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Goal: Learn a model Qg ~ P € P(RY) to approximate data distribution

Method: Complicated transformation of a simple latent variable
o Latent variable Z ~ Q7 € P(RP), p < d

@ Expand Z to RY space via (random) transformation Qg?fz

= Generative model: Qy(-) := [z, Qg?fzﬂz)d@z(z)

Latent Space Target Space

Minimum Distance Estimation: Solve |0* € argmin§(P,Qy)
0
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Find 0, st. Wi (P, Q; ) < infg Wi (P, Qp) + €

Generalization [Zhang et al18]: Wi (P, Qén) — OPT <2W; (P,, P) +

—> Boils down to empirical approximation question under W,

€
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Empirical Approximation in High Dimensions

Question: What can we say about Wy (P, P)?

Theorem (Dudley’69)
For d > 3 and P1(R?) 3> P < Leb(RY): EW; (P, P)=<n"

@ Implication: Too slow given dimensionality of real-world data

® Question: Can we find a new W;-like distance that alleviates CoD?
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Smooth 1-Wasserstein Distance

Definition (ZG-Greenewald’19)

For o > 0, the smooth 1-Wasserstein distance between P and Q is
W7 (P,Q) i= Wi (P + Ny, Q x N),

where A, = N(0,0°%1,) is a d-dimensional isotropic Gaussian.

Interpretation: X ~ P, Y ~ Q and Z1,Zy ~ N,

X172 = X+Z~PsNy, & Y 1Zy=>Y+Z~QsN,
Zl~NG
\_/\_/1 Channel § __Wlfci)__
X~EPE :<> =X+Zl~EP*NGE
V@A DY + 220 Ny
Zy~Ny
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Smooth 1-Wasserstein — Metric Structure

High Level: Wga) inherits the metric structure of 1-Wasserstein

Theorem (ZG-Greenewald’19)
(731 (R9), ng)) is metric space, Yo > 0 (and W%U) metrizes weak conv.). J

Key Idea for Pf.: Use characteristic functions ®p(t) := Ep[e"¥] and:

_o2e?

Dp.n, (t) = Pp(t)Dp, (t) together with pr (1) =e~ 2  #0, Vi

Corollary (ZG-Greenewald’19)
Let P,, P € Py(RY), n > 1. Then: W\")(P,,, P) — 0 iff Wy (P,,P) — 0 }

® ng) and W; induce same topology
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O limg—o Wi”(P,Q) = Wi (P.Q)
Q lim,_ oo Wga) (P,Q) # 0, for some P,Q € Py (Rd)

Pf. Items 1-2: Use dual form to derive stability lemma:

Lemma (ZG-Greenewald’19)
Foroy < oa: WY2(P,Q) < WY(P,Q) < W?(P,Q) + 2d\/03 — afJ

Pf. Item 3: W7 (6, 6,) = Wy (N (2, 0%Ly), N (y, 021y)) = ||z — ]|
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High Level: Wga)(P, Q) is well-behaved func. of o (fixed P,Q € P1(R%))
Theorem (ZG-Greenewald’19)
Fix P,Q € P1(R%) and o}, \, 0. Let:

o {m}, s.t. mp € II(P % Ny, , Q * Ny, ) is optimal for W§Gk)(P, Q)

Then Ty, T (weakly) such that:
— 00

o mell(P,Q)
o 7 is optimal for W1 (P, Q)

Comments:
@ In words: Not only opt. values converge, but also optimizers
@ Generalization: Also holds for o, N\, o > 0

o Pf. Idea: I'-convergence & Tightness of II(P, Q)
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High Level: Alleviate curse of dimensionality & get limit distribution

Theorem (ZG-Greenewald-Polyanskiy-Weed’19)
For any d > 1, o0 > 0 and sub-Gaussian P: EW&U)(PM P) < n"z

Theorem (ZG-Kato’20)

Under same assumptions: \/ﬁwgf’) (P, P) A SUP felip, (RY) Ggg)(f),
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Q [van der Vaart’96]: K C R bdd & convex: ]-'g"c C Cy(K), N >4

—> F. is P-Donsker: G, 2 Gp (Gaussian process)
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g€Fs

11/14



Generative Models: Generalization & Computation

Generalization: Want to solve OPT :=infy § (P, Qg) exactly (find 6*)

12/14



Generative Models: Generalization & Computation

Generalization: Want to solve OPT :=infy § (P, Qg) exactly (find 6*)

@ In practice: Can solve infy 6 (P, QQp) approximately:

