperation [Ahlswede-Kérner, 1975]
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— 1 Encoder 2

o Source sequences: (X{', X7) are pairwise i.i.d. ~ Px, x,.

@ Encoder cooperation: T}, € {1,... 2"z}

o Encoder-Decoder communication: T; € {1,...,2"%} i =12
o Decoder output: (X7, X7, V") € T (f(Y), X5,Y)
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AK Problem with Cooperation - Solution

Theorem (Coordination-Capacity Region)

For a desired coordination distribution Px, Py |x,1{x,—fy)}:

R12 Z I(V;Xl) — I(V;XQ)
c _U Ry > H(X;1|V,U)
AK = Ry > I(U; Xo|X1,V)
Rl +R2 2 H(X1|Vv,U) +I(V,U;X1,X2)

where the union is over all Px, x, Py |x, Py|x,,v Py|x, v,y with
Px, Py x,1{x,=f(v)} as marginal.
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AK Problem with Cooperation - Achievability Outline
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AK Problem with Cooperation - Achievability Outline
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o Cooperation: Wyner-Ziv scheme to convey V" via cooperation link.
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o Cooperation: Wyner-Ziv scheme to convey V" via cooperation link.
@ Corner Point 1: V" is transmitted to dec. by Enc. 1 within X7
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AK Problem with Cooperation - Achievability Outline

X7 Ti( X7
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’ Rate ‘ Corner Point 1 ‘ Corner Point 2
Rio I(V;Xl)*I(WXz) I(V;Xl)*I(VQXﬁ
Ry H(X,) H(X4|V,U)
Ry I(U; Xo|V) = I(U; X1|V) I(U; X2|V) + I(V; X1)

o Cooperation: Wyner-Ziv scheme to convey V" via cooperation link.
o Lower CP: V" is transmitted to dec. by Enc. 1 within X7
@ Corner Point 2: V"™ is explicitly transmitted to dec. by Enc. 2.
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Semi-Deterministic BC with Cooperation - Definition
Without cooperation [Gelfand and Pinsker, 1980]
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Semi-Deterministic BC with Cooperation - Definition
Without cooperation [Gelfand and Pinsker, 1980]
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Mo
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Messages: (M, My) ~ Unif{1,...,2"%} x {1,..., 2"}
Channel - Decoder input: Y;; = f(X;) and Yz ; ~ Py, |x.
Decoder cooperation: M, (Y]") € {1,..., 2"z},
Decoders’ output: M, (Y7") and Ma(Myo, Y3);
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Semi-Deterministic BC with Cooperation - Solution

Theorem (Capacity Region)

The capacity region is:

Rip > I(V;Y1) — I(V;Y3)

C _U Ry < H(Y1)
BC™— Ry < I(V,U;Y2) + Riz
Ri+ Ry < HW|V,U) + I(U;Y5|V)+ I(V;Y7)

where the union is over all Pyuy, Px|v,u,y, Py,|x in which Y1 = f(X).
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Semi-Deterministic BC with Cooperation - Achievability

Outline

o Rate Splitting: M; = (M;o, M;;), i = 1,2:

Goldfeld /Permuter/Kramer

XxXn

Channel

n
Yl

n
Y3

Dec 1

Dec 2

The AK Problem with Encoder Cooperation

9/16



Semi-Deterministic BC with Cooperation - Achievability
Outline

o Rate Splitting: M; = (M;o, M), i = 1,2: |
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Outline

o Rate Splitting: M; = (M;o, M;;), i = 1,2: ’
> (Mio, M2o) - Public message; b Dec 1
> M;; - Private message 1.

X?’I,
— Enc Channel

@ Public Message: Yy
1. (Mo, M2o) — V™
2. V™ decoded by Dec. 1;
3. V™ conveyed to Dec. 2 via Wyner-Ziv scheme.

Dec 2

o Private Messages: Marton coding:

1. My1 — Y("; decoded by Dec. 1.
2. My — U™ (superposition on V");
decoder by Dec. 2 using V.
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Semi-Deterministic BC with Cooperation - Converse
Outline

Via novel approach - Probabilistic construction of auxiliaries:
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Semi-Deterministic BC with Cooperation - Converse
Outline

Via novel approach - Probabilistic construction of auxiliaries:

1. Upper bound the achievable region using 3 auxiliaries (4, B, C).

2. Choose auxiliaries probabilistically as a function of the codebook:

V= (A7O) y  W.p. A X U= (A,B,C)
0, w.p. 1—A

3. Optimize over X to tighten the upper bound.
» Optimal X\ depends on the joint PMF induced from the codebook.

Generalization of [Lapidoth and Wang, 2013].
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Duality - Preface

“There is a curious and provocative duality between the properties of a
source with a distortion measure and those of a channel...”
(C. E. Shannon, 1958)
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PTP Duality: [Shannon, 1958], [Cover and Chiang, 2002], [Pradhan et
al., 2003], [Gupta and Verdd, 2011].

