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Empirical Approx.: In practice we don't have P, only data samples

o {X;}, areiid. samples from P € P;(R%)
o Empirical distribution P, = % > 0x,
i=1
= Inherently we work with W1 (P,,, Qp)

Wl(PTH Q@) ~ Wl(Pa Q@) hopefully...

Theorem (Dudley’69)

G
Dlm e ul’s, of

sionajis

For d > 3 and P1(R%) > P< Leb(R?): EW; (P,, P)=<n"4

@® Implication: Too slow given dimensionality of real-world data

® Goal: Define a new metric that alleviates CoD
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Definition (ZG-Greenewald’19)

For o > 0, the smooth 1-Wasserstein distance between P and Q@ is

W (P,Q) 2 Wi (P Ny, Q * Ny),

where N, & N(0,0°1,) is a d-dimensional isotropic Gaussian.

Interpretation: X ~ P, Y ~ Q and Z1,Z5 ~ N,

X117 — X+Z1NP*NO'
Y17, — Y“I‘ZzNQ*Ng

— W, distance between smoothed distributions

Retain KR Duality: Wga) is Wy but between convolved distributions:

W PQ) = sup Ef(X+2)—EfY +2)
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Corollary (ZG-Greenewald’19)
Let P,, P € P(RY), n.> 1. Then: W\ (P,, P) = 0 iff Wy(P,, P) — 0
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Pf. Items 1-2: Use dual form to derive stability lemma:

Lemma (ZG-Greenewald’19)

Foroy <oy W2(P,Q) < WI™(P,Q) < W™ (P, Q) + 2d,/02 — o2
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Under same assumptions: \/HWEU) (P, P) <4 sup feLip,®e) Gp  (f),
where Ggg) is a tight centered Gaussian process in (> (Lip;(R?)) with
E |G (£)GE(9)] = Cove(f x¢0,9%00), VF,g,€ Lipy(RY)

Comments:
o Limit distribution shows n~3 rate is sharp
o Wjy limit dist. known only for d = 1 (W1(F,, P) = ||F, — F[11(r))

) W§") has a stable limit (characterized) in all d!
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@® Objective: G,, = (v/n(P, — P)g)gefa X GP < F,is P — Donsker

Q [van der Vaart’96]: K C R bdd & convex: ]:U‘IC cCy(K), N>4

— F, is P-Donsker: G, 2 Gp (Gaussian process)
@ Continuous Mapping Theorem: W:(la) (P,,P) % sup Gp(g)
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