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@® Sample complexity n*(n, o, F;): least n needed for 1-gap estimation.
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Teor o (wim o) 2Ly THR)
Zy(k) ~ N(0,07)

@ Can sample S; (gen. model) & want to estimate h(T}) = h(S¢ + Z;)
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— P subgaussian, Riskxpg <O (n_ 2”2r_d> (Analysis: restricted smoothness)*

Q [Berrett-Samworth-Yuan’19]: Weighted kNN (Kozachenko-Leonenko)
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where X is K-SG if Ee' (X—EX) < elK2”°‘”2, Va € RY.
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Proof Qutline

Lemma 1 (G.-Greenewald-Weed-Polyanskiy’19)
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LSl

Lemma 2 (G.-Greenewald-Weed-Polyanskiy’19)
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Theorem (G.-Greenewald-Polyanskiy’18)

For any o > 0, sufficiently large d and sufficiently small n > 0, we have

n*(n, o, Fq) = Q(W?;—Z)d), where (o) >0 is monotonically decreasing in o.

Comments:

o The O (%) rate attained by the plugin estimator is sharp

o Estimation is harder for smaller o
o Proof ldea:
» Relate h(P x N, ) to Shannon entropy H(Q)
supp(Q) = peak-constrained AWGN capacity achieving codebook Cy4
» Shannon entropy est. Sample complexity 2 (%‘%) [Wu-Yang'16]

10/14



Simulations - Synthetic Experiments

Comparison: General-purpose est. accessing sample of X + Z ~ P x N,

11/14



Simulations - Synthetic Experiments

Comparison: General-purpose est. accessing sample of X + Z ~ P x N,

@ LOO KDE Estimator from [Kandasamy et al.'15]

11/14



Simulations - Synthetic Experiments

Comparison: General-purpose est. accessing sample of X + Z ~ P x N,

@ LOO KDE Estimator from [Kandasamy et al.'15]
Q Kozachenko-Leonenko (KL) kNN Estimator [Kozachenko-Leonenko'87]

11/14



Simulations - Synthetic Experiments

Comparison: General-purpose est. accessing sample of X + Z ~ P x N,

@ LOO KDE Estimator from [Kandasamy et al.'15]
Q Kozachenko-Leonenko (KL) kNN Estimator [Kozachenko-Leonenko'87]
Q Weighted KL (wKL) Estimator from [Berrett-Samworth-Yuan'19]

11/14



Simulations - Synthetic Experiments

Comparison: General-purpose est. accessing sample of X + Z ~ P x N,

@ LOO KDE Estimator from [Kandasamy et al.'15]
Q Kozachenko-Leonenko (KL) kNN Estimator [Kozachenko-Leonenko'87]
Q Weighted KL (wKL) Estimator from [Berrett-Samworth-Yuan'19]

Bdd. Support: P = truncated d-dim. Gaussian mixture (centers {41}¢)

11/14



Simulations - Synthetic Experiments

Comparison: General-purpose est. accessing sample of X + Z ~ P x N,

Q LOO KDE Estimator from [Kandasamy et al15]
Q Kozachenko-Leonenko (KL) kNN Estimator [Kozachenko-Leonenko'87]
Q Weighted KL (WKL) Estimator from [Berrett-Samworth-Yuan'19]

Bdd. Support: P = truncated d-dim. Gaussian mixture (centers {41}¢)

d=5, sigma=0.2

d=5, sigma=0.1

6 6
—v— Plug-in estimator (ours)
B —=— KL estimator B
4 —#— wKL estimator (Berret et al. [8]) 4
5 —s— KDE estimator 5
- ==+ True (numerical integration) 2
g g
HIR! g
& & "] —w= Plug-in estimator (aurs)
o 01 —=— KL estimator
o — _1 | == wKL estimator (Berret et al. [8])
—=— KDE estimator
-2 721 === True (numerical integration)
? 100 107 10° 10¢ 10° 10° 107 ? 107 107 10° 10¢ 10° 10° 107
samples samples
d=10, sigma=0.1 d=10, sigma=0.2
20 20
—v— Plug-in estimator (ours)
15 —=— KLestimator 15
—=— WKL estimator (Berret et al. [8])
1 —s— KDE estimator 1
N True (numerical integration) N
& & —v— Plug-in estimator (ours)
0 0 —=— KL estimator
—=— WKL estimator (Berret et al. [8])
-5 -5 —=— KDE estimator
-=- True (numerical integration)
-10 -10

10 100 10 10¢ 109 100 107 10 100 10 10t 109
samples
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Unbounded Support: P = (untrunc.) d-dim. 29-modal Gaussian mixture

d=15, sigma=0.2

d=15, sigma=0.1
30 —— Plug-in estimator (ours) 30
—=— KL estimator
—=— wKL estimator (Berret et al. [8])
20 —=— KDE estimator 20
----- True (numerical integration)
B \\ .
> >
o [N
: : 1
2 0 £ 0
fr ]
-10 -10 Plug-in estimator (ours)
—=— KL estimator
20 20 —=— wKL estimator (Berret et al. [8])
—=— KDE estimator
----- True (numerical integration)
=30 -30 : 1
10t 102 103 104 10° 10° 107 10t 102 10° 104 10° 10° 107
Samples Samples
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o.:-f:“ ‘A%“A.
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Simulations - Noisy Deep Neural Network Example

Setup: Noisy DNN for spiral dataset classification

o Dataset: 2-dimensional 3-class spiral dataset

o Network: 2-8-9-10-3 fully connected noisy (o = 0.2) tanh DNN

o Classification: Trained to 98% test accuracy

@ Estimating the entropy of 10-dimensional layer

2 —— Plugin estimator (ours)
—— kNN estimator
1 —— KDE estimator
. -~ True (numerical integration)
g
2 0
_1.
10! 10? 103 10* 10°

Samples
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» New high-dimensional & nonparametric functional estimation problem

o Intrinsically Difficult Problem:

» Sample complexity is exponential in dimension

o Plug-in Estimator:
d
» Attains parametric estimation rate O (%)

» Empirically outperforms general-purpose estimation via ‘noisy’ samples
o arXiv:1810.05728: Study MI trends during DNN training (estimation)
o Future Work: Non-Gaussian conv.? Multiplicative noise (Dropout)?
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