@ The solutions of the problems are dual.

» Information measures admit dual forms.
» Optimization domain may vary.

o A formal proof of duality is still absent.

@ Solving one problem provides valuable insight towards the solution of
the other.
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Duality - Preface

Point-to-Point Case:
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Duality - Preface

Point-to-Point Case:
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Duality - Preface

Point-to-Point Case:

R* =minp, , [(X;Y)

—— > Encoder ————» Decoder >
M X" Yy" y
— | Encoder » Pyix > Decoder M

C =maxp, [(X;Y)
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Duality - Multi-User Case

AK Problem vs. Semi-Deterministic BC:

Xy Ty(X7
it SN Encoder 1 (A7)
n Y’ﬂ
Tix(X1) Decoder
X T5(T1, X3)
=2 Encoder 2 nomee
Y y
Channel 1 Decoder 1 My,
My, Ms xn | Iyvi=roxp
(M, M5) Encoder My
XPY2\X
Y Y
2 Decoder 2 My
Goldfeld /Permuter/Kramer The AK Problem with Encoder Cooperation 13 /16



Duality - Multi-User Case

AK Problem vs. Semi-Deterministic BC:

X7 T (X
=) Encoder 1 1(AT)
n Yn
T2(X7) Decoder
X5 To(Tyo, X3
=2 Encoder 2 (T2, X3)
Y Y
Channel L Decoder 1 My
My, M. x| Lvi=rx)y
( Q, Encoder ' Mo
XPyﬂX
Y V/
2 Decoder 2 M,

Goldfeld /Permuter/Kramer

The AK Problem with Encoder Cooperation

13/16



Duality - Multi-User Case

AK Problem vs. Semi-Deterministic BC:
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Duality - Multi-User Case

AK Problem vs. Semi-Deterministic BC:

Probabilistic relations are preserved:

Goldfeld /Permuter/Kramer The AK Problem with Encoder Cooperation 14 /16



Duality - Multi-User Case

AK Problem vs. Semi-Deterministic BC:
Probabilistic relations are preserved:

Semi-Deterministic BC AK Problem
(X7 Y7 V) € (X, f(X),Ye) = (Y, XP,Xp) € T(Y, F(Y), Xa)

(PiLivi=s 01 Pralx) (Pylix, =y Px,y)
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Duality - Corner Point Correspondence

For fixed joint distributions:

R2 R2
I(U; Y»|V) IU; XolV)
+I(ViY1) +I(V;X1)
I(U; Ya|V) I(U; X2|V) A
—-1(U;71|V) —I(U; X1|V)
0
R’ HX|V,U)  H(X)
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(Ry, R,) at Lower Corner Point: (Ry, Ry) at Lower Corner Point:
(HM) , IUYL|V) = IUA]V)) (H(X) , I(U; X|V) = IU; X4|V) )
(R1, R2) at Upper Corner Point: (R1, R2) at Upper Corner Point:
(HMV,U) , IU;Y3|V) + 1(ViY) ) (HX|V,0) , I{U;X|V) + 1(V; X))
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Duality - Corner Point Correspondence

For fixed joint distributions:

Ry Ry
I(U;Ys|V) I(U; X,|V)
+I(Vi Y1) +I(V; X1)
I(U; Y2|V) I(U; X,|V) : :
—I(U;Y31|V) —I(U; X4|V) | 3
0 00— L
HW|V,U)  H(ya) I H(X,|V,U)  H(X:)

‘ Semi-Deterministic BC with Cooperation ‘ Ahlswede-Korner Problem with Cooperation ‘

Riy = 1(V; Y1) — 1(V 1))

Ry =1(V; X,) — 1(V; Xs)

(R, Rs) at Lower Corner Point:
(HO) , IU3%|V) — IU;YV))

(R1, R2) at Lower Corner Point:
(H(Xy) , I({U; X,|V) — I(U; X4|V))

(R1, R2) at Upper Corner Point:
(HWIV.U) , I(U;Y2V) + (Vi Yh) )

(R1, R2) at Upper Corner Point:
(HGGV,U) , I(U; Xa|V) + 1(V; X3) )
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Duality - Corner Point Correspondence

For fixed joint distributions:

