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Optimal Transport

Kantorovich Optimal Transport
OT.(u,v) = inf ff cdr = sup ffd,u+fgdv
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p-Wasserstein metric: W, (u,v) = (OT”.”p(,u, v))

* Geodesic curves
* Barycenters

* @Gradient flows




Minimum distance estimation: Estimate y € P; over § © P; via:

From Wasserstein MDE to Generative Modeling

fi € argmin W, (1, v)

VE|

Generative adversarial network: G = {vg}geco, vg = (g)g N (0,1), w/ gg DNN
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OT duality

Train w/ alternating optimization
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From Wasserstein MDE to Generative Modeling
W.
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Data Poisoning via Global Corruptions

Real-world data can be messy: Global (possibly adversarial) contamination by outliers

U
. f=1-€e)u+ea
N
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Data Poisoning via Global Corruptions

Real-world data can be messy: Global (possibly adversarial) contamination by outliers

Finite-sample setting

K Cleandata: X, .., X, ~u
f=1-€e)u+ea

Observed data: X;,.., X, st #{i:X, # X;} < ne
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Data Poisoning via Global Corruptions

Real-world data can be messy: Global (possibly adversarial) contamination by outliers

a: flp—pllry s €

© Wasserstein distance is sensitive to outliers: Due to the strict marginal constraints

W, (1, (1 = €)p + €6,) ——> oo

[Ix]| >0
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Data Poisoning via Global Corruptions

Question: How to learn well-performing models from contaminated data?
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Robust Distribution Estimation under W,

Clean distribution: 1 € G (encoding, e.g., tail bounds)

i
Contamination model: Observe [i s.t. ||y — fillty < € A a

Robust estimation: Given e-corruption ji, return est. T(fi) € P(X) achieving minimax risk

* Population: Ry,(€,G) ==inf sup sup W,(T({),un)
T ueg mePr(X):
l—Ellrvse

* Finite-sample: R, ,(¢,() :==inf sup sup  Ep [Wp(T(Xl'---'Xn)'“)]
T LEG Boedn(me)

all corrupted data (joint) dist. under TV e-corruption model

@ [Donoho-Liu ’88]: TV MDE is near-minimax optimal in population limit; doesn’t work in finite-sample

@ [Zhu-Jiao-Steinhardt ’22]: Finite-sample mean & covariance robust estimation; not the distribution itself
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Partial OT as an Outlier-Robust Distance

Partial Optimal Transport (Caffarelli-McCann ‘10)
11/p

€ — i — p
W5 (1, v) nenl?(fu . j J lx — yllPdr(x,y)

where [1.(1,v) ={m e M, (X X X): n, <, v, i(X X X) =1 — €}

T

U el \ v
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Equivalent Formulations

Theorem (Nietert-Cummings-G ‘23)

€ s : — C — . /
W (1, v) = u_,v_lerlef[_,_(X): Wy, (u—,v_) u+,v+1el}£+<x): Wy, (1, vy) " Elg(fx): W, (1, v)
U—_=U, V_=V HiyZU, V2V o' =ullTvse
- (0)=v_(X)=1-€ 1y (0)=v4(X0)=1+e
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Approximate Quasi-Metric

Theorem (Nietert-Cummings-G ‘23)

Forany i, v,k € P(X) and ¢€,6 € [0,1]:
a) Wg(u,v) =0 withWg(u,v) =0 iff |[u—v]lry <e€
b) Wy (w,v) = W5 (v, u)
c) W§+5(u, v) < W5 (u, k) + W{f (k,v)

€+6
nﬂ,v

U T
B A 1 _E
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Dual Formulation

Theorem (Nietert-Cummings-G ‘23)
Wi(wv) = sup E,lf] —E,[f°] - 2ellfllo

fECH(X) K
) = infle(ry) — f()]

o € — 1
Proof sketch: Wr (i, v) M+’v+ler}\£+(x): W, (g, vy)

UtZ U, VSV
i (0)=v4(X)=1+e€

= inf d dv + € do — | fd
/ “ 'BE?(X)fELlp?(x f f H f f (f f f IB)
Kantorovich duality

= sup ffd,u—ffdv+e( inf [ fdo — sup ffd,b’)

fELip1 (X0) €P(X) BEP(X)

Sion’s minimax theorem

= sup Jfdu—Jfdv—2elflls

f€ELip;(X)
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Back to Robust Estimation: Population

m: i —wllry <€

4 .

Partial OT MDE:  T(ji) € argmin W (v, i)
VEG

Theorem (Nietert-Cummings-G. ‘23)

= Wp(u (D) < sup - Wy(ap) = Ry(e,0) =

W3¢ (a,)=0

AN\

(1.1

oeP 4, g = gmom(Q» 0)
1 1

0-\/365_21 G = Geov(0)

1
\oyd +p+log(1/e) €, G = Gsupc(0)
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Back to Robust Estimation: Finite-Sample
€g

N ~

HUn HUn

| T L

Partial OT MDE:  T(fi,,) € argmin W5 (v, ii;,)
VE[

—> W, (1L, T(Iy) < Sup. W, (a, B) < Ry(e,§) + E[W, (11, 1, )]
szf(a,ﬁ)szdn

Wp resilience

Theorem (Nietert-Cummings-G. ‘23)
For the § families before: R, (€,G) = R,(€,G) + n~1Y42 achieved by T(ji,,).
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Robust Generative Modeling

Partial OT MDE:

inf Wf(,ve) = inf sup Eu[fp] = Eaconlfy ° g0] — 2¢| fo .,

0 ¢: f ¢€Lip4q

——> Matches W-GAN form up to ||| penalty

Implementation: 2 lines of code

score

Latent

f_data.mean() - f_generated.mean() # old

Generator Net
9o

Real Sample

Generated Sample

Discriminator Net

fo

score = f_data.mean() - (1-eps)*f_generated.mean() - eps*f_data.max() # new
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Robust Generative Modeling: Empirical Results

‘ Effect of Robustification ‘ ‘ Comparisons ‘

Robust GAN
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Summary

Limitations of OT: Sensitivity to outliers

* Popular for applications Hn HUn

* Methods break down due to data poisoning 1 1 H‘m’ﬁn ’N 1 1 1 n

Partial OT: Outlier-robust OT framework

\ 4

* Structural properties, including dual form
* Partial OT MDE is minimax optimal robust dist. estimator

* Enables learning well-performing models from contaminated data

Additional results: Polytime estimator, outlier-robust map estimation & stochastic optimization
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