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Alternating optimization

Question:

How to quantify Qθ ≈ P?
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[

W1(Pn, Qθ) ≈ W1(P , Qθ) hopefully...

]

⊛⊛⊛ Implication: Too slow given dimensionality of real-world data

⊛⊛⊛ Goal: Define a new metric that alleviates CoD

Theorem (Dudley’69)

For d ≥ 3 and P1(Rd)∋P ≪Leb(Rd): EW1(Pn, P )≍n− 1

d
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X ⊥ Z1 =⇒ X + Z1 ∼ P ∗ Nσ

Y ⊥ Z2 =⇒ Y + Z2 ∼ Q ∗ Nσ

=⇒ W1 distance between smoothed distributions

Retain KR Duality: W
(σ)
1 is W1 but between convolved distributions:
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f∈Lip
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(Rd)
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Fix P, Q ∈ P1(Rd). The following hold:

1 W
(σ)
1 (P, Q) is continuous and mono. non-increasing in σ ∈ [0, +∞)

2 limσ→0 W
(σ)
1 (P, Q) = W1(P, Q)

3 limσ→∞ W
(σ)
1 (P, Q) 6= 0, for some P, Q ∈ P1(Rd)
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2 rate is sharp
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W
(σ)
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◮ Inherits metric structure from Wasserstein & duality

◮ Well-behaved function of noise parameter & recovers W1 in limit

◮ Fast n−
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2 convergence of empirical approximation in all dimensions

◮ Limit distribution for
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