R2 RZ
I(U;Y2|V) I(U; X,|V) €
+I(V31h +I(V5Xy) |
I
I
i
I(U; Ya|V) I(U; X2|V) : ‘
—1(U;h|V) —I(U; X,|V) 3 3
0b— 0 — :
Hw|V,U) HY) H(X:|V,U) H(X:) B

‘ Semi-Deterministic BC with Cooperation ‘ Ahlswede-Korner Problem with Cooperation ‘

Ry = I(V; Y1) — I(V; Y2) Ry =I(V; X1) — 1(V; X3)

(Ry, R,) at Lower Corner Point: (Ry, Ry) at Lower Corner Point:
(HM) , IUYL|V) = IUA]V)) (H(X) , I(U; X|V) = IU; X4|V) )
(R1, R2) at Upper Corner Point: (R1, R2) at Upper Corner Point:
(HVU), LU Y,|V) +1(ViYh)) | (HXGVU) , I(U; X,|V) + 1(V; X))

Goldfeld /Permuter/Kramer The AK Problem with Encoder Cooperation 15/16



@ AK problem with cooperation.



Summary

@ AK problem with cooperation.

@ Semi-deterministic BC with cooperation.
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Summary

@ AK problem with cooperation.
@ Semi-deterministic BC with cooperation.
@ Duality:

» Transformation principles.
» Corner point correspondence.

o Full version available on ArXiV at http://arxiv.org/abs/1405.7812.

Goldfeld /Permuter/Kramer The AK Problem with Encoder Cooperation 16 /16



Summary

@ AK problem with cooperation.
@ Semi-deterministic BC with cooperation.
@ Duality:

» Transformation principles.
» Corner point correspondence.

o Full version available on ArXiV at http://arxiv.org/abs/1405.7812.

Thank you!
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Multi-User Duality - Additional Examples

State-Dependant Semi-Deterministic BC vs. Dual:
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Multi-User Duality - Additional Examples

State-Dependant Semi-Deterministic BC vs. Dual:

X"

(M, M)
— Enc
STL

Channel
Lvi=r(x.9)

X Py,|x,s

vy ; Xy T
1 M, 1 1
Dec 1 1 — Enc1
yn
Dec —
el I Xn T T
B / 2 2
Dec 2 —= ~— Enc2
zn
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Multi-User Duality - Additional Examples

State-Dependant Semi-Deterministic BC vs. Dual:

r y X7 Ty
Channel ' Dec 1 M, L Enc1
(le.]\fz) Xn Livi=rx.s)) yn
— Enc Dec —
X Py,|x,s
T Y. Y X 15 T
2, Dec 2 -2 2 Enc2
Sn zn
Rs Ry
I(U;Y2) [ I(U; X5) [
—1(U; S) —1(U; Z)
I(U;Yy) — I(U; S) I(U; X2) — I(U; 2)
—I(U;Y1]S) ~I(U; X:1|2) i
0 0 3
HW[S,U)  H(Y1|9) i H(X\|Z,U)  H(X1|2) Lz
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Multi-User Duality - Additional Examples

State-Dependant Output-Degraded BC vs. Dual:
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Multi-User Duality - Additional Examples

State-Dependant Output-Degraded BC vs. Dual:

STL
Y17L l N
Channel Dec 1 %
(M, Mz) X"
— Enc ——Py vaix.s
Y Y
2 Dec 2 My

Goldfeld /Permuter/Kramer
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Multi-User Duality - Additional Examples

State-Dependant Output-Degraded BC vs. Dual:

STL Z’n
Yln l R X{, l
— T
Channel Dec 1 M1 Ene 1 !
(M1, M) X L
Enc —— Py vaix.s Dec >
—
Y’IL A/ XTL T
2 Dec 2 My 2 Enc 2 2
Ry Ry
1(U;Y2) J (02D, &) ) E— |
—1(U; ) —I(U; Z) |
0 I(X; Y1, Y2|U, S) Ry 0 I(Y; X1, Xo|U, Z) Ry
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Multi-User Duality - Additional Examples

Action-Dependant Output-Degraded BC vs. Dual:
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Multi-User Duality - Additional Examples

Action-Dependant Output-Degraded BC vs. Dual:

n
Y]

Channel Dec 144ﬂ41,
(M, M2) xn
—— Enc Py, vy1x,5
vy i
A(My,My)| | g Dec 22
PS|A%T
S'L

Goldfeld /Permuter/Kramer
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Enc 1

Ty

L

Enc 2

T

yn
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Multi-User Duality - Additional Examples