Find 0, st. 6(Pn, Q) < infd (B, Qo) + ¢

12/14



Generative Models: Generalization & Computation

Generalization: Want to solve OPT :=infy § (P, Qg) exactly (find 6*)

@ In practice: Can solve infy 6 (P, QQp) approximately:

Find 0, st. 6(P, Q) < infd(Pa, Qo) + ¢

o Guarantees: For § = W\”) and e = n=1/2

12/14



Generative Models: Generalization & Computation

Generalization: Want to solve OPT :=infy § (P, Qg) exactly (find 6*)

@ In practice: Can solve infy 6 (P, QQp) approximately:

Find 0, st. 6(Pn, Q) < infd (B, Qo) + ¢

o Guarantees: For § = W\”) and e = n=1/2

1

[Zhang et al'18]: W{"(P,Q; ) —OPT < 2W\)(P,, P)+n"3

12/14



Generative Models: Generalization & Computation

Generalization: Want to solve OPT :=infy § (P, Qg) exactly (find 6*)

@ In practice: Can solve infy 6 (P, QQp) approximately:

Find 0, st. 6(Pn, Q) < infd (B, Qo) + ¢

o Guarantees: For § = W\”) and e = n=1/2

[Zhang et al'18]: W{(P,Q; ) —OPT < 2W\)(P,, P)+n"% <n™3

12/14



Generative Models: Generalization & Computation

Generalization: Want to solve OPT :=infy § (P, Qg) exactly (find 6*)

@ In practice: Can solve infy 6 (P, QQp) approximately:

Find 0, st. 6(P, Q) < infd(Pa, Qo) + ¢

o Guarantees: For § = W\”) and e = n=1/2

[Zhang et al'18]: W{(P,Q; ) —OPT < 2W\)(P,, P)+n"% <n™3
[ZG-Kato’20]: E[én —0*] = n~z (in fact, /n(6, — 6*) converges in dist.)

12/14



Generative Models: Generalization & Computation

Generalization: Want to solve OPT :=infy § (P, Qg) exactly (find 6*)

@ In practice: Can solve infy 6 (P, QQp) approximately:

Find 0, st. 6(P, Q) < infd(Pa, Qo) + ¢

o Guarantees: For § = W\”) and e = n=1/2
[Zhang et al'18]: W{(P,Q; ) —OPT < 2W\)(P,, P)+n"% <n™3

[ZG-Kato’20]: E[én —0*] = n~z (in fact, /n(6, — 6*) converges in dist.)

Computation: How to compute Wga) (P,Q)?

12/14



Generative Models: Generalization & Computation

Generalization: Want to solve OPT :=infy § (P, Qg) exactly (find 6*)

@ In practice: Can solve infy 6 (P, QQp) approximately:

Find 0, st. 6(P, Q) < infd(Pa, Qo) + ¢

o Guarantees: For § = W\”) and e = n=1/2
[Zhang et al'18]: W{(P,Q; ) —OPT < 2W\)(P,, P)+n"% <n™3
[ZG-Kato’20]: E[én —0*] = n~z (in fact, /n(6, — 6*) converges in dist.)

Computation: How to compute Wga) (P,Q)?

o Naive: sup Ef(X+Z2)-Ef(Y+Z) & MC sampling for Z
f€eLipy

12/14



Generative Models: Generalization & Computation

Generalization: Want to solve OPT :=infy § (P, Qg) exactly (find 6*)

@ In practice: Can solve infy 6 (P, QQp) approximately:

Find 0, st. 6(P, Q) < infd(Pa, Qo) + ¢

o Guarantees: For § = W\”) and e = n=1/2
[Zhang et al'18]: W{(P,Q; ) —OPT < 2W\)(P,, P)+n"% <n™3
[ZG-Kato’20]: E[én —0*] = n~z (in fact, /n(6, — 6*) converges in dist.)

Computation: How to compute Wga) (P,Q)?
o Naive: sup Ef(X+Z2)-Ef(Y+Z) & MC sampling for Z
feLipy
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Smooth Wasserstein GAN: Initial Empirical Results

Setup: f parametrized by 2-layer NN & conv. computed in closed form

FID Score

m= \W-GAN baseline (¢ = 0)
== Smooth W-GAN (o = 0.1)
30
26 |
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18

0 40M 80M 120M  160M Samples

® FID = Fréchet Inception Distance
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@ Smooth W-GAN: Generative modeling w/ performance guarantees
P Attain competitive performance
» Consume fewer resources

> Backed up by (almost useful) generalization bounds

Thank youl!

14/14