Action-Dependant Output-Degraded BC vs. Dual:

vy o ,
Channel Dec 1 My, I Enc 11
My, M, xn yn
( ), Enc Pyl,Yz\X,S Dec L2,
Yy M. Xy T
AN M, M) | 5 Dec 2|2 Enc2—un(r.1y) | gi
PS|A 4T Pz1x,,X2,4
Si
Ry Ry
1(U;Y2) J (54D, € ) Ru— |
O IvaAnyp) R O IV AL XGU) R
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AK Problem with Cooperation - Achievability Outline

Achieving Corner Point 1:

(I(V,X1|X2) 5 H(Xl) 5 I(U,X2|X1,V))
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AK Problem with Cooperation - Achievability Outline

Achieving Corner Point 1:

(I(VX1|X2) 5 H(Xl) 5 I(U,X2|X1,V))

o Cooperation: Wyner-Ziv coding to convey V"™ from Encoder 1 to
Encoder 2.
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AK Problem with Cooperation - Achievability Outline

Achieving Corner Point 1:
(I(V,X1|X2) 5 H(X]) 5 I(U,X2|X1,V))

o Cooperation: Wyner-Ziv coding to convey V"™ from Encoder 1 to
Encoder 2.

@ Encoder 1 to Decoder: Conveys X' to the decoder in a lossless
manner.
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AK Problem with Cooperation - Achievability Outline

Achieving Corner Point 1:

(I(V; X1]X3) , H(Xy), I(U; Xo| X1, V).

o Cooperation: Wyner-Ziv coding to convey V"™ from Encoder 1 to
Encoder 2.

@ Encoder 1 to Decoder: Conveys X' to the decoder in a lossless
manner.

@ Encoder 2 to Decoder: The decoder knows X' and therefore V.
Wyner-Ziv coding to convey U™.
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AK Problem with Cooperation - Achievability Outline

Achieving Corner Point 2:

(I(V; X1|Xa) , H(X1|V,U) , I(U; Xa|V) + I(V; X1) ).

Goldfeld /Permuter/Kramer The AK Problem with Encoder Cooperation 16 /16



AK Problem with Cooperation - Achievability Outline

Achieving Corner Point 2:

(1(V;X1]Xo) , HXG[V,U) , I(U; X|V) + 1(V; X1) ).

@ Cooperation: Same.
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AK Problem with Cooperation - Achievability Outline

Achieving Corner Point 2:

(I(V; X1|Xa) , HX1[V,U) , I(U; Xo| V) + 1(V; X1)).

@ Cooperation: Same.

@ Encoder 2 to Decoder: Knows V™. Conveys the index of V™ and
uses superposition coding to convey U".
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AK Problem with Cooperation - Achievability Outline

Achieving Corner Point 2:

(I(V; Xa|X2) , HX[V,U), I(U; Xo|V) + 1(V; X1)).

@ Cooperation: Same.

@ Encoder 2 to Decoder: Knows V™. Conveys the index of V™ and
uses superposition coding to convey U".

@ Encoder 1 to Decoder: The decoder knows (V™ ,U™). Binning
scheme to convey X7 in a lossless manner.
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AK Problem with Cooperation - Proof Outline

Converse:
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AK Problem with Cooperation - Proof Outline

Converse:

@ Standard techniques while defining

Vvi = (T127X?\i7X£l,i+1)7
Ui =Ty,

for every 1 <i <n.
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AK Problem with Cooperation - Proof Outline

Converse:

@ Standard techniques while defining

Vvi = (T127X?\i7X£l,i+1)7
Ui =Ty,

for every 1 <i <n.

@ Time mixing properties.

Goldfeld /Permuter/Kramer The AK Problem with Encoder Cooperation
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Semi-Deterministic BC with Cooperation - Proof Outline

Achievability: Split M; = (M,o, M;;), i = 1,2. Code construction:
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Semi-Deterministic BC with Cooperation - Proof Outline

Achievability: Split M; = (M,o, M;;), i = 1,2. Code construction:

2" By Ry
{3'1(1,14,1,1)};l {y.(l,l.Q"H”,i)}l:1
(1,1) B(1,2)
< O R
XX XX XX XX
o) o) e O ! o)
X >< XXX ‘xxx’ Xx)(
x9% x9% 9% x9%
X X
Cvi v v(1,2)
2" 27Rh

{u1.20 )}

i=1

Goldfeld /Permuter/Kramer

B(?”R“‘. 2'1R20)

X X% xXx
K X Kpe %
XX x X x
Ko Xii K %

C['(Q”Rm . 2r1,R20)

Legend:
O - Private message m
- Private message mog
X - v-codeword (~ Py)

X - y1-codeword (~ Py,

x - u-codeword (~ Pyy
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